
ν ℓ

Neutrino Physics (Theory) – 1
2024 BND school, Blankenberge, België

Richard Ruiz

Institute of Nuclear Physics – Polish Academy of Science (IFJ PAN)

2 September 2024

R. Ruiz (IFJ PAN) νPhys 1 – BND24 1 / 59



a few plesantries
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most important: these lectures are low-key; questions are great

I am literally here to tell you what I know
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apologies and disclaimers

Lectures are "Summer School" style
More material/slides than allowed by time
Some slides will be skipped (kept for completeness)

NOT an historical summary (see νExpt lectures by de Roeck)

Goal: fill in some gaps between courses and research
Explain what goes into plots often shown in seminars & conferences
Healthy mixture of math and plots (ν physics is rigorous physics)

Personally, I have never seen some of the following in a lecture

(sorry also for the typos!)
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Lecture Plan (one-day show!)

Lecture I:
Pt1: The Standard Model (SM) neutrino
Pt2: The neutrino that nature gave us: intro to ν oscillations

Coffee break at 10:30ish

Lecture II:
Pt1. Consequences of neutrino masses (theory perspective)
Pt2. Neutrino mass models (highlights)

Lunch at 12:30ish
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Pt1. the Standard Model neutrino
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Particle Physics: Then and Now
Throughout the 20th century, a chief goal of particle physics was to
establish the particle spectrum, their structures, and their properties

possible with many tools, e.g., production at colliders, tabletop measurements of fundamental symm., and rare decays

The Standard Model (SM)
of particle physics

– position indicates quantum
numbers/ charges
(just like in chemistry!)

– e.g., spin, flavor, color,
electromagnetic, weak hyper
charge

credit: I. Bigaran
;
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Position makes quantum numbers, e.g., gauge charges, manifest

QL = (
uL
dL
) =

T 3
L³¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹µ

(+1/2−1/2)

LL = (
νL
eL
) = (+1/2−1/2)

Qf = T 3
Lf +

1
2Yf Ô⇒ YQL = +1/3

Qf = T 3
Lf +

1
2Yf Ô⇒ YLL = −1

Sanity: (Qupper −Qlower) = (T upper
L −T lower

L ) = +1
Sanity: (2Nc) ⋅YQL + 2YLL = 0
Exercise: show that Nc ⋅YuR +Nc ⋅YdR +YeR = 0
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Position makes quantum numbers, e.g., gauge charges, manifest

technical note: here, fermions are states in the
gauge/interaction basis (≠ mass basis)

– not consistent to assign masses need to rotate into mass basis!
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question: how do we know that ν carries weak charges?
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a few steps back
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Nuclear β decay is governed by Fermi Theory

N

e
−

νe

P

LFermi = GF [NγµPLP] ⋅ [νeγµPLe]
Fermi(’31)
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Inverting νe leg Ô⇒ inverse β decay (“elastic” ν-nucleus scattering)

N

e
−

νe

P

−iM(νeN → e−P) ∼ GF [u(kP)γµPLu(kN )] ⋅ [u(ke)γµPLu(kνe)] ∼ GF E 2
ν

Ô⇒ σ(νeN → e−P) ∼ 1
(flux) ⨋dof (phase space) × ∣M∣2 ∼ G2

F
E4
ν

πE2
ν

Ô⇒ scatt. rate (σ) grows with scatt. energy without bound

Ô⇒ violation of unitarity in scattering theory, i.e., ∑(prob)≤ 1
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Inverse β decay is a charged-current interaction!

N

e
−

νe

P

W
−

Fermi thry is the low-energy manifestation of the electroweak thry

(gW√
2)

2
×
⎛
⎝

gµν−
qµqν
M2

W
q2−M2

W+iΓW MW

⎞
⎠
∣q2∣≪M2

WÐÐÐÐÐ→ −g2
W

2M2
W
= −2

√
2GF

Ô⇒ σ(νeN → e−P) ∼ g4
W
π

E2
ν

(E2
ν−M2

W )2
← high-E behavior is regulated

(finite at large Eν)
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question: how do we know that ν carries weak charges?
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γ

e−L

e+R

W−

0

W+
0

Z

e−L

e+R

W−

0

W+
0

−iM(e−L e+R
γ
Ð→W +

0 W −
0 ) ∼

√
E
√

E(Qe)⋅ 1
E2 ⋅(g sin θW E)⋅E 2 = Qg2 sin2 θW E 2

−iM(e−L e+R
ZÐ→W +

0 W −
0 ) ∼

√
E
√

E (g(ce
V−ce

A)
cos θW

) ⋅ 1
E2 ⋅ (g cos θW E) ⋅ E 2

= T 3
Leg2E 2 −Qg2 sin2 θW E 2
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e−L

e+R W+
0

W−

0

νe

γ/Z

e−L

e+R

W−

0

W+
0

−iM(e−L e+R
γ/Z
ÐÐ→W +

0 W −
0 ) ∼ T 3

Leg2E 2

−iM(e−L e+R
νÐ→W +

0 W −
0 ) ∼

√
E
√

E ⋅ ( g√
2)

