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Building band structures for ultracold atoms in optical lattices

e Building a Hamiltonian

U
confinement VW
. B fa
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(laser coupling, shaking, rotation...) sites J
+ ingredients
optical lattice
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Reviews: Dalibard et al. Rev. Mod. Phys. ‘11 and Goldman et al. Rep. Prog. Phys. '14

e Loading atoms into the corresponding band structure

How will the atomic cloud behave,

if the bands are topological?




Loading atoms into the bands: measuring geometry vs topology

e Wave-packet preparation : local in k-space

Probe: e The local dispersion of the band (i.e. band velocity)

e The local geometry of the band,

as captured by the Berry curvature

Q= i | (D, O ) — (O, O un)

Experiments: Jotzu et al. (Nature ‘14), Duca et al. (Science '15), Flaschner et al. (arXiv:1509.05763)
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e Wave-packet preparation : local in k-space
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Probe: e The local dispersion of the band (i.e. band velocity)
e The local geometry of the band,
w as captured by the Berry curvature
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Experiments: Jotzu et al. (Nature ‘14), Duca et al. (Science '15), Flaschner et al. (arXiv:1509.05763)

e Filling the band uniformly in k-space

E Probe: e The global topology of the band
Example: the first Chern number of the band
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k:gc /i)y Experiments: Aidelsburger et al. (Nat. Phys. ‘15), Wu et al. (arXiv:1511.08170)



Hall conductivity and center-of-mass observables

e Solid-state physics: filling a band with electrons

E Transport equation for the current density
electric field
62
m +E = Eyl, jr = ﬁEyV (TKNN formula)
.... e TR T e L e T

—» quantized Hall conductivity (IQHE)
ke ky



Hall conductivity and center-of-mass observables

e Solid-state physics: filling a band with electrons

E Transport equation for the current density
electric field
62
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——» quantized Hall conductivity (IQHE)
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e Ultracold atoms in optical lattices . o
Center-of-mass imaged in-situ
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Measuring the Chern number of Hofstadter bands
with ultracold bosonic atoms

M. Aidelsburger'2*, M. Lohse"?, C. Schweizer'?, M. Atala'?, J. T. Barreiro'2', S. Nascimbéne3,
N. R. Cooper?, I. Bloch"? and N. Goldman®®
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By fitting this equation to the experimental data x (¢), with the Chern
number being the only fit parameter, we obtain an experimental
value for the Chern number of the lowest band

9(5)
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Hall conductivity and center-of-mass observables

e Solid-state physics: filling a band with electrons

E Transport equation for the current density
e
electric field
62
+E = Ey1, j¥ = —E,V | TKNN formula)
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—» quantized Hall conductivity (IQHE)
ke ky

e Ultracold atoms in optical lattices

Center-of-mass imaged in-situ
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On the measurement of Chern numbers
through center-of-mass responses

H. M. Price, O. Zilberberg, T. Ozawa, I. Carusotto, N. G., arXiv:1602.01696



Semiclassics and the modified density of states
e Let us consider a wave-packet prepared in a band £(k) with curvature €2(k)

+FE : electric field/linear gradient

+B :weak (perturbing) magnetic field

e The semiclassical equations of motion are given by [ = e = 1]
e 9E(k)

Ok
k=—-E—7+xB,

—k x Q(k),
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e Let us consider a wave-packet prepared in a band £(k) with curvature €2(k)

+FE : electric field/linear gradient

+B :weak (perturbing) magnetic field

e The semiclassical equations of motion are given by [ = e = 1]
k
- 9E(k)

= _ExQk
ok x Q(k),

k=—-E—7xB,
o For a completely filled band, the particle density is given by

ne L Z = D(k)d?k, D(k) : phase-space density of states
4 m T2



Semiclassics and the modified density of states
e Let us consider a wave-packet prepared in a band £(k) with curvature €2(k)

+FE : electric field/linear gradient

+B :weak (perturbing) magnetic field

e The semiclassical equations of motion are given by [ = e = 1]

_ PR gy x Q(k),
Ok
k=—-E—7xB,
o For a completely filled band, the particle density is given by

1 .
== E = D(k)d?k, D(k) : phase-space density of states
1% T2

e Care is required in the presence of both €2 and B [see Xiao et al. PRL '05, Bliokh PLA '06]

n—/ Dk)ko_W/ (1+ B Q)d%

[the phase-space volume element ARAK is constant for canonical variables !]



