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QUIZ:  Getting to know the room
★ Please raise your hands!
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QUIZ:  Getting to know the room
★ Please raise your hands!

   ➙ Who is working on collider/LHC physics?
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QUIZ:  Getting to know the room
★ Please raise your hands!

   ➙ Who is working on collider/LHC physics?

   ➙ Who is working on cosmology/astroparticle physics?
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QUIZ:  Getting to know the room
★ Please raise your hands!

   ➙ Who is working on collider/LHC physics?

   ➙ Who is working on cosmology/astroparticle physics?

   ➙ Who is in a different field?
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QUIZ:  Getting to know the room
★ Please raise your hands!
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QUIZ:  Getting to know the room
★ Please raise your hands!

   ➙ Who is currently a PhD student?



Marius Wiesemann    (MPP Munich) September 6, 2024QCD and Monte Carlo event generators (Lecture 1) 8

QUIZ:  Getting to know the room
★ Please raise your hands!

   ➙ Who is currently a PhD student?

   ➙ Who already has a PhD?
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QUIZ:  Getting to know the room
★ Please raise your hands!

   ➙ Who is currently a PhD student?

   ➙ Who already has a PhD?

   ➙ Who has already finished a PostDoc?
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QUIZ:  Getting to know the room
★ Please raise your hands!

   ➙ Who is currently a PhD student?

   ➙ Who already has a PhD?

   ➙ Who has already finished a PostDoc?

   ➙ Who is staff member?
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QUIZ:  Getting to know the room
★ Let’s divide the room…!

   ➙ Who is a theorist?
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QUIZ:  Getting to know the room
★ Let’s divide the room…!

   ➙ Who is a theorist?

   ➙ Who is an experimentalist?
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QUIZ:  Getting to know the room
★ Let’s divide the room…!

   ➙ Who is a theorist?

   ➙ Who is an experimentalist?

   ➙ Who is non-binary?
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QUIZ:  Getting to know the room
★ Let’s divide the room…!

   ➙ Who is a theorist?

   ➙ Who is an experimentalist?

   ➙ Who is non-binary?
phenomenologist
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ATLAS: Status of SM Higgs searches, 4/7/2012 

44 

Combined results:  the excess 

5σ 
Expected  

from SM  

Higgs at 

given m
H 

Global significance: 4.1-4.3 σ (for LEE over 110-600 or 110-150 GeV)  

Maximum excess observed at  

Local significance (including energy-scale systematics)  
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Expected from SM Higgs m
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Probability of background up-fluctuation 3 x 10
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Did we need theory to observe the Higgs resonance?
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Figure 3: The expected and observed four-lepton invariant mass distribution for the selected Higgs boson candidates
with a constrained Z boson mass, shown for an integrated luminosity of 36.1 fb�1 and at

p
s = 13 TeV assuming the

SM Higgs boson signal with a mass mH = 125.09 GeV.

Table 6: The expected and observed numbers of signal and background events in the four-lepton decay channels
for an integrated luminosity of 36.1 fb�1 and at

p
s = 13 TeV, assuming the SM Higgs boson signal with a mass

mH = 125.09 GeV. The second column shows the expected number of signal events for the full mass range while the
subsequent columns correspond to the mass range of 118 < m4` < 129 GeV. In addition to the Z Z

⇤ background, the
contribution of other backgrounds is shown, comprising the data-driven estimate from Table 4 and the simulation-
based estimate of contributions from rare triboson and tt̄V processes. Statistical and systematic uncertainties are
added in quadrature.

Decay Signal Signal Z Z
⇤ Other Total Observed

channel (full mass range) background backgrounds expected
4µ 21.0 ± 1.7 19.7 ± 1.6 7.5 ± 0.6 1.00 ± 0.21 28.1 ± 1.7 32

2e2µ 15.0 ± 1.2 13.5 ± 1.0 5.4 ± 0.4 0.78 ± 0.17 19.7 ± 1.1 30
2µ2e 11.4 ± 1.1 10.4 ± 1.0 3.57 ± 0.35 1.09 ± 0.19 15.1 ± 1.0 18
4e 11.3 ± 1.1 9.9 ± 1.0 3.35 ± 0.32 1.01 ± 0.17 14.3 ± 1.0 15

Total 59 ± 5 54 ± 4 19.7 ± 1.5 3.9 ± 0.5 77 ± 4 95

20
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Did we need theory to observe the Higgs resonance? 

…no! (not really)
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Do we need theory to measure Higgs couplings? 
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Figure 3: Higgs production at the LHC. Left: Illustration of one process for the production and
decay of a Higgs boson at the LHC. Right: total centre-of-mass energy of four leptons (electrons
and/or muons and their anti-particles); the peak around 125GeV corresponds to decays of Higgs
bosons, while the peak near 91.2GeV corresponds to decays of single Z bosons (not Higgs-induced),
adapted from Ref. [16]. The decay to Z bosons was one of the channels used for the Higgs boson
discovery, with the other important discovery channels being the decay to two W bosons and that
to two photons (the latter proceeds via a quantum fluctuation with top quarks and W bosons).
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Figure 4: Status of our knowledge of Higgs interactions with known particles. Left:
summary of which Higgs interactions have been conclusively established and future prospects.
Photons and gluons are omitted because they are massless and do not interact directly with the
Higgs field. Neutrinos are also omitted: their masses are very small relative to those of the other
leptons shown, and not individually known. Right: plot of measured strength of interaction of
particles with the Higgs boson versus particle mass, as determined by the ATLAS Collaboration
(adapted from Ref. [17]). The straight line shows the expected Standard Model (SM) behaviour,
where the interaction strength is proportional to the mass of the fermions (squared mass for W

and Z bosons). The CMS Collaboration has similar results [18].
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Do we need theory to measure Higgs couplings? 

Yes, absolutely!
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Figure 3: Higgs production at the LHC. Left: Illustration of one process for the production and
decay of a Higgs boson at the LHC. Right: total centre-of-mass energy of four leptons (electrons
and/or muons and their anti-particles); the peak around 125GeV corresponds to decays of Higgs
bosons, while the peak near 91.2GeV corresponds to decays of single Z bosons (not Higgs-induced),
adapted from Ref. [16]. The decay to Z bosons was one of the channels used for the Higgs boson
discovery, with the other important discovery channels being the decay to two W bosons and that
to two photons (the latter proceeds via a quantum fluctuation with top quarks and W bosons).
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Figure 4: Status of our knowledge of Higgs interactions with known particles. Left:
summary of which Higgs interactions have been conclusively established and future prospects.
Photons and gluons are omitted because they are massless and do not interact directly with the
Higgs field. Neutrinos are also omitted: their masses are very small relative to those of the other
leptons shown, and not individually known. Right: plot of measured strength of interaction of
particles with the Higgs boson versus particle mass, as determined by the ATLAS Collaboration
(adapted from Ref. [17]). The straight line shows the expected Standard Model (SM) behaviour,
where the interaction strength is proportional to the mass of the fermions (squared mass for W

and Z bosons). The CMS Collaboration has similar results [18].
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Do we need theory to find a New-Physics resonance?