2
⋅ E

E2 ⋅ E 2 ∼ +1
2g2E 2

Ô⇒ (T 3
Le + 1/2) = 0 or T 3

Lν = +1/2 since T 3
Lν = −T 3

Le .

Delicate (structural) cancellations when all particles are included!
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Position makes quantum numbers, e.g., gauge charges, manifest
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how many ν are there?
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In the SM (and nature) mν ≪MZ Ô⇒ Z → νℓνℓ possible for all ℓ
Ô⇒ Γν ≡ Γ(Z → νeνe) = Γ(Z → νµνµ) = Γ(Z → ντντ) “=” in SM and “≈” in nature

Paramertize total width of Z as
ΓTot.

Z = Γℓℓ + ΓHad. +NActive
ν × Γν

Number of light, active ν (NActive
ν )

can be determined from
e+e− → Z → had. line shape

e
+

e
−

Z
(∗) νℓ

νℓ

Thomson (’13)
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One of the most important (and neatest!) LEP results:

From line shape,
NActive
ν = 2.9840 ± 0.0082

From inv. Z decays,
NActive
ν = 2.92 ± 0.05

2σ deviations consistent with
Z → Nν decays [Jarlskog, (’91)]

Helps drive (mild) preference for non-unitarity of 3 × 3 mixing
See, e.g., Fernandez-Martinez, et al [1605.08774]

Important: e+e− colliders under discussion can resolve this tension [1411.5230]
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https://arxiv.org/abs/1605.08774
https://arxiv.org/abs/1411.5230


the SM ν: ν scattering at high energies
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high-energy ν-hadron scattering probes flavor composition of sea
(anti)quarks in hadrons and valence quarks through

s D+

νµ
µ−

W+∗

A

µ+

νµ

c
π+

e.g., charm dimuon νA→ µD + X → µµ + X ′
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how to make a ν beam?
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“accelerator ν’s,” i.e.,
high-energy ν’s beams, are
tertiary/3rd-stage beams:

pA → π±,K±, . . .→ ℓ±ν
Lederman, Schwartz, Steinberger (PRL’62) (’88)
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.9.36


In the past few years, the LHC has been established as an intense
(laboratory) source of TeV-scale ν (a remarkable expt. achievement!)

1000 µm

Candidate LHC neutrino event from FASER’s pilot run

New programs (FASER, SND@LHC) now collecting ν-nucleus scattering data

νℓ

ℓ−

W+∗K+, D+, ... νℓ

P

P s

A

W+

W+
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A

γ

νµ

µ
−

ν scattering experiments are counting experiments:
count # of candidate signal events, e.g., 1e± +X satisfying criteria
estimate # of background events from data-driven control region
calculate statistical significance

Theory needed to estimate number (and unc.) of signal and bkg events:

Ncandidates
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
hep/nucl−ex

= L(data!)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
accelerators

× σ(scattering likelihood)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

hep/nucl−th/ph
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Generically, hard scattering of ℓ ∈ {ℓ±, ν, ν} off nucleons well-described
by kinematic factor (lepton bit) and “structure functions” (hadron bit)

νℓ(k1)
ℓ−(k2)

W ∗(q)

A(pA)

Xn(pX)

dσ(νA → ℓX) = ∑i (some function of pA,q)i
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

calculable from first principles

× F νA
i (pA,q)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

parameterizes response of A

Quark-Parton Model: F νA(pA,q) ∼ ∑k=q,g ,q f Ak (x), x = −q2/(2pA ⋅ q)
f Ak is the parton (number) density function (PDF) of k in A
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Quark-Parton Model: F νA(pA,q) ∼ ∑k=q,g ,q f Ak (x), x = −q2/(2pA ⋅ q)
f Ak is the parton (number) density function (PDF) of k in A
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sketching the scattering formula

νℓ(k1)
ℓ−(k2)

W ∗(q)

A(pA)

Xn(pX)