Center-of-mass responses

e Summary of the configuration :

E e

RIS
e®

00 | e————

+E : electric field/linear gradient
+ B : weak (perturbing) magnetic field

kn ky

e Setting B = B 1., the particle density is given by

(%)2/ (1+B-Q)d% = é“f)‘%r% s n=n(B)! [Steda]
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Center-of-mass responses

e Summary of the configuration :

E ———

RIS
e®

00 e

+E : electric field/linear gradient
+ B : weak (perturbing) magnetic field

kn ky

e Setting B = B 1., the particle density is given by

(%)2/ (1+B-Q)d% = é“f)‘%r% s n=n(B)! [Steda]

o Setting the “electric” field E = E, 1,, the Hall current density is given by TKNN :
it = Tyy — j¥ = j%(v) but 5* # j¥(B) ... Hall conductivity plateaus !
Y

¢ The transverse center-of-mass velocity is given by

. j E 2 2 2 21 B
V= = v 8 Eyy—( il ) EyB (1) {' ul Z"<<1}
n =Mz + By Awmgz Awmpz Awmpz

e There are two types of quantized responses :

linear response (~ E,) + non-linear response (~ E, B)



Center-of-mass responses
» The transverse center-of-mass velocity is given by

j E 2 2 2 21 B
oon M8z + By Awmgz Awmgz Awmpz

¢ Simple check (homework!) : square lattice with flux per plaquette ®ot = 1/5

Picture A : & = 1/5 and ®pert = 0 — vZ 1, (A)
Picture B: ® = 1/4 and ®pert = —1/20 — vZ, (B) = v, (A)

This simple equivalence is possible thanks to the modified density of states !
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Center-of-mass responses
» The transverse center-of-mass velocity is given by

j E 2 2 2 21 B
Ve = = [ vy 1 Eyl/—( il ) EyB (1) {M<<1}
oon M8z + By Awmgz Awmgz Awmpz

¢ Simple check (homework!) : square lattice with flux per plaquette ®ot = 1/5

Picture A: ® = 1/5 and ®pert = 0 — v (A)
Picture B: ® = 1/4 and ®pert = —1/20 — vg . (B) = vgm. (A)
This simple equivalence is possible thanks to the modified density of states !

e Full numerical simulations for ® = 1/4 and ®pert=+10% x &
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4D Physics with Cold Atoms

H. M. Price, O. Zilberberg, T. Ozawa, |. Carusotto, N. G., PRL 115, 195303 (2015)



Brief warm-up : Topological structures in 4D

e The curvature €2 of a given band (defined over the FBZ) is a two-form

1
Q= 5Q‘“’dkH Adk, #0fordim(FBZ) > 2 (no curvature in 1D)
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The first Chern number is associated with the 2D quantum Hall effect (FBZ = T?)



Brief warm-up : Topological structures in 4D

The curvature 2 of a given band (defined over the FBZ) is a two-form

1
Q= EQ‘“’dku Adk, #0fordim(FBZ) > 2 (no curvature in 1D)

Taking the square produces a four-form
1
P =QAQ= ZQ*“’QV‘s dk, ANdk, Adky Adks  # O for dim(FBZ) > 4
Topology in 2D : the first Chern number

m=—[ wa dim(FBZ) = 2
27 JrBZ

The first Chern number is associated with the 2D quantum Hall effect (FBZ = T?)