Marius Wiesemann    (MPP Munich) September 14th, 2020Introduction to Collider Physics: Precision QCD at the LHC 94

K. Mimasu, 21/06/2018 SMEFT @ the LHC

From bumps to tails

• Possibility that new states exist (just) beyond the energy 
reach of the LHC 
• We may still observe indirect effects of such particles in the kinematic tails 

of distributions, e.g., LEP limits on ~ TeV Z’ 
• Intrinsically small effects that require precise theoretical control on signal 

and background predictions 

• Framework: SM effective field theory (SMEFT) 
• Theoretically consistent, ‘model independent’ approach to deviations of 

interactions between SM fields
3

E E E > ELHC

“UV” ! “UV” ?
EFT

SM SM
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Do we need theory to find a New-Physics resonance? 

No!
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Do we need theory to find NP as a small deviation?
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Do we need theory to find NP as a small deviation? 

Yes, absolutely!
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How do we get here?



Lecture 2:    Hands-on session on MATRIX

Outline
★ Fixed-order calculations

• QCD basics (Lagrangian, Feynman rules, strong coupling)

• LHC Factorization/Master Formula (PDFs, partonic cross section)

• NLO QCD (methods, slicing vs. subtraction vs. analytic)

• NNLO QCD (methods, timeline)

• EW corrections (NLO, Sudakov logarithms, mixed QCD-EW corrections?) 

★ Monte Carlo Event Generation & Resummation

• Resummation

• Parton Shower Generators (formalism, hadronization, MPI)

• NLO+PS Matching (MC@NLO, Powheg, merging)

• NNLO+PS Matching (MiNNLO, Geneva)
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Useful literature

★ Introductory level (QCD lecture notes from CERN schools)

• Peter Skands, arXiv:1207.2389 

• Gavin Sakam, arXiv:1011.5131 

★ Books on QCD

• "QCD and collider Physics", R.K. Ellis, W.J. Stirling, B.R. Webber, Cambridge, 1996

• "The Black Book of Quantum Chromodynamics: A Primer for the LHC Era", J. 
Campbell, J. Houston, F. Krauss, Oxford, 2018
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Imagine…
…LHC records enough statistics…

pH
T

dσ
dpH

T

prediction

Myon

H → ZZ → eeμμ

H

ZZ

μ+ μ−

Myon

Run number: 183081 
Event number: 10108572

Date: 2011-06-05

Myon

Myon

μ+ μ−

Higgs-Boson-Galerie:  
Die ersten Kandidaten

…to observe an excess in a Higgs distribution

LHC data

30
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Imagine…

dσ
dpH

T

prediction

New Physics discovered!
➙ point-like Higgs-gluon interaction
      see e.g. [Grazzini, Ilnicka, Spira, MW '16]

➙ new heavy particle running in loop

Likely another Nobel prize in particle physics
BSM/SMEFT

LHC data

…LHC records enough statistics…

Myon

H → ZZ → eeμμ

H

ZZ

μ+ μ−

Myon

Run number: 183081 
Event number: 10108572

Date: 2011-06-05

Myon

Myon

μ+ μ−

Higgs-Boson-Galerie:  
Die ersten Kandidaten

pH
T

…to observe an excess in a Higgs distribution

31
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Now Imagine…

Myon

H → ZZ → eeμμ

H

ZZ

μ+ μ−

Myon

Run number: 183081 
Event number: 10108572

Date: 2011-06-05

Myon

Myon

μ+ μ−

Higgs-Boson-Galerie:  
Die ersten Kandidaten

…the theory error was five times larger
dσ

dpH
T

prediction

LHC data WE MISSED DISCOVERING 
NEW PHYSICS

pH
T
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make sure there are only two LHC scenarios:

1. establish SM for accessible energy scales at LHC

2. find deviation pattern that hints to BSM Physics

33
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dσ
dpH

T

prediction

LHC data

pH
T

pH
T

dσ
dpH

T

prediction

LHC data

➙ more precise predictions translate into higher discovery reach almost "for free"
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The QED Lagrangian

dirac fermion fields with mass m

electromagnetic photon gauge fields 

photon field strength tensor Fμν = ∂μAν − ∂νAμ

ψ

Aa
μ

Fa
μν

ℒQED = ℒDirac + ℒMaxwell + ℒint

= ψ̄ (i∂ − m) ψ −
1
4

Fμν Fμν − e ψ̄ γμAμ ψ
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The QED Lagrangian
ℒQED = ℒDirac + ℒMaxwell + ℒint

= ψ̄ (i∂ − m) ψ −
1
4

Fμν Fμν − e ψ̄ γμAμ ψ

Feynman rules:

ψ

ψ

ψ̄

ψ̄

in:

out:

= u(p)
p

p

p

p
= ū(p)

= v̄(p)

= v(p)

= ϵμAμ

Aμ = ϵ*μ
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The QCD Lagrangian

quark fields with colour charge index  and mass    ➙ quarks come in 3 colours i m ψ =
ψ1
ψ2
ψ3

gluon gauge fields  a = 1,…,8

gluon field strength tensor  with SU(3) structure constants Fa
μν = ∂μAa

ν − ∂νAa
μ + gs fabc Ab

μ Ac
ν fabc

SU(3) colour matrices (genarators of the SU(3) gauge group; representation: Gell-Mann matrices)

ψi

Aa
μ

Fa
μν

ta
ij

ℒQCD = ℒDirac + ℒYang−Mills + ℒint

= ψ̄i (i∂ − m) ψi −
1
4

Fa
μν Fμν

a − gs ψ̄i γμAa
μ ta

ij ψj
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The QCD Lagrangian

= (∂μAa
ν − ∂νAa

μ) (∂μAν
a − ∂νAμ

a ) + gs fabc (⋯) + g2
s fabc fade (⋯)

Feynman rules:

ℒQCD = ℒDirac + ℒYang−Mills + ℒint

= ψ̄i (i∂ − m) ψi −
1
4

Fa
μν Fμν

a − gs ψ̄i γμAa
μ ta

ij ψj

in:

out: Aa
μ = ϵ*μ

 qq̅ channel: real corrections

p1

p2

q q
k

k

p1

p2

s = (p1 + p2)2

t = (p1 � q)2

u = (p2 � q)2

p1 + p2 = q + k

|Mqq̄���g|2 =
32⌅2 � Q2

q

Nc
(1� ⇥)CF (µ2)⇥�S T0(Q2, u, t) Matrix element

squared

T0(Q2, u, t) = (1� �)
�

u

t
+

t

u

⇥
+

2Q2(Q2 � u� t)
ut

� 2�

initial state collinear 
singularities

singular in the soft and 
collinear limit

t = (p1 � q)2 = �2kp2

u = (p2 � q)2 = �2kp1

 88

= ϵμAa
μ

 qq ̅channel: real corrections

p1

p2

qq
k

k

p1

p2

s=(p1+p2)2

t=(p1�q)2

u=(p2�q)2

p1+p2=q+k

|Mqq̄���g|2=
32⌅2�Q2

q

Nc
(1�⇥)CF(µ2)⇥�ST0(Q2,u,t)Matrix element

squared

T0(Q2,u,t)=(1��)
�

u

t
+

t

u

⇥
+

2Q2(Q2�u�t)
ut

�2�

initial state collinear 
singularities

singular in the soft and 
collinear limit

t=(p1�q)2=�2kp2

u=(p2�q)2=�2kp1

 88
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The strong coupling constant
★ The SM is a renormalizable gauge theory

