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SUMMARY

[arXiv]

density matrix = all physical information

sensitive to new physics

trace distance most sensitive tool

but first: quantum mechanics 101

(credits to Joscha)
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HOW TO DO QUANTUM MECHANICS

(1) Observable Ô (e.g. spin) (2) Describe system Ô (3) recipe expectation value Ô

“basic” approach

(2) wave function |Ψ〉
(3) 〈Ô〉 = 〈Ψ| Ô |Ψ〉

“advanced” approach

(2) density ρ

(3) 〈Ô〉 = Tr
(
ρÔ
)

|Ψ〉 ≡
[
c0 c1 ...

]T

〈Ψ| ≡
[
c∗0 c∗1 ...

] Ô ≡

O00 O01 ...
O10 O11 ...

...
...

. . .

 ρ ≡

ρ00 ρ01 ...
ρ10 ρ11 ...

...
...

. . .


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(3) 〈Ô〉 = Tr

(
ρÔ
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|Ψ〉 ⇔ ρ = |Ψ〉〈Ψ| ⇔ ρij = cic∗j

Why bother with the density?
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MIXED SYSTEMS

wave function describes closed system

→ system with states |ψi〉
→ rest universe with states |Ui〉
→ state of each independent

observable Ô on system:

〈Ô〉 = 〈Φ| Ô |Φ〉 = 〈Ψ| Ô |Ψ〉 〈U|U〉︸ ︷︷ ︸
=1

measured system

rest universe

total universe
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observable Ô on system:

〈Ô〉 = 〈Φ| Ô |Φ〉 = 〈Ψ| Ô |Ψ〉 〈U|U〉︸ ︷︷ ︸
=1

measured system

|Ψ〉 =
∑

i ci |ψi〉

rest universe

total universe

4 / 17



MIXED SYSTEMS

wave function describes closed system

→ system with states |ψi〉
→ rest universe with states |Ui〉

→ state of each independent

observable Ô on system:
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=1

measured system

|Ψ〉 =
∑

i ci |ψi〉

rest universe

|U〉 =
∑

i ui |Ui〉

total universe

4 / 17



MIXED SYSTEMS

wave function describes closed system

→ system with states |ψi〉
→ rest universe with states |Ui〉
→ state of each independent

observable Ô on system:
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MIXED SYSTEMS

what if open?

→ system with states |ψi〉
→ rest universe with states |Ui〉

→ no well defined independent states: mixed!

observable Ô on system:

〈Ô〉 = 〈Φ| Ô |Φ〉 =
∑

ijk

f ∗kj fij 〈ψk | Ô |ψi〉

measured system

?

rest universe

?

total universe

|Φ〉 =
∑

ij fij |ψi〉 |Uj〉
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MIXED SYSTEM: QUANTUM EFFECTS

Pure state: only two types

classical product state |ψ〉 |φ〉
entangled states:

∑
i |ψi〉 |φi〉

Mixed state: rich categorization / observables

→ concurrence, discord, magic. . .

entangled separable

classical hidden vars hidden state
6 / 17



DENSITY FORMALISM

wave function Ψ→ density matrix ρ

braket → trace
〈Ψ|Ψ〉 = 1 → Tr ρ = 1
〈Ô〉 = 〈Ψ| Ô |Ψ〉 → 〈Ô〉 = Tr

(
ρÔ
)

basis decomposition
|Ψ〉 =

∑
i ci |ψi〉 with ci = 〈ψi |Ψ〉,

〈ψi |ψj〉 = δij

ρ =
∑

i ri |ρi〉 with ri = Tr(ρiρ),
Tr(ρiρj) = δij

→ basis elements ≡ observables

product states: |φ〉 |ψ〉 → ρφ ⊗ ρψ
→ (A ⊗ B)ijkl = Aij Bkl

Tr(A ⊗ B) = Tr ATr B

example: qubit

ρ =
1

2

(
12 +

∑
i

Siσi

)
spin observable
~Σ = (σx ,σy ,σz)

T

normalization
Tr(12) = 2,Tr σi = 0
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(
ρÔ
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2-QUBIT SYSTEM

