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SUMMARY

[arXiv]
m density matrix = all physical information
m sensitive to new physics

m trace distance most sensitive tool

(credits to Joscha)
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https://arxiv.org/abs/2501.03311

SUMMARY

[arXiv]
m density matrix = all physical information
m sensitive to new physics
m trace distance most sensitive tool

m but first: quantum mechanics 101
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HOW TO DO QUANTUM MECHANICS

(1) Observable O (e.g. spin)

(2) Describe system
“basic” approach

(3) recipe expectation value
“advanced” approach

(2) density p = > pj [1i)(¥)]
(3) (0) = Tr(p0) = p;0;

(2) wave function W) = > ¢ |¢)
(3) (O) = (V| O|V¥) = ¢/ Ojc
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HOW TO DO QUANTUM MECHANICS

(1) Observable o) (e.g. spin) (2) Describe system (3) recipe expectation value
“basic” approach “advanced” approach

(2) wave function |W) = > ¢; [¢) (2) density p = pj [1i)¥)]

(3) (O) = (V| O|V) = ¢ Ojci = cicl O; @) (0) = Tr(p(A)) = p;Oj

W) < p = [VXV| < p; = ccf
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HOW TO DO QUANTUM MECHANICS

(1) Observable o) (e.g. spin) (2) Describe system

“basic” approach “advanc
(2) wave function |W) = > ¢; |[¢) (2) der
(3) <O> = <W| O ’\U> = C/* Oj/ci (3) <b Corporate%u to?ind the differences

between this picture and this picture.

V) <= p=|VXV| & pj = cic

Why bother with the density?

| They're the same picture.
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MIXED SYSTEMS

total universe

wave function describes closed system
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MIXED SYSTEMS

total universe
wave function describes closed system
— system with states [1);)
— rest universe with states |Uf;)
— state of each independent
observable O on system:
(0) = (| O|®) = (W[ O|W) (U|U)

——
=1

@) = |U)[W)
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MIXED SYSTEMS

total universe

what if open?

~ system with states |¢/;) (ISOLATED WAVE FUNCTION v ' J
— rest universe with states |Uf;) Tl i"“'_. " UNIVERSE

@) =22 i) |U4))
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MIXED SYSTEMS

what if open?

— system with states |1;)

— rest universe with states |Uf;)

— no well defined independent states: mixed!
observable O on system:

(0) = (| O|®) = 3 £ty (] Olwy) (Uelthy)

ikt ™

=0y
= oty (el Ol

iik

total universe

{ISOLATED WAVE FUNCTION. S vt}

[®) =22, f i) |Ud))
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what if open?

— system with states [1);)

— rest universe with states |Uf;)

— no well defined independent states: mixed!
observable O on system:

(0) = (@ O]®) =D ity (vl Olvh)

ik

=Tr (Z gt [i)(x] ©>

iik

total universe
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MIXED SYSTEMS

what if open?

— system with states [1);)

— rest universe with states |Uf;)

— no well defined independent states: mixed!
observable O on system:

(0) = (@ O]®) =D ity (vl Olvh)

ik

=Tr (Z gt [i)(x] é)

iik

po =

total universe

ke Tifiee 190i) 1UG) (] (U]

5/17



MIXED SYSTEM: QUANTUM EFFECTS

Pure state: only two types

m classical product state |1) |¢)
m entangled states: Y . |¢) |¢;)

Mixed state: rich categorization / observables

—» concurrence, discord, magic. . .

PQ_Pés;c;; "hld!i(in'v?l's hidden state
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DENSITY FORMALISM

m wave function W — density matrix p
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DENSITY FORMALISM

m wave function W — density matrix p
m braket — trace
B (V|V)=1—=Trp=1
= (0) = (V[O|V) = (0) = Tr(pO)
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DENSITY FORMALISM

m wave function W — density matrix p
m braket — trace
(VW) =1—5Trp=1
= (O) = (V| O|W) — (O) = Tr(p0)
m basis decomposition
m (V) =37 ¢ [n) with ¢ = ([ V),
<1/Ji|¢/’> = 0j
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DENSITY FORMALISM

m wave function W — density matrix p
m braket — trace

(VW) =1—5Trp=1

= (O) = (V| O|W) — (O) = Tr(p0)
m basis decomposition

u ‘\U> = Zi Cj |’IZJ,> with ¢; = <7/),|‘-U>:

<1/Ji|¢/> = 6/‘/‘
m p =) |pi) with r = Tr(pip),
Tr(pipj) = 6

— basis elements = observables
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DENSITY FORMALISM

m wave function W — density matrix p
m braket — trace

B (V|V)=1—=Trp=1

= (O) = (V| O|W) — (O) = Tr(p0)
m basis decomposition

| | |\U> = Zi Ci |1/1,> with Ci = </l/}l|\|}>!