1

1for a more thorough & pedagogical treatment, see appendices of RR, et al [Prog.Part.Nucl.Phys. 136 (’24) 104096]
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draw diagrams, currents, and build the matrix element

νℓ(k1)
ℓ−(k2)

W ∗(q)

A(pA)

Xn(pX)

−iM = Jα
ℓfℓi

· ∆αµ · Jν
XnA
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squaring and summing over spins gives us Hµν
n (exclusive, n-body)

νℓ(k1)
ℓ−(k2)

W ∗(q)

A(pA)

Xn(pX)

M ∼ Lµν · Hµν
n

2

Σspins
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n-body phase space integral *and* summing over n gives us W µν
A

νℓ(k1)
ℓ−(k2)

W ∗(q)

A(pA)

Xn(pX)

M ∼ Lµν · W
µν
A

2

d3σ
dk32

∼ dPSn Σn Σspins

this step sometimes omitted in textbooks, e.g., Halzen & Martin

Summing over Xn ensures “inclusivity” and closure, 1 = ∑n ∣Xn⟩⟨Xn∣
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Leptonic currents depend on exchange boson:

Hadronic current is formally defined by2:

W A
µν = 1

4π ∑
∞
n=1 ∫ dPSn ∑dof HA

µν

= −gµν F A
1 +

pAµpAν

Q2 2xA F A
2 − iϵµνρσ

pρ
Aqσ

Q2 xAF A
3

+ qµqν

Q2 2F A
4 +

pAµqν+pAνqµ

Q2 2xA F A
5 +

pAµqν−pAνqµ

Q2 2xA F A
6

point #1: W A
µν has at most six unknown components (4 × 4) = 1 + 1 + 4 + 4 + 6

2This is equal to the usual expression W A
µν =

1
4π ∫ d4z eiq⋅z ⟨A∣J†

had.µ(z) Jhad.ν(0)∣A⟩. See Eq. (A.22) and below of
Prog.Part.Nucl.Phys. 136 (’24) 104096 [2301.07715].
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point #2: “structure functions” Fi(x ,Q2) are well-defined experimentally

point #3: Fi(x ,Q2) are independent of underlying theory3

point #4: W A
µν is defined in the “DIS” limit:

xA = Q2

2pA⋅q is fixed and Q2 ≫ Λ2
NP, where ΛNP ∼ O(1 − 2) GeV

point #5: in practice, F4,5,6 can be neglected, but not always4

W A
µν = −gµν F A

1 (xA) +
pAµpAν

Q2 2xA F A
2 (xA) −O(P) xAF A

3 (xA)

+O (m2
ν ,m2

ℓ

Q2 ) 2F A
4 (xA) +O (

m2
ν ,m2

ℓ

Q2 ) 2xA F A
5 (xA) +O(CP) 2xA F A

6 (xA)

3parton model says Fi = ∑ fj/p ; see Collins (’11) for nice discussion on this!
4see Sterman [hep-ph/9606312] and see Collins (’11) for nice discussions!

R. Ruiz (IFJ PAN) νPhys 1 – BND24 35 / 59

https://inspirehep.net/literature/922696
https://arxiv.org/abs/hep-ph/9606312
https://inspirehep.net/literature/922696


point #2: “structure functions” Fi(x ,Q2) are well-defined experimentally

point #3: Fi(x ,Q2) are independent of underlying theory3

point #4: W A
µν is defined in the “DIS” limit:

xA = Q2

2pA⋅q is fixed and Q2 ≫ Λ2
NP, where ΛNP ∼ O(1 − 2) GeV

point #5: in practice, F4,5,6 can be neglected, but not always4

W A
µν = −gµν F A

1 (xA) +
pAµpAν

Q2 2xA F A
2 (xA) −O(P) xAF A

3 (xA)

+O (m2
ν ,m2

ℓ

Q2 ) 2F A
4 (xA) +O (

m2
ν ,m2

ℓ

Q2 ) 2xA F A
5 (xA) +O(CP) 2xA F A

6 (xA)

3parton model says Fi = ∑ fj/p ; see Collins (’11) for nice discussion on this!
4see Sterman [hep-ph/9606312] and see Collins (’11) for nice discussions!