➙ couplings (and masses) need to be renormalized (because of UV divergences)

➙ theory does not predict value of , but the dependence on scale

Renormalization group equation (RGE):  

α

dα(μ2)
d ln(μ2)

= β(α(μ2)) = β0 α2 + β1 α3 + β2 α4 + ⋯
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The strong coupling constant
★ The SM is a renormalizable gauge theory

➙ couplings (and masses) need to be renormalized (because of UV divergences)

➙ theory does not predict value of , but the dependence on scale

Renormalization group equation (RGE):  

perturbative ( ) solution at one-loop:

α

dα(μ2)
d ln(μ2)

= β(α(μ2)) = β0 α2 + β1 α3 + β2 α4 + ⋯

α ≪ 1

α(μ2) =
α(μ2

0)
1 − α(μ2

0) β0 ln(μ2/μ2
2)

Asymptotic freedom

�(↵S) = ��0↵
2
S +O(↵3

S)At one-loop order we have

d↵S(µ2)

d lnµ2
= ��0↵

2
S

↵S(Q
2) =

↵S(Q2
0)

1 + ↵S(Q2
0)�0 lnQ2/Q2

0

α (µ2)

β

β

0

0

<

> 0

0

µ0 µ22

The behaviour crucially 
depends on the sign of the 
coefficient β0

In QED the dependence of the coupling on 
the scale has a simple physical 
interpretation

 13

β0 < 0

β0 > 0
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The strong coupling constant
★ The SM is a renormalizable gauge theory

➙ couplings (and masses) need to be renormalized (because of UV divergences)

➙ theory does not predict value of , but the dependence on scale

Renormalization group equation (RGE):  

perturbative ( ) solution at one-loop:

QED:     

α

dα(μ2)
d ln(μ2)

= β(α(μ2)) = β0 α2 + β1 α3 + β2 α4 + ⋯

α ≪ 1

α(μ2) =
α(μ2

0)
1 − α(μ2

0) β0 ln(μ2/μ2
2)

β0 > 0

Asymptotic freedom

�(↵S) = ��0↵
2
S +O(↵3

S)At one-loop order we have

d↵S(µ2)

d lnµ2
= ��0↵

2
S

↵S(Q
2) =

↵S(Q2
0)

1 + ↵S(Q2
0)�0 lnQ2/Q2

0

α (µ2)

β

β

0

0

<

> 0

0

µ0 µ22

The behaviour crucially 
depends on the sign of the 
coefficient β0

In QED the dependence of the coupling on 
the scale has a simple physical 
interpretation

 13

β0 < 0

β0 > 0

increase with energy

decrease with distance



Marius Wiesemann    (MPP Munich) September 6, 2024QCD and Monte Carlo event generators (Lecture 1) 42

The strong coupling constant
★ The SM is a renormalizable gauge theory

➙ couplings (and masses) need to be renormalized (because of UV divergences)

➙ theory does not predict value of , but the dependence on scale

Renormalization group equation (RGE):  

perturbative ( ) solution at one-loop:

QED:     

QCD:    (due to gluon self interaction)

α

dα(μ2)
d ln(μ2)

= β(α(μ2)) = β0 α2 + β1 α3 + β2 α4 + ⋯

α ≪ 1

α(μ2) =
α(μ2

0)
1 − α(μ2

0) β0 ln(μ2/μ2
2)

β0 > 0
β0 < 0

Asymptotic freedom

�(↵S) = ��0↵
2
S +O(↵3

S)At one-loop order we have

d↵S(µ2)

d lnµ2
= ��0↵

2
S

↵S(Q
2) =

↵S(Q2
0)

1 + ↵S(Q2
0)�0 lnQ2/Q2

0

α (µ2)

β

β

0

0

<

> 0

0

µ0 µ22

The behaviour crucially 
depends on the sign of the 
coefficient β0

In QED the dependence of the coupling on 
the scale has a simple physical 
interpretation

 13

β0 < 0

β0 > 0

confinement (no free quarks)

asymptotic freedom
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ASYMPTOTIC 
FREEDOM

 In processes with large momentum transfer we can use 
perturbation theory even if we have not solved the full theory

ΛQCD ~ scale at which the 
coupling becomes strong

 Intuitively: gluons are 
charged and spread 
colour charge over larger 
distances: anti-screening 
effect

Asymptotic freedom

 15

We can actually measure asymptotic freedom

Nobel prize in 2004
Gross, Pollitzer, Wilczek
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We can actually measure asymptotic freedom

ASYMPTOTIC 
FREEDOM

 In processes with large momentum transfer we can use 
perturbation theory even if we have not solved the full theory

ΛQCD ~ scale at which the 
coupling becomes strong

 Intuitively: gluons are 
charged and spread 
colour charge over larger 
distances: anti-screening 
effect

Asymptotic freedom

 15

➙ perturbation theory valid for high-energy collisions ( )Q ≫ ΛQCD ≃ 0.2 GeV

Nobel prize in 2004
Gross, Pollitzer, Wilczek
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Parton model Asymptotic  
freedom

 at large tranferred momenta hadrons 
behave as collections of free (weakly-
interacting) partons

 at small scales the interaction becomes strong but if we are not 
interested in the details of hadronic processes (consider inclusive 
enough final states)  we can use the parton picture

 produce a hard qq̄ pair at scale Q (short time 
scale τ=1/Q ) which travel far apart as free    

Parton model

e+ e-  

annihilation

e�

e+

q

q̄
 Parton model 
(LO QCD)

 hadronization

�⇤, Z

 16

asymptotic freedom at large momentum-transfer hadrons behave as 
collection of free (weakly interacting) partons

quark-hadron duality:
due to large time separation between hard scattering and hadronization there is no quantum 
interference and the hard momentum flow is not altered "significantly" ➙ if we are not 
interested in the hadron dynamics (sufficiently inclusive observables) the parton picture is valid
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Infrared singularities

Originate in theories with massless 
particles and are of two kinds

Physically a hard parton plus a soft gluon or two very close 
partons are indistinguishable They correspond to degenerate states

hard parton hard parton 
+soft gluon 2 collinear partons

1

(p + k)2
=

1

2EpEk(1 − cos θ)

H

q

q̄

g

Q

Q̄

H

g

g

Q

Q̄

p

k

Infrared divergences are a manifestation of long-distance effects 

  Infrared divergences

Soft: the energy of a gluon vanishes 

Collinear: two partons become parallel

 20

two kinds of infrared (IR) singularities appear in 
theories with massless particles:

๏ soft  ➙  vanishing parton (gluon) momentum

๏ collinear  ➙  two partons become collinear

hard parton hard parton
+ soft gluon two collinear partons

➙ physically indistinguishable (degenerate states), IR divergencies are a manifestation of 
factorization of short-distance from long-distance effects (not existent in hadron picture) 

soft collinear
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Does parton model survive with radiative corrections?
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Does parton model survive with radiative corrections?

