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3Reminder — Likelihood-Loss

Training should optimize probability that network parameters  describe the data ω x

This is given by: p(ω |x) Usually intractable ☹

Bayes’ Theorem

p(ω |x) =
p(x |ω) p(ω)

p(x)

Likelihood

Prior

Normalization

Posterior

Known from simulation ☺



ℒheteroscedastic = ∑
i

| f(xi) − fω(xi) |2

2σ(xi)2
+ log σ(xi) + …

Heteroscedastic loss
Regression with 

Gaussian assumption

with point-wise 
uncertainty

4Reminder — Likelihood-Loss

ℒ = − log p(ω |x)
= − log p(x |ω) − log p(ω) + const

Likelihood-loss Weight regularization

Normalization term

Bayes’ Theorem

p(ω |x) =
p(x |ω) p(ω)

p(x)

Homoscedastic loss = MSE

ℒMSE =
1
2σ ∑

i

| f(xi) − fω(xi) |2 + …
Same uncertainty

σ(x) → σ = const



Is there more we can do?



Yes! 
Bayesian Neural Networks
→ There is nothing really Bayesian about them!



7What we have vs what we want

So far: fixed input xNNs are deterministic fixed output y

However, in particle physics:
→ we are not only interested in results, but also in errorbars

y ∼ p(y |x)We need: fixed input x probabilistic output ⟨y⟩ ± σy

How do we achieve this?



8Bayesian neural networks

Neural network Bayesian Neural network

!

p(
!
)

�!

!0!

p(
!
)

!0

Network weights are  
drawn from distribution

Network weights are  
deterministic

ω = ω0 ω ∼ p(ω)



Need to Calculate 
normalization

9Basics of BNNs
Predictive distribution in Classification

p(y |x) = ∫ dω p(y |ω, x) p(ω |x)

Prediction in Regression

y(x) ≡ ⟨y⟩ = ∫ dy p(y |x) y

= ∫ dω p(ω |x)∫ dy p(y |x, ω) y

= ∫ dω p(ω |x) ȳ(x, ω)

Classifier output

Regression output

→ average over p(ω |x) Intractable ☹

p(x) = ∫ dω p(x |ω) p(ω) Also Intractable ☹p(ω |x) =
p(x |ω) p(ω)

p(x)

Bayes’ 
theorem

So what do we do instead?



10Variational approximation
Approximate posterior

p(ω |x) ≃ qα(ω |x) ≈ qα(ω)

Simplify (see later)

Parameters  to adjustα

p(x)

qα(x)

Kullback Leibler Divergence

KL(qα(x), p(x)) = ∫ dx qα(x) log ( qα(x)
p(x) )

- Measures information overlap
- Always positive → zero iff  p(x) = qα(x)
- Non symmetric



= 1

Intractable norm

11BNN Loss function

Kullback Leibler Divergence

KL(qα(ω), p(ω |x)) = ∫ dx qα(ω) log ( qα(ω)
p(ω |x) )

= ∫ dx qα(ω) log ( qα(ω) p(x)
p(ω) p(x |ω) )

= KL(qα(ω), p(ω)) − ∫ dω qα(ω) log p(x |ω) + log p(x) ∫ dω qα(ω)

BNN loss function

ℒBNN = KL(qα(ω), p(ω)) − ∫ dω qα(ω) log p(x |ω)
12

1

2

Neg log-likelihood averaged over qα

 shoud not deviate too much from prior!qα

Problem specific



How to choose  and the prior?qα



13Standard choice

In practice:  are chosen to be Gaussianp, qα

!

p(
!
)

�!

!0

qα(ω) ≡ qμ,σ(ω) =
1

2πσ2
q

exp [−
(ω − μq)2

2σ2
q ]

p(ω) =
1

2πσ2
p

exp [−
(ω − μp)2

2σ2
p ]

Usually 
 μp = 0

KL(qα(ω), p(ω)) =
σ2

q − σ2
p

2σ2
p

+
μ2

q

2σ2
p

+ log
σp

σq

KL divergence

2

2 serves as regularization!



14Deterministic limit

Gaussian probability

qα(ω) =
1

2πσ2
q

exp [−
(ω − μq)2

2σ2
q ]

Loss function

ℒBNN → ℒNN = − log p(x |ω0) +
ω2

0

2σp
+ const

Delta distribution = fixed weight

qα(ω) = δ(ω − ω0)
σq → 0

μq → ω0

→ Usually  is a  
free parameter

λ

L2 norm: λω2
0



15Mean-field approximation

For  network parameters  
we do factorization ansatz:

K qα(ω) =
K

∏
i=1

𝒩(ωi |μi, σi)

→ BNN has  parameters2K [1505.05424, 1601.00670] Mean-field approximation

If correlated Gaussians BNN  parameters∼ K2 ☹bad scaling

Deepness of NN compensates approximation?
→ Open question in ML community!