R. Ruiz (IFJ PAN) νPhys 1 – BND24 35 / 59

https://inspirehep.net/literature/922696
https://arxiv.org/abs/hep-ph/9606312
https://inspirehep.net/literature/922696


the point of this effort?

s D+

νµ
µ−

W+∗

A

µ+

νµ

c
π+
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the dark secret of ν scattering experiments
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in practice, νDIS needs nuclear targets
1. ν only interact through weak force: targets must be bigger (O(10)tons)
and denser (Ar,Fe,Pb) Ô⇒ more nuclear

2. fact of life: nuclear dynamics impact hadronic structure

Plotted: F iron
2

F deuteron
2

for ℓ-DIS

For non-expert, QED (γ) contribution to F2: F2(ξ) ≈ ∑i∈{q,q,g} Q2
i ξ f A

i (ξ) Schienbein, et al [0710.4897]
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Plotted: PDF of avg. nucleon in 208Pb
vs (avg) energy fraction carried by parton

huge g content (always easy to make more g)

qsea, d , and u content converge for
x ≲ 10−2

(dominated by g∗ → qq splitting)

densities smaller (larger) than
proton for x ≲ 10−2(x ≳ 10−2)

qualitatively different from proton

smaller A are more proton-like

w/ Fuks, Marougkas, Sztandera [2405.19399]
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Plotted: Ratios of nuclear PDFs vs (avg) energy fraction carried by parton
w/ Fuks, Marougkas†, Sztandera† [2405.19399]
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big take away νDIS gives complementary access to hadronic structure

little take away parton distribution
function (PDF) uncertainties are
smaller for νDIS, ℓDIS, pp, and AA
programs thanks to νDIS

nCTEQ[0710.4897] + others

s D+

νµ
µ−

W+∗

A

µ+

νµ

c
π+
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the SM ν: the massless ν hypothesis
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The Massless ν Hypothesis
In quantum field theory: we learn about three types of fermions

LKin. = ψi 6∂ψ LKin. =
1
2ψ (i 6∂ −m)ψLKin. = ψ (i 6∂ −m)ψ

Weyl fermion (m = 0) Dirac fermion (m 6= 0) Majorana fermion (m 6= 0)

History: Model of Leptons (Weinberg’67)

hypothesizes massless ν (no evidence for mν ≠ 0)

Data: evidence only for mν ≠ 0, not
whether ν is Dirac or Majorana (more later today!)

The 1/2 Problem: What is the Kinetic
Lagrangian of the ν realized in nature?

ν masses is physics beyond the SM!!!

R. Ruiz (IFJ PAN) νPhys 1 – BND24 43 / 59

https://inspirehep.net/literature/51188


The Massless ν Hypothesis
In quantum field theory: we learn about three types of fermions

LKin. = ψi 6∂ψ LKin. =
1
2ψ (i 6∂ −m)ψLKin. = ψ (i 6∂ −m)ψ

Weyl fermion (m = 0) Dirac fermion (m 6= 0) Majorana fermion (m 6= 0)

History: Model of Leptons (Weinberg’67)

hypothesizes massless ν (no evidence for mν ≠ 0)

Data: evidence only for mν ≠ 0, not
whether ν is Dirac or Majorana (more later today!)

The 1/2 Problem: What is the Kinetic
Lagrangian of the ν realized in nature?

ν masses is physics beyond the SM!!!

R. Ruiz (IFJ PAN) νPhys 1 – BND24 43 / 59

https://inspirehep.net/literature/51188


The non-Standard Model ν:
the ν that nature gave us

R. Ruiz (IFJ PAN) νPhys 1 – BND24 44 / 59



ν Oscillations
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Idea: count νµ at near detector and compare to # at far detector
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Result: far detector reports νµ deficit + unexpected apperance of νe/ντ
(focus on the lower panel!)
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NOνA νµ disappearance [1701.05891]

Interpretation: neutrinos
are transitioning between
flavor eigenstates and
mass eigenstates:

νℓ1 → νmass → νℓ2

evidence for ν masses!

(’15) SNO, Super-K
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the massive ν hypothesis
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Consider left-handed (LH), SU(2)L lepton doublets (gauge eigenbasis):

LaL = (
νa
la
)

L
, a = 1,2,3.

The SM W ± boson coupling to leptons in the flavor eigenbasis is
LCC = − g√

2W +
µ ∑3

l=1 [νlLγ
µPLl−] + H.c.

Supposing mν ≠ 0, we can rotate νl and l into the mass eigenbasis:
νl = ∑3

m=1 Ωlmνm and l = ∑τ
ℓ=3 Ωlℓℓ

This allows us to describe SM W ± boson coupling to ν with mν ≠ 0:
LCC = − g√

2W +
µ ∑τ

ℓ=e∑
3
m=1[νm U∗mℓ

±
U∗mℓ
≡∑l Ω

∗
mlΩlℓ

γµPLℓ
−] + H.c.