 Consider the O(αS) corrections to the total cross section

Real:

  e+ e- annihilation

Virtual:

Real and virtual contributions are separately divergent !

 19

 Consider the O(αS) corrections to the total cross section

Real:

  e+ e- annihilation

Virtual:

Real and virtual contributions are separately divergent !

 19

consider  corrections to :𝒪(αs) e+e− → qq̄

real virtual
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Does parton model survive with radiative corrections?

 Consider the O(αS) corrections to the total cross section

Real:

  e+ e- annihilation

Virtual:

Real and virtual contributions are separately divergent !

 19

 Consider the O(αS) corrections to the total cross section

Real:

  e+ e- annihilation

Virtual:

Real and virtual contributions are separately divergent !

 19

consider  corrections to :𝒪(αs) e+e− → qq̄

real virtual

➙ degenerate states: soft/collinear real radiation cannot be distinguished from virtual correction
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Does parton model survive with radiative corrections?

 Consider the O(αS) corrections to the total cross section

Real:

  e+ e- annihilation

Virtual:

Real and virtual contributions are separately divergent !

 19

 Consider the O(αS) corrections to the total cross section

Real:

  e+ e- annihilation

Virtual:

Real and virtual contributions are separately divergent !

 19

consider  corrections to :𝒪(αs) e+e− → qq̄

real virtual

➙ degenerate states: soft/collinear real radiation cannot be distinguished from virtual correction

Kinoshita-Lee-Naumberg (KLN) theorem:
When summing over all degenerate states (inital & final-state + soft & collinear 
configurations) in sufficiently inclusive observables IR singularities cancel out. 
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Infrared safety

The cancellation of IR singularities is not a miracle, but a direct consequence from unitarity:

➙ in the IR region real and virtual amplitudes are kinematically equivalent up to a different sign
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Infrared safety

The cancellation of IR singularities is not a miracle, but a direct consequence from unitarity:

➙ in the IR region real and virtual amplitudes are kinematically equivalent up to a different sign

This cancellation happens for sufficiently inclusive (i.e. IR-safe) observable, but was does this mean?
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Infrared safety

An observable  is infrared and collinear safe if𝒪

𝒪n+1(p1, …, pi , …, pj , …, pn+1) → 𝒪n(p1, …, pi + pj , …, pn) if pi ∥ pj or pj → 0

i.e. the observable is not sensitive to soft or collinear emissions

→pi

pj

pn+1

p1

p2
p1

p2

pn

pi + pj
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QCD measurements:  spin of gluon
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QCD measurements:  non-abelian nature
S. Bethke / Physics Reports 403–404 (2004) 203–220 213
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Fig. 9. Distribution of the azimuthal angle between the planes spanned by the two highest and the two lowest energetic jets
in 4-jet events measured at LEP [54], together with predictions by QCD and by an abelian “QED like” theory which does not
include gluon self-coupling.
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Fig. 10. Measurements and combination of the QCD colour factors CA and CF [56].
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QCD measurements:  colour factors

Fits of colour factors from 4-jet 
rates and event shapes  

Well compatible with QCD:

CA = 2.89± 0.21

CF = 1.30± 0.09

CF =
4
3

CA = 3

S. Bethke / Physics Reports 403–404 (2004) 203–220 213
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Fig. 9. Distribution of the azimuthal angle between the planes spanned by the two highest and the two lowest energetic jets
in 4-jet events measured at LEP [54], together with predictions by QCD and by an abelian “QED like” theory which does not
include gluon self-coupling.
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Questions?



How to make predictions 
for proton-proton collisions
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LHC event

proton proton
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LHC event

proton proton

Hadrons
Charged Leptons(e,μ)/

Photons
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LHC event

proton proton
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LHC event

proton proton

Hard Process
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LHC event

proton proton

Hard Process

Parton Shower
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LHC event

proton proton

Hard Process

Parton Shower

Hadronization
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LHC event

proton proton

Underlying Event

Hard Process

Parton Shower

Hadronization
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proton proton

LHC Master Formula

Hard Process
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proton proton

LHC Master Formula

Hard Process

Parton Distribution Functions (PDFs):

probability to find a certain a parton 
(here: gluon) with momentum fraction 
xi inside the proton

long distance (non-perturbative)
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proton proton

LHC Master Formula

Hard Process

partonic cross section:

transition scattering amplitude 
(probability) for the partonic process 
ij→X (to produce some final state X)

short distance (perturbative)
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proton proton

LHC Master Formula

Hard Process
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proton proton

LHC Master Formula

factorization holds up to 
additional non-perturbative 
corrections (higher "twist")

𝒪(Λ2/Q2)
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σDIS
had = f bare ⊗ σp

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:
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σDIS
had = f bare ⊗ σp

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

bare PDF
(UV divergent)
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σDIS
had = f bare ⊗ σp

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

bare PDF
(UV divergent)

partonic cross section 
(collinear divergent)
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σDIS
had = f bare ⊗ σp

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

bare PDF
(UV divergent)

partonic cross section 
(collinear divergent)

collinear radiation can appear in either regime
and affects both the PDFs and the partonic 
cross section
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σDIS
had = f bare ⊗ σp = f bare ⊗ ZUV(μF) ⊗ Z−1

IR (μF) ⊗ σp = f(μF) ⊗ ̂σp(μF) ZUV = ZIR

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

UV renormalization of 
bare PDFs cancels 
collinear singularities of 
partonic cross section

multiply by one
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σDIS
had = f bare ⊗ σp = f bare ⊗ ZUV(μF) ⊗ Z−1

IR (μF) ⊗ σp = f(μF) ⊗ ̂σp(μF) ZUV = ZIR

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

UV renormalization of 
bare PDFs cancels 
collinear singularities of 
partonic cross section

UV renormalized PDFs
(finite)
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σDIS
had = f bare ⊗ σp = f bare ⊗ ZUV(μF) ⊗ Z−1

IR (μF) ⊗ σp = f(μF) ⊗ ̂σp(μF) ZUV = ZIR

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

UV renormalization of 
bare PDFs cancels 
collinear singularities of 
partonic cross section

UV renormalized PDFs
(finite)

partonic cross section
+collinear counterterm 

(finite)
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σDIS
had = f bare ⊗ σp = f bare ⊗ ZUV(μF) ⊗ Z−1

IR (μF) ⊗ σp = f(μF) ⊗ ̂σp(μF) ZUV = ZIR

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

UV renormalization of 
bare PDFs cancels 
collinear singularities of 
partonic cross section



Marius Wiesemann    (MPP Munich) September 6, 2024QCD and Monte Carlo event generators (Lecture 1) 78