Topology in 4D : the second Chern number

1

Vg = ——
872 Jraz

TrQ2 dim(FBZ) = 4

The second Chern number is associated with the 4D QH effect (FBZ = T*)
see Zhang and Hu Science 2001 and Avron et al. PRL 1988 about 4D systems with TRS



4D quantum Hall effect from semiclassics

o We consider a wave-packet in a 4D Bloch band £(k) with Berry curvature Q#* (k)
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o We consider a wave-packet in a 4D Bloch band £(k) with Berry curvature Q#* (k)

» We write the semiclassical equations of motion in D = 4 spatial dimensions
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4D quantum Hall effect from semiclassics

o We consider a wave-packet in a 4D Bloch band £(k) with Berry curvature Q#* (k)

» We write the semiclassical equations of motion in D = 4 spatial dimensions

0E(k .

T“(k): ( ) _kVQHV(k); KV =2,Y,2,W (1)
Ok

ig“ = —E,—7"Buy; By = 0pAy — Ou Ay see Xiao etal. RMP 10 Gao,Yang,Niu PRB ‘15

o Let us combine these Egs. (1) repeatedly :

(k) = aglik) + B, QM (k) + 77 Byy QO (k)
i

= Py pe )+ (2oL 4 B0 0) 4 5 B k) ) B (1)
Ok, ok,
08 (k) 0E (k)
S E, QM (k
ok ®)+ ok,

By (k) + Q70 (k)" (k) Es By~ + . ..




4D quantum Hall effect from semiclassics

We consider a wave-packet in a 4D Bloch band £(k) with Berry curvature Q** (k)

We write the semiclassical equations of motion in D = 4 spatial dimensions

0E(k .

T'H(k): ( ) _k’/QHV(k); KV =2,Y,2,W (1)
Ok

ig“ = —E,—7"Buy; By = 0pAy — Ou Ay see Xiao etal. RMP 10 Gao,Yang,Niu PRB ‘15

Let us combine these Egs. (1) repeatedly :

(k) = 8 4 0 () 457 B ()
"

_ 0&(k)
Ok,

_ 9E(k)

T ok,

IE (k)
Ik
IE (k)

y

+ E, QMY (k) + ( + EsQ (k) + fO‘B(;aQV‘S(k:)) B, QM (k)

+ B, Q" (k) + B QM (k) + Q70 (k)QM (k) Es By + . ..
— Combining E and B produces a term ~ Q2

Topological response in the current density of a filled band ?



Topological responses in 4D

e The velocity in a state k is
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e Let us fill the band and compute the total current density j* = (1/V) 3", 7 (k)
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e The velocity in a state k is

OEk) | g, mv (k) 4 250

rH(k) ~
ok, Ok

By Q0 (k) + Q7% (k) (k) E5 By + - .

e Let us fill the band and compute the total current density j* = (1/V) 3", 7 (k)
* We have to evaluate the modified density of states :
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Topological responses in 4D

The velocity in a state k is

OEk) | g, mv (k) 4 250

rH(k) ~
ok, Ok

B QM (k) + Q70 (B)QM (K)Es Buny + ...

Let us fill the band and compute the total current density j# = (1/V) >, 7*(k)
We have to evaluate the modified density of states :
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The total current density j# = (1/V) >, 7*(k) is given by
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There are two types of quantized responses : linear (~ E) + non-linear (~ EB)



Topological responses in 4D

The velocity in a state k is

OEk) | g, mv (k) 4 250

rH(k) ~
ok, Ok

B QM (k) + Q70 (B)QM (K)Es Buny + ...