ρ =
1

4

(
1 ⊗ 1 +

∑
i

B0
i σi ⊗ 1 +

∑
i

B1
i 1 ⊗ σi +

∑
ij

Cijσi ⊗ σj

)
individual spins

1 ≡ no measurement

normalization
Tr(12 ⊗ 12) = Tr 14 = 4

measure both spins
∼ correlations

Correlation ∝ 〈σiσj〉 − 〈σi〉〈σj〉 so Cij ≡ correlation only if unpolarized (B0,1 = 0)

alternatively, Σ̂z eigenstates

ρ =
∑
ijk`

rij |sisj〉〈sk s`| =


s00 00 s00 01 s00 10 s00 11

s01 00 s01 01 s01 10 s01 11

s10 00 s10 01 s10 10 s10 11

s11 00 s11 01 s11 10 s11 11


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CROSS SECTIONS: e+e−

wave function approach

initial state, e.g. e+e−

transition matrix |e+e−〉 → T̂ |e+e−〉
measure final state , e.g. µ+µ−

matrix element: M ∝ 〈µ+µ−| T̂ |e+e−〉

xsec: dσ
dΩ ∝

∣∣∣〈µ+µ−| T̂ |e+e−〉
∣∣∣2
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xsec: dσ
dΩ ∝

∣∣∣〈µ+µ−| T̂ |e+e−〉
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density approach

initial density ρee = |e+e−〉〈e+e−|
transition: ρin

ee → ρout
ee = T̂ ρeeT̂

xsec: dσ
dΩ ∝ 〈µ+µ−| ρout

ee |µ+µ−〉
diagonal elements ≡ differential xsec

Tr ρout
ee ≡ dσ

dΩ(e
+e− → X) (unnormalized)
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initial density ρee = |e+e−〉〈e+e−|

transition: ρin
ee → ρout

ee = T̂ ρeeT̂
xsec: dσ

dΩ ∝ 〈µ+µ−| ρout
ee |µ+µ−〉

diagonal elements ≡ differential xsec

Tr ρout
ee ≡ dσ

dΩ(e
+e− → X) (unnormalized)
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CROSS SECTIONS: e+e− WITH SPIN

1 unpolarized, uncorrelated initial state: ρin
ee = 1

4

∑
s+e s−e

|s+e s−e 〉〈s+e s−e |

2 transition ρin
ee → ρout

ee = T̂ †ρeeT̂ and take final state µ+µ−

ρin
ee =

1

4

1 ⊗ 1
+
∑

i Bin+
i σi ⊗ 1

+
∑

i Bin−
i 1 ⊗ σi

+
∑

ij C in
ij σi ⊗ σj︸ ︷︷ ︸
=0

 =
1

4


1

1
1

1


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"average over initial states"

"sum over final states"

→ use initial density matrix

→ trace final density matrix
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"average over initial states"

"sum over final states"

→ use initial density matrix

→ trace final density matrix

(!) normalized density: (quantum) probability density (on the diagonal)
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COMPARING DENSITIES

Trace distance

DT (ρ, ζ) =
1

2
Tr
√
(ρ− ζ)†(ρ− ζ)

→ DT (ρ, ζ) = 1
2

∑
i |λi | with λi the

eigenvalues of ρ− ζ

→ DT (ρ, ζ) = 0 ⇔ λi = 0∀λi ⇔ ρ− ζ = 0

→ classical interpretation: 1
2

∑
i |pi − qi |

→ pure state:
√

1 − |〈ψ|φ〉|2

Fidelity

F(ρ, ζ) = Tr
√√

ρζ
√
ρ

→ F(ρ, ζ) =
∑

i

√
λi with λi the eigenvalues

of ρζ

→ F(ρ, ζ) = 1 ⇔ ρ = ζ

→ classical interpretation:
∑

i
√

piqi

→ pure state: |〈ψ|φ〉|

new physics searches using DT (ρ, ρSM) or F(ρ, ρSM)
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SEARCHING NEW PHYSICS