Questions?
? …
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Bayesian Amplitude Regression
Example I

Badger, Butter, Luchmann, Pitz, Plehn [2206.14831]



20LHC analysis + ML

Quantum 
Theory

ℒ

Nature

Scattering 
Amplitudes

Detector 
simulation

Recon- 
struction

Recon- 
struction

Event 
selection

Event 
selection

Pattern 
recognition

MC 
sampler

Shower + 
hadron. 

simulattion

Detector

2.1 Amplitude surrogate

2.2 Bayesian 
Tagging



21Bayesian Regression
We want to fit a set of amplitudes A(x)

Training data: {x, A(x)}

We can define: p(A |x) ~ prob of  @ position A x (→  before)p(y |x)

Prediction in regression

A(x) ≡ ⟨A⟩ = ∫ dA A p(A |x) with p(A |x) = ∫ dω p(A |ω, x) p(ω |x)

BNN
p(ω |x) ≃ qα(ω)

Variational approximation



We want to describe mean and 
stddev of prediction



network output

A(x) ≡ ⟨A⟩ = ∫ dA A p(A |x)

= ∫ dA∫ dω A p(A |ω, x) p(ω |x)

= ∫ dA∫ dω A p(A |ω, x) qα(ω)

= ∫ dω qα(ω) ∫ dA A p(A |ω, x)

= ∫ dω qα(ω) A(x, ω)

23BNN mean prediction

Mean prediction

(✽)

Variational 
approximation



What about the uncertainty?



= σ2
pred(x)2= σ2

model(x)1

σ2
tot(x) ≡ ⟨(A − ⟨A⟩)2⟩ = ∫ dA (A − ⟨A⟩)2 p(A |x)

= ∫ dA∫ dω (A − ⟨A⟩)2 p(A |ω, x) qα(ω)

= ∫ dω qα(ω)[∫ dA A2 p(A |ω, x) − 2⟨A⟩∫ dA A p(A |ω, x) + ⟨A⟩2 ∫ dA p(A |ω, x)]
= ∫ dω qα(ω)(A2(x, ω) − A(x, ω)2) + ∫ dω qα(ω)(A(x, ω) − ⟨A⟩)2

25BNN variance of prediction

Variance of prediction



26Types of uncertainties
1 Predictive uncertainty

σ2
pred(x) = ∫ dω qα(ω)(A(x, ω) − ⟨A⟩)2

→ following (✽) this vanishes for q(ω) → δ(ω − ω0)

→with precise training data 

→ requires more and better training → decreases with more training data

→ represents statistical uncertainty (epistemic uncertainty) for physicists
σpred → σstat



27Types of uncertainties

σ2
like(x) = ∫ dω qα(ω)(A2(x, ω) − A(x, ω)2) = ∫ dω qα(ω) σ2

like(ω, x) ≡ ⟨σ2
like(ω)⟩

2 Likelihood related uncertainty

→ already occurs without sampling → does not vanish for q(ω) → δ(ω − ω0)

→ reaches constant for perfect training  
→ reflects stochastic training data, bad hyperparameters, model expressivity,..

→ represents systematic uncertainty (aleatoric uncertainty)

→However, vanishes if amplitude is perfectly known → p(A |ω, x) → δ(A − A0)

A(x, ω) = ∫ dA A p(A |ω, x) → A0 A2(x, ω) = ∫ dA A2 p(A |ω, x) → A2
0

→Corresponds to the Gaussian uncertainty in the heteroscedastic loss

for physicists
σlike → σsyst

network constructs 
uncertainty

Also works if 
training data  

has no uncertainty



28Bayesian Regression

�A⇥ = 1
N

N

�
i

A(⌅i)

⇧2
pred = 1

N

N

�
i

(�A⇥ � A(⌅i))2

BNN

sa
m
p
lin
g

⇧2
model=

1
N

N

�
i

⇧2
model(⌅i)

Output

output

( A(⌅1)
⇧model(⌅1))

Ensemble of networks

0.2 0.8

-0.1

-0.3

0.70.5

0.9

-0.2
0.4

q(⌅)

x

x

x

x

( A(⌅2)
⇧model(⌅2))

( A(⌅3)
⇧model(⌅3))

[2206.14831]

ℒBNN = KL(qα(ω), p(ω)) + ∫ dω qα(ω)∑
j [

(A(xj, ω) − Atruth
j )2

2σsyst(xj, ω)
− log σsyst(xj, ω)]



Bayesian Tagger
Example II

Bollweg, Haussmann, Kasieczka, Luchmann, Plehn, Thompson [1904.10004]



30LHC analysis + ML

Quantum 
Theory

ℒ

Nature

Scattering 
Amplitudes

Detector 
simulation

Recon- 
struction

Recon- 
struction

Event 
selection

Event 
selection

Pattern 
recognition

MC 
sampler

Shower + 
hadron. 

simulattion

Detector

2.1 Amplitude surrogate

2.2 Bayesian 
Tagging



31Bayesian Jet Tagger

Prediction of Bayesian classifier

μpred ≡ p(c |x) = ∫ dω qα(ω) p(c |ω, x) BNN classifier output

BCE loss

ℒBNN = KL(qα(ω), p(ω)) + ∫ dω qα(ω) ∑
j

ytruth
j log p(c |xj, ω) + (1 − ytruth

j ) log(1 − p(c |xj, ω))

Statistical uncertainty

σ2
pred ≡ σ2

stat = ∫ dω qα(ω) (p(c |x, ω) − μpred)2 no additional 
parameter for  

syst. uncertainty

Class prediction 
is only outputonly statistic 

uncertainty



We have to be careful though…



33Bayesian Jet Tagger

 Classifiers have a non-linearity (sigmoid) in last layer to get p(c |x) ∈ [0,1]

→  Leads to distortion of Gaussian shapes in general ⚠

Have to check if still Gaussian after sigmoid‼



34Bayesian Jet Tagger