Let us fill the band and compute the total current density j# = (1/V) >, 7*(k)
We have to evaluate the modified density of states :
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The total current density j# = (1/V) >, 7*(k) is given by

1
=E,—— ) /4 Qv dik + ”O‘BVE Bag (p==z,y,z,w)

1

where Vg = ——
872
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There are two types of quantized responses : linear (~ E) + non-linear (~ EB)

For a TRS system, we recover the topological-field-theory prediction

jh = %g“aﬁl’El,Baﬂ [Ref : Qi, Hughes, Zhang PRB '08]
T



Introducing a 4D framework

* We want to investigate the transport equation using ultracold atoms
1
j“=E,—— [ Q"d'k a'mﬁ"E B
J l/(27r)4/ + vDagp

vy = L QTYQFW + QWET QY= + szQywdélk
472 Jpa

e In order to have v» # 0, we look for a minimal 4D system with Q#*, QY™ £ 0

— fluxes ®1 2 inthe z—2z and y —w planes : two Hofstadter models.



Introducing a 4D framework

* We want to investigate the transport equation using ultracold atoms

. 1
=E (2m)4 /Jr4 Qd + 6HOCBVEVBOAB

1
472 Jpa
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Introducing a 4D framework
» We want to investigate the transport equation using ultracold atoms

1
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o In order to have v»> # 0, we look for a minimal 4D system with Q** QY% =£

vy = QTYQFW + QuTOYz + szQywd4k

— fluxes @1 3 in the z—z and y—w planes : two Hofstadter models.

w
hopping along a synthetic (internal-state) dimension
see Celi et al PRL ‘14
Mancini et al.(LENS) and Stuhl et al.(NIST)
in Science Sept. 2015



Introducing a 4D framework
» We want to investigate the transport equation using ultracold atoms

i* = Eyﬁ/ odte+ o EHQBVE,,BQB
v = 2+ QTYOFY 4 QUTQYZ 4 QFTQYVdE
4m2 Jpa
o In order to have v»> # 0, we look for a minimal 4D system with Q** QY% =£
— fluxes @1 3 in the z—z and y—w planes : two Hofstadter models.

w
hopping along a synthetic (internal-state) dimension
see Celi et al PRL ‘14
Mancini et al.(LENS) and Stuhl et al.(NIST)
in Science Sept. 2015

j ] (,1,274)2 Y

o Physical realization with cold atoms in a 3D optical lattice : Easy !
* A superlattice along z + resonant « — z-dependent time-modulation
» Raman transitions between internal states with recoil momentum along y



w
hopping along a synthetic (internal-state) dimension
see Celi et al PRL ‘14
Mancini et al.(LENS) and Stuhl et al.(NIST)
in Science Sept. 2015

* Topological band structure :

The energy spectrum displays a low-energy flat topological band with vo = —1

e —

e

=




Probing the transport equations

e Let us come back to our transport equation, with Q#* Q¥ =£ 0

1 1
T o) /,u/d4k Ha/BVE B — szgy’wd4k
J Y (2m)4 /11-4 + a2 vZapy V2T o T4



Probing the transport equations

e Let us come back to our transport equation, with Q#* Q¥ =£ 0

1 1
T o) /,u/d4k Ha/BVE B — szgy’wd4k
J v (27r)4 /'11‘4 + 3¢ vBag, V2 a2 Jra

* We now choose an electric field E = E, 1, and a magnetic field B,g = Bw

hopping along a synthetic (internal-state) dimension
see Celi etal PRL 14

2 Po 2 d 2
e b2y (’]'Zﬂq) (simply tune the Raman lasers!)

where © = B.,, /21 ~ 1/10

o The transport equations yield two non-trivial contributions :
1 .
Y =Ey—— / Qw¥d*k : linear response along w (~ 2D QH effect)
(271")4 T4
3= :%Eszw : non-linear response along x (~ 4D QH effect)

» Predictions have been validated through numerical simulations [uex'D —1.07]



The center-of-mass drifts in a 4D topological system
* Reminder : the center-of-mass velocity is related to the current density via
Vem. = J/n

* The current density is

1 Vo
i =FE,—— [ QWdik+ ——eHePYE,B
J V(27r)4 /]1‘4 + 47T25 vDag,

o The particle density is [using the modified density of states!]