σDIS
had = f bare ⊗ σp = f bare ⊗ ZUV(μF) ⊗ Z−1

IR (μF) ⊗ σp = f(μF) ⊗ ̂σp(μF) ZUV = ZIR

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

factorization introduces factorization scale  , consider the simple example:μF

O = F(μF) ⋅ S(μF) ⇒ μF
dO
dμF

= 0 ⇒ μF
d lnF(μF)

dμF
= γ(μF) = − μF

d lnS(μF)
dμF
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σDIS
had = f bare ⊗ σp = f bare ⊗ ZUV(μF) ⊗ Z−1

IR (μF) ⊗ σp = f(μF) ⊗ ̂σp(μF) ZUV = ZIR

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

factorization introduces factorization scale  , consider the simple example:μF

O = F(μF) ⋅ S(μF) ⇒ μF
dO
dμF

= 0 ⇒ μF
d lnF(μF)

dμF
= γ(μF) = − μF

d lnS(μF)
dμF

factorization  ➙  evolution
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σDIS
had = f bare ⊗ σp = f bare ⊗ ZUV(μF) ⊗ Z−1

IR (μF) ⊗ σp = f(μF) ⊗ ̂σp(μF) ZUV = ZIR

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

factorization introduces factorization scale  , consider the simple example:μF

σDIS
had (m, Q) = f(m, μF) ⊗ ̂σp(Q, μF)

back to DIS:

E(m, Q) ∼ exp (∫
Q

m

dμ
μ

γ(μ))

factorization  ➙  evolution

O = F(μF) ⋅ S(μF) ⇒ μF
dO
dμF

= 0 ⇒ μF
d lnF(μF)

dμF
= γ(μF) = − μF

d lnS(μF)
dμF
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σDIS
had = f bare ⊗ σp = f bare ⊗ ZUV(μF) ⊗ Z−1

IR (μF) ⊗ σp = f(μF) ⊗ ̂σp(μF) ZUV = ZIR

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

factorization introduces factorization scale  , consider the simple example:μF

σDIS
had (m, Q) = f(m, μF) ⊗ ̂σp(Q, μF)

= f(m, μ0) ⊗ E(μ0, μF) ⊗ ̂σp(Q, μF)

back to DIS:
factorization  ➙  evolution

O = F(μF) ⋅ S(μF) ⇒ μF
dO
dμF

= 0 ⇒ μF
d lnF(μF)

dμF
= γ(μF) = − μF

d lnS(μF)
dμF
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σDIS
had = f bare ⊗ σp = f bare ⊗ ZUV(μF) ⊗ Z−1

IR (μF) ⊗ σp = f(μF) ⊗ ̂σp(μF) ZUV = ZIR

Factorization:  a few comments
consider deep inelastic scattering (DIS, just one hadron) for simplicity:

factorization introduces factorization scale  , consider the simple example:μF

σDIS
had (m, Q) = f(m, μF) ⊗ ̂σp(Q, μF)

= f(m, μ0) ⊗ E(μ0, μF) ⊗ ̂σp(Q, μF)
= f(m, m) ⊗ E(m, Q) ⊗ ̂σp(Q, Q)

back to DIS:

E(m, Q) ∼ exp (∫
Q

m

dμ
μ

γ(μ))

factorization  ➙  evolution  ➙  resummation

μ0 ≃ m, μF ≃ Q

O = F(μF) ⋅ S(μF) ⇒ μF
dO
dμF

= 0 ⇒ μF
d lnF(μF)

dμF
= γ(μF) = − μF

d lnS(μF)
dμF
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Evolution of PDFs:  DGLAP equation
in practice much more complicated:
✦ convolution (use Mellin space for exponentiation/resummation)
✦ scale dependence through strong coupling
✦ coupled differential equation mixing all PDF sets
✦ …

∂
∂ lnμ2

f(x, μ2) = ∑
j

αs(μ)
2π (fj(μ2) ⊗ Pij(αs(μ)))(x)

(a ⊗ b)(x) = ∫
1

x

dx′ 

x′ 

a(x′ ) b(x/x′ )

Dokshitzer, Gribov, Lipatov, Altarelli, Parisi (DGLAP)

convolution:
Parton distributions and DGLAP

➤ Write up-quark distribution in proton as 
 

➤ Perturbative collinear (IR) divergence absorbed into the parton distribution 
(NB divergence not physical: non-perturbative physics provides a physical cutoff) 

➤ μF is the factorisation scale — a bit like the renormalisation scale (μR) for the 
running coupling. 

➤ As you vary the factorisation scale, the parton distributions evolve with a 
renormalisation-group type equation 

Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations
�22

Summary so far[Initial-state splitting]

[1st order analysis]

I Collinear divergence for incoming partons not cancelled by virtuals.
Real and virtual have di↵erent longitudinal momenta

I Situation analogous to renormalization: need to regularize (but in IR
instead of UV).

Technically, often done with dimensional regularization

I Physical sense of regularization is to separate (factorize) proton
non-perturbative dynamics from perturbative hard cross section.

Choice of factorization scale, µ2, is arbitrary between 1 GeV2 and Q
2

I In analogy with running coupling, we can vary factorization scale and get
a renormalization group equation for parton distribution functions.

Dokshizer Gribov Lipatov Altarelli Parisi equations (DGLAP)

Q
2

increase

Q
2

increase

u
u

u

g

g
g

du

u
d d

u
g

g
u u

Gavin Salam (CERN) QCD basics 3 13 / 32

u(x, µ2
F )

physical meaning:
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Evolution of PDFs:  Example #1DGLAP evolution (initial quarks only)

�29

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial quarks[Initial-state splitting]

[Example evolution]

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

Take example evolution starting with
just quarks:

@lnQ2q = Pq q ⌦ q

@lnQ2g = Pg q ⌦ q

I quark is depleted at large x

I gluon grows at small x

Gavin Salam (CERN) QCD basics 3 19 / 32

...slide borrowed from Gavin Salam
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Evolution of PDFs:  Example #1DGLAP evolution (initial quarks only)

�30

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 15.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial quarks[Initial-state splitting]

[Example evolution]

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

Take example evolution starting with
just quarks:

@lnQ2q = Pq q ⌦ q

@lnQ2g = Pg q ⌦ q

I quark is depleted at large x

I gluon grows at small x

Gavin Salam (CERN) QCD basics 3 19 / 32

...slide borrowed from Gavin Salam
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DGLAP evolution (initial quarks only)

�31

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 27.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial quarks[Initial-state splitting]

[Example evolution]

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

Take example evolution starting with
just quarks:

@lnQ2q = Pq q ⌦ q

@lnQ2g = Pg q ⌦ q

I quark is depleted at large x

I gluon grows at small x

Gavin Salam (CERN) QCD basics 3 19 / 32
86

...slide borrowed from Gavin Salam

Evolution of PDFs:  Example #1
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DGLAP evolution (initial quarks only)

�32

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 35.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial quarks[Initial-state splitting]

[Example evolution]

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

Take example evolution starting with
just quarks:

@lnQ2q = Pq q ⌦ q

@lnQ2g = Pg q ⌦ q

I quark is depleted at large x

I gluon grows at small x

Gavin Salam (CERN) QCD basics 3 19 / 32

...slide borrowed from Gavin Salam

Evolution of PDFs:  Example #1
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DGLAP evolution (initial quarks only)

�33

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 60.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial quarks[Initial-state splitting]

[Example evolution]

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

Take example evolution starting with
just quarks:

@lnQ2q = Pq q ⌦ q

@lnQ2g = Pg q ⌦ q

I quark is depleted at large x

I gluon grows at small x

Gavin Salam (CERN) QCD basics 3 19 / 32
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Evolution of PDFs:  Example #1
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DGLAP evolution (initial quarks only)

�34

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 90.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial quarks[Initial-state splitting]

[Example evolution]

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

Take example evolution starting with
just quarks:

@lnQ2q = Pq q ⌦ q

@lnQ2g = Pg q ⌦ q

I quark is depleted at large x

I gluon grows at small x

Gavin Salam (CERN) QCD basics 3 19 / 32
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Evolution of PDFs:  Example #1
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DGLAP evolution (initial quarks only)

�35

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 150.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial quarks[Initial-state splitting]

[Example evolution]

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

Take example evolution starting with
just quarks:

@lnQ2q = Pq q ⌦ q

@lnQ2g = Pg q ⌦ q

I quark is depleted at large x

I gluon grows at small x

Gavin Salam (CERN) QCD basics 3 19 / 32
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Evolution of PDFs:  Example #1
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DGLAP evolution (initial gluons only)

�36

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial gluons[Initial-state splitting]

[Example evolution]

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

2nd example: start with just gluons.

@lnQ2q = Pq g ⌦ g

@lnQ2g = Pg g ⌦ g

I gluon is depleted at large x .

I high-x gluon feeds growth of
small x gluon & quark.

Gavin Salam (CERN) QCD basics 3 20 / 32
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Evolution of PDFs:  Example #2
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DGLAP evolution (initial gluons only)

�37

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 15.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial gluons[Initial-state splitting]

[Example evolution]

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

2nd example: start with just gluons.

@lnQ2q = Pq g ⌦ g

@lnQ2g = Pg g ⌦ g

I gluon is depleted at large x .

I high-x gluon feeds growth of
small x gluon & quark.

Gavin Salam (CERN) QCD basics 3 20 / 32
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Evolution of PDFs:  Example #2
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DGLAP evolution (initial gluons only)

�38

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 27.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial gluons[Initial-state splitting]

[Example evolution]

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

2nd example: start with just gluons.

@lnQ2q = Pq g ⌦ g

@lnQ2g = Pg g ⌦ g

I gluon is depleted at large x .

I high-x gluon feeds growth of
small x gluon & quark.

Gavin Salam (CERN) QCD basics 3 20 / 32
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Evolution of PDFs:  Example #2
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DGLAP evolution (initial gluons only)

�39

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 35.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial gluons[Initial-state splitting]

[Example evolution]

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

2nd example: start with just gluons.

@lnQ2q = Pq g ⌦ g

@lnQ2g = Pg g ⌦ g

I gluon is depleted at large x .

I high-x gluon feeds growth of
small x gluon & quark.

Gavin Salam (CERN) QCD basics 3 20 / 32
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DGLAP evolution (initial gluons only)

�40

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 60.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial gluons[Initial-state splitting]

[Example evolution]

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

2nd example: start with just gluons.

@lnQ2q = Pq g ⌦ g

@lnQ2g = Pg g ⌦ g

I gluon is depleted at large x .

I high-x gluon feeds growth of
small x gluon & quark.

Gavin Salam (CERN) QCD basics 3 20 / 32
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Evolution of PDFs:  Example #2
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DGLAP evolution (initial gluons only)

�41

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 90.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial gluons[Initial-state splitting]

[Example evolution]

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

2nd example: start with just gluons.

@lnQ2q = Pq g ⌦ g

@lnQ2g = Pg g ⌦ g

I gluon is depleted at large x .

I high-x gluon feeds growth of
small x gluon & quark.

Gavin Salam (CERN) QCD basics 3 20 / 32
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Evolution of PDFs:  Example #2
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DGLAP evolution (initial gluons only)

�42

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 150.0 GeV2

xg(x,Q2)

xq + xqbar

E↵ect of (LO) DGLAP: initial gluons[Initial-state splitting]

[Example evolution]

 0

 1

 2

 3

 4

 5

 0.01  0.1  1

x

xq(x,Q2), xg(x,Q2)

Q2 = 12.0 GeV2

xg(x,Q2)

xq + xqbar

2nd example: start with just gluons.

@lnQ2q = Pq g ⌦ g

@lnQ2g = Pg g ⌦ g

I gluon is depleted at large x .

I high-x gluon feeds growth of
small x gluon & quark.

Gavin Salam (CERN) QCD basics 3 20 / 32

DGLAP evolution: 
➤ partons lose momentum and shift 

towards smaller x 
➤ high-x partons drive growth of 

low-x gluon 

Evolution of PDFs:  Example #2
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Parton Distribution Functions (PDFs)

universal distributions containing long-distance structure of hadrons
scale dependence via DGLAP evolution (Dokshitzer, Gribov, Lipatov, Altarelli, Parisi):

 determined from: 
- lattice QCD (in principle)
- fits to data (in practice)
    e.g. MSTW, MMHT, 
         CTEQ, HERA, ABM, 
         NNPDF, ...
- photon PDF calculated
 [Manohar, Nason, Salam, Zanderighi, '17]

fi(x, μ2
0)

4

« and  fi(x,P02) determined from

� lattice QCD (in principle)
� fits to data (in practice)

Dokshitzer
Gribov
Lipatov
Altarelli
Parisi

for example, in Deep Inelastic Scattering

where the scale dependence of the 
parton distributions is calculable in QCD 
perturbation theory

fi/p

C

Q2

y,P2

𝒪(Λ2/Q2)
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Sum rules & indirect (gluon) PDF determination

uv 0,267

dv 0,111

us 0,066

ds 0,053

ss 0,033

cc 0,016

total 0,546

➟ half of the longitudinal 
momentum carried by gluons

Momentum sum rule: conservation of incoming total momentum
� 1

0
dx

�

i

xf (p)
i (x) = 1

...slide borrowed from Giulia Zanderighi
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Sum rules & indirect (gluon) PDF determination

uv 0,267

dv 0,111

us 0,066

ds 0,053

ss 0,033

cc 0,016

total 0,546

➟ half of the longitudinal 
momentum carried by gluons

Momentum sum rule: conservation of incoming total momentum
� 1

0
dx

�

i

xf (p)
i (x) = 1

In the proton: u, d valence quarks, all other quarks are called sea-quarks 

Conservation of flavour: e.g. for a proton
� 1

0
dx

�
f (p)

u (x)� f (p)
ū (x)

�
= 2

� 1

0
dx

�
f (p)

d (x)� f (p)
d̄

(x)
�

= 1

� 1

0
dx

�
f (p)

s (x)� f (p)
s̄ (x)

�
= 0
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Sum rules & indirect (gluon) PDF determinationConsider DIS data – F2(x,Q2) – in a world where the proton just had quarks

�44
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[Evolution versus data]
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0
),

at initial scale Q
2

0
= 12 GeV2

.