W:‘W/) = 5:‘/‘
= p =2 nlpi) with ri = Tr(pip),
Tr(pip;) = 05

— basis elements = observables

example: qubit

spin observable
S __ T
Y = (ox,0y,0;)

\

1
p= 5 (1; -+ ZS,’O',‘)
1
normalization
Tr(1l,) =2,Tro; =0
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DENSITY FORMALISM

m wave function W — density matrix p
m braket — trace

B (V|V)=1—=Trp=1

= (O) = (V| O|W) — (O) = Tr(p0)
m basis decomposition

| | |\U> = Zi Ci |1/1,> with Ci = </l/}l|\|}>!

<¢i|¢/> = 5:‘/‘
= p =2 nlpi) with ri = Tr(pip),
Tr(pip;) = 05

— basis elements = observables

m product states: ) [1)) = py © py
— (A X B)ijk/ = A,]'Bk/
m Tr(A®B)=TrATrB

example: qubit

spin observable
S __ T
Y = (ox,0y,0;)

\

1
p= 5 (1; -+ ZS,’O',‘)
1
normalization
Tr(1l,) =2,Tro; =0
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2-QUBIT SYSTEM

individual spins
1 = no measurement

0N
p:%(1@1+ZB?U,-®1+ZB}1®0;+ZC,,-0;®0—,>
Vo | b/

normalization measure both spins
Tr(lo®1)=Trl, =4 ~ correlations
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2-QUBIT SYSTEM

individual spins
1 = no measurement

0N
p:%(1@1+ZB,%,-®1+ZB}1®0;+ZCH-0;®0—,)
Vo | b/

normalization measure both spins
Tr(lo®1)=Trl, =4 ~ correlations

Correlation  {(oi0j) — (07){0;) so Cj = correlation only if unpolarized (B%' = 0)
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2-QUBIT SYSTEM

individual spins
1 = no measurement

SN

]
r= (1@1+ZB,‘.’U,-®1+ZB,‘1®U,-+ZC,,U;®O—,

I

\

normalization
Tr(12 X 12) =Tr 14 =4

1

Ul

/

)

measure both spins
~ correlations

alternatively, fz eigenstates

p= Z T |Si3j><sk3€’ =

ijkt

50000
So0100
51000
S1100

So001
So101
S1001
S1101

So0010
So110
S1010
S1110

S0011
So1 11
S1011
S1111
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2-QUBIT SYSTEM

e
p:l<l®l+ZBPU,‘®l+Z
\/ ! I

normalization
Tr(12 &® 12) =Tr 14 =4

density

alternatively, )% » €ige

Cross
sections

p=>_ rilsis)sesel =
ijke
S1100 Si1101  St110 31111/
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CROSS SECTIONS: e e~

wave function approach

density

®m initial state, e.g. eT e

Cross
sections
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CROSS SECTIONS: e e~

wave function approach

density

initial state, e.g. eT e
transition matrix |e*e™) — 7 |ete™)

measure final state , e.g. ™~

matrix element: M o (utp~| T |eTe™)

~ 2
xsec: 3% oc [(utp~|T leTe™)

Cross
sections
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CROSS SECTIONS: ete™

wave function approach density approach
m initial state, e.g. eT e~ m initial density pee = [eT e )YeTe™|
m transition matrix [eTe~) — 7 |eTe™) m transition: pi — P2 = T peeT

® measure final state , e.g. ™~
= matrix element: M oc (utu~| T |ete™)

A~ 2
m xsec: 9 oc [(u T~ | T [eTeT)
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CROSS SECTIONS: e e~

wave function approach density approach
m initial state, e.g. eT e~ m initial density pee = [T e )YeTe|
m transition matrix [ete~) — 7 |eTe™) m transition: p7. — p2 = T peeT
m measure final state , e.g. u ™ m xsec: 9% oc (urp~| p%8 |t )
m matrix element: M o< (up~| T |eTe™) = (utp~| T |ete™) (eTe | T |utp~)