Like the CKM, SM Feynman rules are modified by PMNS mixing factor:

Γµ = −ig√
2γ

µPL → Γ̃µ = −ig√
2 U∗mℓγ

µPL

ν

ℓ+

W
+

R. Ruiz (IFJ PAN) νPhys 1 – BND24 49 / 59



Consider left-handed (LH), SU(2)L lepton doublets (gauge eigenbasis):

LaL = (
νa
la
)

L
, a = 1,2,3.

The SM W ± boson coupling to leptons in the flavor eigenbasis is
LCC = − g√

2W +
µ ∑3

l=1 [νlLγ
µPLl−] + H.c.

Supposing mν ≠ 0, we can rotate νl and l into the mass eigenbasis:
νl = ∑3

m=1 Ωlmνm and l = ∑τ
ℓ=3 Ωlℓℓ

This allows us to describe SM W ± boson coupling to ν with mν ≠ 0:
LCC = − g√

2W +
µ ∑τ

ℓ=e∑
3
m=1[νm U∗mℓ

±
U∗mℓ
≡∑l Ω

∗
mlΩlℓ

γµPLℓ
−] + H.c.

Like the CKM, SM Feynman rules are modified by PMNS mixing factor:

Γµ = −ig√
2γ

µPL → Γ̃µ = −ig√
2 U∗mℓγ

µPL

ν

ℓ+

W
+

R. Ruiz (IFJ PAN) νPhys 1 – BND24 49 / 59



Consider left-handed (LH), SU(2)L lepton doublets (gauge eigenbasis):

LaL = (
νa
la
)

L
, a = 1,2,3.

The SM W ± boson coupling to leptons in the flavor eigenbasis is
LCC = − g√

2W +
µ ∑3

l=1 [νlLγ
µPLl−] + H.c.

Supposing mν ≠ 0, we can rotate νl and l into the mass eigenbasis:
νl = ∑3

m=1 Ωlmνm and l = ∑τ
ℓ=3 Ωlℓℓ

This allows us to describe SM W ± boson coupling to ν with mν ≠ 0:
LCC = − g√

2W +
µ ∑τ

ℓ=e∑
3
m=1[νm U∗mℓ

±
U∗mℓ
≡∑l Ω

∗
mlΩlℓ

γµPLℓ
−] + H.c.

Like the CKM, SM Feynman rules are modified by PMNS mixing factor:

Γµ = −ig√
2γ

µPL → Γ̃µ = −ig√
2 U∗mℓγ

µPL

ν

ℓ+

W
+

R. Ruiz (IFJ PAN) νPhys 1 – BND24 49 / 59



2-State Neutrino Mixing

Generically, mixing between flavor eigenstates and mass eigenstates is
given by unitary transformation/rotation

(νe
νµ
)

²
flavor basis

= (Ue1 Ue2
Uµ1 Uµ2

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
mixing

(ν1
ν2
)

±
mass basis

= ( cos θ sin θ
− sin θ cos θ

) (ν1
ν2
)

For a two-state system, the state vector for νℓ (ℓ = e, µ) is simply

∣νe⟩
°

flavor basis

= Ue1 ∣ν1⟩
°
light

+Ue2 ∣ν2⟩
°
heavy

= cos θ∣ν1⟩ + sin θ∣ν2⟩

If we treat the spacetime propagation of νm (m = 1,2) as a plane wave,
then the evolution from xµ = xµ

a to xµ = xµ
b is

∣νℓ(xb, xa)⟩ = Uℓ(xb, xa)∣νℓ⟩ = Uℓ1U1(xb, xa)∣ν1⟩ +Uℓ2U2(xb, xa)∣ν2⟩
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Evolution through space and time

Assuming p̂ν =∆x̂ , the plane wave evolution over L = ∣x⃗b − x⃗a]∣ is

Um(xb, xa) = e−ipm ⋅(xb−xa)

= e−i(Em∆tm−p⃗m ⋅(x⃗b−x⃗a)) ≈ e−i(Em∆tm−∣p⃗m ∣Lm)

Now, working in the ultra relativistic limit, where Em + ∣p⃗m∣ ≈ 2Em,
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m

2Em
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1L/2E ∣ν1⟩ +Uµ2e−im2

2L/2E ∣ν2⟩
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Neutrino Oscillation Transitions

To reproduce the νµ deficit, consider the νµ → νµ transition amplitude:

M(νµ → νµ) ≡ ⟨νµ∣νµ(E ,L)⟩

= [⟨ν1∣U∗µ1 + ⟨ν2∣U∗µ2]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=⟨νµ∣

× [Uµ1e−im2
1L/2E ∣ν1⟩ +Uµ2e−im2

2L/2E ∣ν2⟩]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=∣νµ(E ,L)⟩

Since ∣νm⟩ are mass eigenstates, ⟨νm′ ∣νm⟩ = δm′m. This implies

M(νµ → νµ) = e−im2
1L/2E ∣Uµ1∣2⟨ν1∣ν1⟩ + e−im2

2L/2E ∣Uµ2∣2⟨ν2∣ν2⟩

The νµ → νµ transition probability is

Pr(νµ → νµ) = ∣M(νµ → νµ)∣2 = ∣Uµ1∣4 + ∣Uµ2∣4

+ e−i∆m2
21L/2E ∣Uµ1∣2∣Uµ2∣2 + e+i∆m2

21L/2E ∣Uµ1∣2∣Uµ2∣2
note: ∆m2

21 ≡ (m
2
2 −m2

1)
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Some Quick Algebra

Recalling that Ue1 = Uµ2 = cos θ and Ue2 = −Uµ1 = sin θ,

Pr(νµ → νµ) = sin4 θ + cos4 θ + 2 sin2 θ cos2 θ cos [∆m2
21L

2E ]

= 1 − sin2(2θ) sin2 [∆m2
21L

4E ]

Lots to unpack:

Pr(νµ → νµ) = 1
®

unitarity

− sin2(2θ)
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶

amplitude of dip

sin2 [∆m2
21L

4E ]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

spacing between beats

By conservation of probability 1 = Pr(νµ → νµ) + Pr(νµ → νe), so the
νµ → νe appearance probability is

Pr(νµ → νe) = 1 - Pr(νµ → νµ) = sin2(2θ) sin2 [∆m2
21L

4E ]
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Understanding Neutrino Oscillation Plots

Pr(νµ → νµ) = 1
®

unitarity

− sin2(2θ)
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶

minimum of dip

sin2 [∆m2
21L

4E ]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

spacing between beats

Pr(νµ → νe) = sin2(2θ)
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶

maximum of peak

R. Ruiz (IFJ PAN) νPhys 1 – BND24 54 / 59



Understanding Neutrino Oscillation Plots
With updated inputs: gitlab.cern.ch/riruiz/public-projects/-/tree/master/NuPhysSandbox

Pr(νµ → νµ) = 1 − sin2(2θ) sin2 [∆m2
21L

4E ] Pr(νµ → νe) = sin2(2θ)

102 103 104 105

L / E  [km/GeV]
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ob

(
′ )

νµ → νe

νe → νµ

sin2(2θ12) ≈ 0.85

Normal Ordering

θ12 ≈ 33.7◦

∆m2
21 ≈ 7.41× 10−5 eV2

′ transition probability in 2-flavor scheme
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The 3 × 3 Paradigm

To date, all oscillation data can be described within the 3 × 3 Paradigm
3 νℓ (flavor states) Ô⇒ 3 mixing angles
3 νk (mass states) Ô⇒ 2 mass splittings one may be massless!

1 CP phase (if Dirac); +2 CP phases (if Majorana)

UPMNS =
⎛
⎜
⎝

1 0 0
0 c23 s23
0 −s23 c23

⎞
⎟
⎠
⋅
⎛
⎜
⎝

c13 0 s13e−iδCP

0 1 0
−s13eiδCP 0 c13

⎞
⎟
⎠

⋅
⎛
⎜
⎝

c12 s12 0
−s12 c12 0

0 0 1

⎞
⎟
⎠
⋅
⎛
⎜
⎝

eiη1 0 0
0 eiη2 0
0 0 1

⎞
⎟
⎠

sij = sinθij , cij = cosθij
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Success of the ν oscillation paradigm opens many questions:

- Are there other, heavier ν’s?
Would manifest as non-unitarity of 3 × 3 Uℓm

- How much CP violation is in the
lepton sector? δCP ∼ 270○ (’24), η1, η2 ∼???

- What drives the CKM matrix
"diagonal" but the PMNS matrix
"non-diagonal"? part of the “flavor” problem

- Are neutrinos Majorana fermions?
Would manifest violation of lepton number symmetry

- mν ≠ 0 breaks SM gauge symmetry.
What generates? the SM Higgs or another Higgs?
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coffee time!
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