NB: Q0 often chosen lower

Assume there is no gluon at Q2

0
:

g(x ,Q2

0 ) = 0

Use DGLAP equations to evolve to
higher Q2; compare with data.

Complete failure!
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Consider DIS data – F2(x,Q2) – in a world where the proton just had quarks

�45
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DGLAP with initial gluon = 0[Determining gluon]

[Evolution versus data]
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NB: Q0 often chosen lower

Assume there is no gluon at Q2

0
:

g(x ,Q2

0 ) = 0

Use DGLAP equations to evolve to
higher Q2; compare with data.

Complete failure!
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Consider DIS data – F2(x,Q2) – in a world where the proton just had quarks
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[Evolution versus data]
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0 ) = 0

Use DGLAP equations to evolve to
higher Q2; compare with data.

Complete failure!
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Consider DIS data – F2(x,Q2) – in a world where the proton just had quarks

�47
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[Evolution versus data]
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higher Q2; compare with data.

Complete failure!
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Consider DIS data – F2(x,Q2) – in a world where the proton just had quarks
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[Evolution versus data]
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Use DGLAP equations to evolve to
higher Q2; compare with data.
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Consider DIS data – F2(x,Q2) – in a world where the proton just had quarks
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[Evolution versus data]
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Use DGLAP equations to evolve to
higher Q2; compare with data.

Complete failure!
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Sum rules & indirect (gluon) PDF determinationConsider DIS data – F2(x,Q2) – in a world where the proton just had quarks
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[Evolution versus data]
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0 ) = 0

Use DGLAP equations to evolve to
higher Q2; compare with data.

Complete failure!
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Consider DIS data – F2(x,Q2) – with specially tuned gluon
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If gluon ≠ 0, splitting  

generates extra quarks at large 
Q2 ➠ faster rise of F2 

Global PDF fits (CT, MMHT, 
NNPDF, etc.) choose gluon 
distribution that leads to the 
correct Q2 evolution.

g ! qq̄
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Consider DIS data – F2(x,Q2) – with specially tuned gluon
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correct Q2 evolution.

g ! qq̄
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Consider DIS data – F2(x,Q2) – with specially tuned gluon
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correct Q2 evolution.

g ! qq̄
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Consider DIS data – F2(x,Q2) – with specially tuned gluon
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g ! qq̄
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Consider DIS data – F2(x,Q2) – with specially tuned gluon
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g ! qq̄
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Consider DIS data – F2(x,Q2) – with specially tuned gluon
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SUCCESS
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Resulting gluon distribution, compared to quarks

�57

Resulting gluon distribution is 
HUGE! 

Carries 47% of proton’s 
momentum  
(at scale of 100 GeV) 

Crucial in order to satisfy 
momentum sum rule. 

Large value of gluon has big 
impact on phenomenology
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PDF fits today

TODAY’S PDF FITS

�58Figure 2.1: The kinematic coverage of the NNPDF3.1 dataset in the
�
x,Q

2
�
plane.

10

DIS data and global fits[Determining full PDFs]

[Global fits]
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NNPDF3.1 dataset THREE GLOBAL PDF FITS: CT14, MMHT2014, NNPDF30/31

�59

Precision of today’s PDFs (from PDF4LHC)[Determining full PDFs]
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proton proton

Hard Process

LO  ~  𝓞(100%)

NLO  ~  𝓞(10%)

NNLO  ~  𝓞(1%)

Uncertainties:
(α ~ 0.118)

Partonic Cross Section

� ⇠ �LO · (1 + ↵| {z }
NLO

+↵2

| {z }
NNLO

+ . . .)

<latexit sha1_base64="uVjW8F6cGV2fbiLhwZASe3I7Fg0="></latexit><latexit sha1_base64="uVjW8F6cGV2fbiLhwZASe3I7Fg0="></latexit><latexit sha1_base64="uVjW8F6cGV2fbiLhwZASe3I7Fg0="></latexit><latexit sha1_base64="uVjW8F6cGV2fbiLhwZASe3I7Fg0="></latexit>

�had =
X

ij

Z
dx1 dx2 fi(x1, µF) fj(x1, µF)⇥ �ij(x1P1, x2P2, µF ) +O(⇤/Q)

<latexit sha1_base64="qxxoWhPJpHAFTs7Lo/YGmFVO9rQ="></latexit>

𝒪(Λ2/Q2)
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Partonic Cross Section

[flux factor]      [squared matrix element]      [phase-space integral -  ]      Φn

�ij =
1

2s

Z " nY

i=1

d3~qi
(2⇡)32Ei

#"
(2⇡)4�4

 
nX

i=1

qµi � (p1 + p2)
µ

!#

| {z }
|Mij(p1, p2, qi)|2

1

𝒪(Λ2/Q2)
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Partonic Cross Section

[flux factor]      [squared matrix element]      

LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)
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to illustrate the 
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care what the 

particles are ̶ just 
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Importance of QCD corrections

119

NNLO crucial for accurate description of data

Giulia Zanderighi, WW@NNLOPS

NLO & NNLO versus data

4

Current experimental precision requires to go beyond NLO

NLO

NNLO
(example WZ)

[Grazzini, Kallweit, Rathlev, MW '16]
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Higher-order corrections
d� = d�(0)

| {z }
LO

+↵ d�(1)

| {z }
NLO

+↵2 d�(2)

| {z }
NNLO

+O(↵3)

Two (complicated) main problems to solve:

     (0.    phase-space integration -- easy if finite, using numerical MC methods)

1.  evaluate (loop) amplitudes

       (ingredients of calculation, difficulty ~ eloops, understood at 1-loop,

        various 2-loop results, very few 3-loop results)

2.  combination of different (singular) ingredients

       (final cross section prediction, difficulty ~ eorder, understood up to NNLO,

        very few N3LO results)
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INGREDIENTS FOR A CALCULATION (generic 2→2 process)
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Tree 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to illustrate the 
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INGREDIENTS FOR A CALCULATION (generic 2→2 process)
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Tree 
2→2

to illustrate the 
concepts, we don’t 
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draw lines
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NLO
1-loop  
2→2 × + complex conj.
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INGREDIENTS FOR A CALCULATION (generic 2→2 process)
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NLO Calculation:  The Issue

u

d̄

l0+

⌫l0

l�

l+

W+
d

Z/�

u

d̄

l0+

⌫l0

l�

l+

W+

Z/�

W+

u

d̄

l0+

⌫l0

l�

l+Z/�
⌫l0

W+

(a) (b) (c)

Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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NLO Calculation:  The Issue
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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NLO Calculation:  The Issue
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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real-emission amplitude finite, but 
integrand (propagators) become singular 
during phase-space integration.
After phase-space integration:
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+ D)

1-loop virtual amplitude:
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ϵ2
+