. 2
m xsec: 9 oc [(u | T [eTeT)
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CROSS SECTIONS: e e~

wave function approach
® initial state, e.g. et e~
m transition matrix |ete~) — T |ete™)
® measure final state , e.g. ™~
= matrix element: M o (up~| T |eTe™)

~ 2
m xsec: 9 oc [(u T~ | T [eTeT)

density approach

m initial density pee = [eT e )YeTe™|
m transition: pIt, — 2 = T peeT
. d — -
m xsec: g& oc (uFuT|ple [T HT)
m diagonal elements = differential xsec

out — do

= Z(ete” — X) (unnormalized)

mTrp
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CROSS SECTIONS: e e~ WITH SPIN

. - L 1 _ _
unpolarized, uncorrelated initial state: plg, = 3 >+, 53 S5 X385 |

. 1 +ZiB;’n+‘7’®l
R FTPRE S o T
+ZijC}FJ/®Uj

=0

A=
—_
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CROSS SECTIONS: e"e~ WITH SPIN

: - Lon 1 + o\t o
unpolarized, uncorrelated initial state: pg, = 3 >+~ |53 S5 {54 S, |

out __

transition o, — T peeT and take final state 1t 11~
poe — p2a ="T1p Ty

do + Zi B?UH_Ui ®1 BT

_ g
(™| ol |t i >o<fm 101+ Y, B 100 | =-—= o
+22 COUtU, ® o; B~
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CROSS SECTIONS: e e~ WITH SPIN

; - Cin 1 + +
unpolarized, uncorrelated initial state: pg, = 3 3o+ o [Sa S5 X3 S5 |

out __

transition pff, — pou' = 7A'T,0ee7A' and take final state " p~

+ Z B(-)UHO',- ®1 B+
_ 1do LA 1 do B+
(| o2 |t p oy og |1@1HE B~ 1® o, -5 -
+Z’/ COUtO', ® 0j
(!) actual meaning of
m "average over initial states" — use initial density matrix

m "sum over final states" — trace final density matrix
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CROSS SECTIONS: e"e~ WITH SPIN

. s L 1 _ _
unpolarized, uncorrelated initial state: plg, = 3 >+~ |53 55 X385 |

transition p, — p%u = 7T peT and take final state p1* pu~
Pee = Poe =T 'p ptp

1do LB Oy (B
(| ol [pTnm) o g o (1@ 1+ 3, 8" 1wo | = o g+
+>2;CMoi ® o
() actual meaning of
m "average over initial states" — use initial density matrix
m "sum over final states” — trace final density matrix

(") normalized density: (quantum) probability density (on the diagonal)
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COMPARING DENSITIES

Trace distance Fidelity

DT(p,C)I%Tr (p =) p—0) Flp.¢) =Tr\//pC\/p
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COMPARING DENSITIES

Trace distance

D7(p.0) = 5T/ (0= 01— )

— DT(p,¢) = 1 3= |\i| with X, the
eigenvalues of p — ¢

Fidelity

F(p.¢)=Tr

N

— F(p,¢) = X, v/Ai with \; the eigenvalues

of pC
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COMPARING DENSITIES

Trace distance

D7(p.0) = 5T/ (0= 01— )

— DT(p,¢) = 1 3| \i| with X, the
eigenvalues of p — ¢
— DT(p,C):Oﬁ)\/ZOVA,‘@p—CZO

— classical interpretation: % Z, lpi — qi

Fidelity

F(p.Q) = Tr/viCyp

— F(p,¢) = X, v/Ai with \; the eigenvalues
of p¢

— F(p.Q)=1ep=(

— classical interpretation: . \/p;q;
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COMPARING DENSITIES

Trace distance

DT(p.¢) = 5 Try/(o = )1(p - Q)

— DT(p,¢) = 1 3| \i| with X, the
eigenvalues of p — ¢
D'(p,()=0& N =0V\<p—(=0

classical interpretation: 1 >, |p; — gil

L4

— pure state: 4/ 1 — \(¢|¢>‘2

Fidelity

F(p.Q) = Tey/ViC v

— F(p,¢) = X, v/Ai with \; the eigenvalues
of p¢

— F(p.()=1p=¢(

— classical interpretation: . /p;q;