1 1 1 5
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— wvem. = j/n may have complicated dependence on the band topology !



The center-of-mass drifts in a 4D topological system
Reminder : the center-of-mass velocity is related to the current density via
Vem. = J/n

The current density is

1 Vo
T v 4 poBr
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The particle density is [using the modified density of states!]
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— wvem. = j/n may have complicated dependence on the band topology !

Simple situation : B, # 0 in a plane without curvature (Q*” = 0)
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The center-of-mass drifts in a 4D topological system
* Reminder : the center-of-mass velocity is related to the current density via
Vem. = J/n

e The current density is

1 Vo
TU— ) v 4 /,LCMBVE B
7T V(27T)4/11‘4Q dk+47r26 vZaps

e The particle density is [using the modified density of states ]

1 1 1 .
"= /4 [1 + 5 Bur O 4 (saﬁ”’éBa@Bw) <5WA,,Q“”Q’\/’>}d4k
T

— wvem. = j/n may have complicated dependence on the band topology !

¢ Simple situation : By, # 0 in a plane without curvature (Q*” = 0)

Afe, Al 1
MBz“MBZ .
n=—PE L = — 5 yem = 5 Veel
(2m)* Veell o

e Pathological situation : B,,,, # 0 in a plane with curvature (Q#* # 0)

We find situations where j# = j*(v2) but v&'y, # vEm (12)!



The center-of-mass drifts in a 4D topological system
Reminder : the center-of-mass velocity is related to the current density via
Vem. = J/n

The current density is

1 Vo
T v 4 poBr
7= (2m)4 /11‘4 ¥k + 47r26 EvBag,

The particle density is [using the modified density of states!]

1 1 1 5
n= W /4 |:1 + QBHVQNV + & (5(1[%/63&3375) (EMV)\PQNUQ)\/)>:|d4k
T

— wvem. = j/n may have complicated dependence on the band topology !

Simple situation : B, # 0 in a plane without curvature (Q*” = 0)

AzE_AVY 1
MBZ“'MBZ .
= —¥Bc_NMbe — vem. = 3V,
(2m)* Veell om = 7 Veal

Pathological situation : B,,,, # 0 in a plane with curvature (Q#* # 0)
We find situations where j# = j*(v2) but v&'y, # vEm (12)!

Here we show results for B.., # 0 and Q** = 0 : simple case !



The center-of-mass drift : Numerical simulations
o The predicted center-of-mass drift along = (2nd-Chern-number response) :
Vom. = J Veel = j* (4a x4a x a xa), for® =dy=1/4

= (4%&, % Buw) x 16a% % 20/Tp,  Tp =2r/aE, ~ 50ms



The center-of-mass drift : Numerical simulations
o The predicted center-of-mass drift along « (2nd-Chern-number response) :
Vom. = J Veel = j* (4a x4a x a xa), for® =dy=1/4

- (4%&, x BZ“,) x 16a* ~ 2a/Tp,

Tp = 27 /aE, ~ 50ms

» We have calculated the COM trajectory for £, =0.2J/a and B, /2r=—-1/10
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S 04

0.2 ‘ ‘
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time [/ J]

o From these simulations : vo ~ —0.98

The 4D responses are of the same order
as the effects reported in the 2D measurement [Aidelsburger et al '15] !



Conclusions

Center-of-mass observables have a much richer dependence on topological
invariants than previously discussed

The particle density is related to topological invariants (Streda)

Ultracold gases are suitable platforms to probe these intriguing topological
responses (e.g. EM effects in COM observables)

4D quantum Hall physics (e.g. 2nd Chern numbers) is accessible using ultracold
gases extended by synthetic dimensions

Not discussed : 4D QH physics can also be explored with photonics
(see Ozawa, Price, Goldman, Zilberberg, Carusotto, PRA 93, 0438270 2016)

Cold atoms offer a platform to study interaction effects in 4D topological bands
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