χ2(λ) =

(
DT [ρNP(λ)− ρSM]

σDT

)2

+

(
σNP − σSM

σσ

)2
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EXAMPLE: TOP QUARK CHROMOMAGNETIC DIPOLE MOMENT

Ldip ∝ gsµt × tσµνqν

gluon field︷︸︸︷
Gµ t︸ ︷︷ ︸

tensor vertex=dipole

or equivalently in SMEFT
(before EW symmetry breaking)

Ldip =
ctG

λ2
(OtG +O†

tG)

Benchmark limit:

inclusive xsec

LHC (7 and 8 TeV) and tevatron (1.96 TeV)

−0.046 ≤ µt ≤ 0.040

CMS run 2 measurement

1.5− 1− 0.5− 0 0.5

c-1  ± -0.166 0.057
rP  ± -0.026 0.029
nP  ± 0.004 0.027
kP  ± -0.015 0.034

rP  ± -0.010 0.029

nP  ± -0.004 0.027

kP  ± 0.002 0.034
rrC  ± -0.678 0.083

nnC  ± 0.661 0.064

kkC  ± -0.69 0.12
+
nrC  ± 0.14 0.10
+
rkC  ± -0.00 0.15
+
nkC  ± -0.17 0.14
-
nrC  ± -0.04 0.10
-
rkC  ± -0.01 0.15
-
nkC  ± -0.06 0.14

)| < 0.4θ) > 800 GeV, |cos(tm(t
 0.15± = 2.03 E∆

Coefficient value

Data
stat, total unc.
Powheg+P8
Powheg+H7
MG5+P8
MiNNLO+P8

CMS

0.2− 0 0.2 0.4 0.6

(data, Powheg+P8)∆

 (13 TeV)-1138 fb
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-0.02 0.00 0.02 0.04
0

1

2

3

4

5

−0.025 ≤ |µt | ≤ 0.037
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EXAMPLE: ANOMALOUS τ COUPLING AT FCC-ee

LNP
τZ ∝ τ

[
γµq2/m2

τ

(
CV

1 + γ5CA
1

)
+iσµνqν/(2mτ ) (F2 + γ5F3)

]
τZµ

Benchmark limit:

FCC-ee simulation at s = m2
Z

combines concurrence, incl xsec, . . .∣∣CV
1

∣∣ < 0.01,
∣∣CA

1

∣∣ < 0.001
|F2| < 0.003, |F3| < 0.001

χ2(NP) =
(
DT [ρNP−ρSM]

σDT

)2
+
(
σNP−σSM

σDT

)2

-0.002 -0.001 0.000 0.001 0.002
-0.002

-0.001

0.000

0.001

0.002

-0.004 -0.002 0.000 0.002 0.004
-0.002

-0.001

0.000

0.001

0.002

-0.004 -0.002 0.000 0.002 0.004
-0.002

-0.001

0.000

0.001

0.002

-0.003-0.002-0.001 0.000 0.001 0.002 0.003
-0.004

-0.002

0.000

0.002

0.004

-0.002 -0.001 0.000 0.001 0.002
-0.002

-0.001

0.000

0.001

0.002

-0.002 -0.001 0.000 0.001 0.002
-0.002

-0.001

0.000

0.001

0.002

∣∣CV
1

∣∣ < 0.003,
∣∣CA

1

∣∣ < 0.001
|F2| < 0.001, |F3| < 0.001
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COMPARISON OF DIFFERENT METRICS

-0.004 -0.002 0.000 0.002 0.004
0

1

2

3

4

5

* C measures entanglement
* M2 measures diffculty to classically simulate
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QUANTUM PROBABILITY

positive definite matrix: ρ ≥ 0

ρij =
∑

k cik c∗jk = (CC†)ij → 〈φ| ρ |φ〉 =
〈
C†φ

∣∣C†φ
〉
≥ 0

diagonalizable: ρ =
∑

i pi |φi〉〈φi | with pi ≥ 0

system in state φi with probability pi

→ quantum probability distribution

classical merchanics: density matrix always diagonal
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