— pure state: |[(¢]¢)]
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COMPARING DENSITIES

L4

Tracedigﬁfh[i] l ”\[B@BLH i ]E{mv'demy

1
DT(p.¢) =, Try Tr \/\/AC/p
D'(p.¢)=1>1 ‘i with )\; the eigenvalues
eigenvalues of p —

D'(p.Q) =0 A p=C¢

classical interpretati tation: Z, \/Piqi

pure state: /1 — | ol

new physics searches using D' (p, psn) or F(p, psa)
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SEARCHING NEW PHYSICS

DT[pxp(N) — PSM]>2 N (O'NP - USM)2

opT

X*(\) = (
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EXAMPLE: TOP QUARK CHROMOMAGNETIC DIPOLE MOMENT

gluon field
_ =~ CMS run 2 measurement
Lip X to G, t cwms
dip Gstht Qv K [ m() > 800 GeV, cos(8)| < 0.4 weu D22
= stat, total unc.
tensor vertex=dipole N 8e=20320.15 == Powheg+P8
c-1 [ -0.166+0.057 =l "'r\Pn(nglleggm
: . P -0.026+0.029 |
or equ|Va|ent|y N SMEFT E" [ 0.004x0.027 .::. +« MINNLO+P8
) -0.015:+0.034
i P, | -0.010+0.029 W
(before EW symmetry breaking) B Eonerac w
P, |_ 00020034 wH
G é: [~ -0678+0.083 ] "
Lip = O+ 0O & Geosore —
dip = 22 ( G+ fG) ¢4 [T o14r010 i di——
C, [ -000:0.15 ;l'——"i
Cy [ -017:014 —f
Benchmark limit: Cr [C 0042010 g
. C., [ -001£015 —_—
. . Cx | -0.06+0.14 —_—
m inclusive xsec B R T T A S
-15 -1 -05 0 05
m LHC (7 and 8 TeV) and tevatron (1.96 TeV) Coefficient value

m —0.046 < 4 < 0.040
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EXAMPLE: TOP QUARK CHROMOMAGNETIC DIPOLE MOMENT

gluon field
_ ~ =~
174
Laip < gsptr X to*’q, G, t
~—_—
tensor vertex=dipole

or equivalently in SMEFT
(before EW symmetry breaking)

CiG
Lap = 5 (O + Ok)
Benchmark limit:
m inclusive xsec
m LHC (7 and 8 TeV) and tevatron (1.96 TeV)
m —0.046 < p; < 0.040

T _ 2
X2(e) = (D [onp () pSM])

OpT

~0.02 0.00 0.02 0.04
Hi

—0.025 < |u¢| < 0.037
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EXAMPLE: ANOMALOUS T COUPLING AT FCC-ee
T 2 2
XZ(NP) _ (D [PNP_PSM]> + (UNP*O'SM>

O'DT UDT
T AR
-— |cY| < 0.008, |Cf| < 0.001
> v A o I
£ o7 j“g Jm2 (¢! +~sC7) -z, o |F2| < 0.001, |F3| < 0.001
+Io-'u ql//(2m7') (F2 + 75F3) . Fy(m3)
Benchmark limit: : | (R s s
m FCC-ee simulation at s = m2 - pS AN g
m combines concurrence, incl xsec, . .. e o
= |cY| <0.01,[cA| < 0.001 TR |
|F2| < 0.003, |F3| < 0.001 AN IRE D a1
\ z \ z
00000 \‘\ ,U ~— —
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COMPARISON OF DIFFERENT METRICS

CONCURRENGE 5 e .
¢ IRRAray
| | —€
3t ]
MAGIC ~
= Mo
///2 2f T
1 68.3 CL P
‘ - D
FIDELITY )/
D 0 -0.004 -0.002 0.000 0.002 0.004
TRACE Famz)
msrANEE *C measures entanglement
DT * M, measures diffculty to classically simulate
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THANK YOU FOR LISTENING! N/
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APPENDIX




QUANTUM PROBABILITY

positive definite matrix: p > 0
= pj =Y el = (CCT); — (¢l plo) = (CTo|CTp) >0
m diagonalizable: p = ), p; |¢;)(¢i| with p; > 0
m system in state ¢; with probability p;
— quantum probability distribution
classical merchanics: density matrix always diagonal
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