B0

ϵ
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+
B
ϵ

+ C)
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NLO Calculation:  The Issue
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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real-emission amplitude finite, but 
integrand (propagators) become singular 
during phase-space integration.
After phase-space integration:

∫ΦB+1

dσR ∼ (−
A
ϵ2

+ −
B
ϵ

+ D)



Combining 2-loops / 1-loop / tree

54

f(z) is some function with finite limit for z ! 0

“SLICING”

� =

✓
c� ln

1

cut

◆
· f(0) +

Z 1

cut
dz

f(z)

z

virtual & counterterm:  
get from soft-collinear  

resummation

real part:  
use MC integration  
(cut has to be small,  
but not too small)

qT-subtraction: Catani, Grazzini 
N-jettiness subtraction: Boughezal, Focke, Liu, Petriello; Gaunt, Stahlhofen, Tackmann, Walsh 

Combining 2-loops / 1-loop / tree

55

f(z) is some function with finite limit for z ! 0

LOCAL SUBTRACTION

� = c · f(0) +
Z 1

0
dz


f(z)

z
� f(0)

z

�

virtual & counterterm:  
may need (tough)  

analytic calcn 

real part:  
MC integration is finite  

 even without cut

Sector decomposition: Anastasiou, Melnikov, Petriello; Binoth, Heinrich  
Antennae subtraction: Kosower; Gehrmann, Gehrmann-de Ridder, Glover  
Sector-improved residue subtraction: Czakon; Boughezal, Melnikov, Petriello  
CoLorFul subtraction: Del Duca, Somogyi, Trocsanyi  
Projection-to-Born: Cacciari, Dreyer, Karlberg, GPS, Zanderighi 

Combining 2-loops / 1-loop / tree

55

f(z) is some function with finite limit for z ! 0

LOCAL SUBTRACTION

� = c · f(0) +
Z 1

0
dz


f(z)

z
� f(0)

z

�

virtual & counterterm:  
may need (tough)  

analytic calcn 

real part:  
MC integration is finite  

 even without cut

Sector decomposition: Anastasiou, Melnikov, Petriello; Binoth, Heinrich  
Antennae subtraction: Kosower; Gehrmann, Gehrmann-de Ridder, Glover  
Sector-improved residue subtraction: Czakon; Boughezal, Melnikov, Petriello  
CoLorFul subtraction: Del Duca, Somogyi, Trocsanyi  
Projection-to-Born: Cacciari, Dreyer, Karlberg, GPS, Zanderighi 

Sector decomposition
Anastasiou, Melnikov, Petriello; Binoth, Heinrich

Antenna subtraction
Kosower; Gehrmann, Gehrmann-de Ridder, Glover

Stripper
Czakon

Sector-improved residue
Boughezal, Melnikov, Petriello

CoLorFul subtraction
Del Duca, Somogyi, Troscanyi

Projection-to-Born
Cacciari, Dreyer, Karlberg, Salam, Zanderighi

qT subtraction
Catani, Grazzini

N-jettiness subtraction
Boughezal, Focke, Liu, Petriello; 
Gaunt Stahlhofen, Tackmann, Walsh

...slide borrowed from Gavin Salam

NNLO approaches

Combining 2-loops / 1-loop / tree

54

f(z) is some function with finite limit for z ! 0

“SLICING”

� =

✓
c� ln

1

cut

◆
· f(0) +

Z 1

cut
dz

f(z)

z

virtual & counterterm:  
get from soft-collinear  

resummation

real part:  
use MC integration  
(cut has to be small,  
but not too small)

qT-subtraction: Catani, Grazzini 
N-jettiness subtraction: Boughezal, Focke, Liu, Petriello; Gaunt, Stahlhofen, Tackmann, Walsh 



Marius Wiesemann    (MPP Munich) September 6, 2024QCD and Monte Carlo event generators (Lecture 1) 131
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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NLO through subtraction
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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d�S: subtraction term 
 → Dipole [Catani, Seymour '96]

 → FKS [Frixione, Kunszt, Signer '96]

 → Antenna [Gehrmann et al. '05]

 → ... 
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Subtraction terms?
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✦  use factorization properties of squared amplitudes

✦  singularities appear when final-state parton soft or colliner

✦  singularity structure of amplitudes universal and known

schematically:

LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

4

Tree 
2→2

to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines
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ϵ = 0
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to illustrate the 
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Tree 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to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines

2

LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)
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Tree 
2→2

to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines

2
splitting parton getting soft or colliner

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

5

Tree 
2→4

2

NNLO

1-loop  
2→3 × + complex conj.

2-loop  
2→2 × + complex conj.

1-loop  
2→2
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F(     )schematically:

ϵ = 0
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1-loop  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eikonal factor Ja (soft limit) or splitting function Pij (collinear limit)

schematically:

ϵ = 0
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Subtraction terms?
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INGREDIENTS FOR A CALCULATION (generic 2→2 process)
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2→2 × + complex conj.

1-loop  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F(     )

eikonal factor Ja (soft limit) or splitting function Pij (collinear limit)

schematically:

ϵ = 0

d�S: subtraction term 
 → Dipole [Catani, Seymour ’96]       combines soft & collinear limit in dipole function

 → FKS [Frixione, Kunszt, Signer '96]   partitions phase space into soft, coll. & soft+coll.

 → Antenna [Gehrmann et al. '05]    like dipole, but 1 Antenna  1/2 Dipole

⇒

⇒

⇒ ≃
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Automation
★ Automation at LO (tree-level amplitudes & phase space) understood for very long time
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Automation
★ Automation at LO (tree-level amplitudes & phase space) understood for very long time

★ Automation at NLO

• Automation of 1-loop amplitudes (OPP, OpenLoops,…)

• Automation of subtraction methods (Dipole, FKS, …) & NLO(+PS) calculations

MadLoop OpenLoops Gosam Helac-NLORecola BlackHat NJet ...NLOX

MadGraph5_aMC@NLO Munich/Matrix Powheg Sherpa Herwig++ WHIZARD ...
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Automation
★ Automation at LO (tree-level amplitudes & phase space) understood for very long time

★ Automation at NLO

• Automation of 1-loop amplitudes (OPP, OpenLoops,…)

• Automation of subtraction methods (Dipole, FKS, …) & NLO(+PS) calculations

MadLoop OpenLoops Gosam Helac-NLORecola BlackHat NJet ...NLOX

MadGraph5_aMC@NLO Munich/Matrix Powheg Sherpa Herwig++ WHIZARD ...

MadGraph5_aMC@NLO: sample from 172 processes

NLO automation

 102 ...slide borrowed from Massimiliano Grazzini
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Automation
★ Automation at LO (tree-level amplitudes & phase space) understood for very long time

★ Automation at NLO

• Automation of 1-loop amplitudes (OPP, OpenLoops,…)

• Automation of subtraction methods (Dipole, FKS, …) & NLO(+PS) calculations

➙ NLO has become the minimal standard now in (most) LHC analyses

MadLoop OpenLoops Gosam Helac-NLORecola BlackHat NJet ...NLOX

MadGraph5_aMC@NLO Munich/Matrix Powheg Sherpa Herwig++ WHIZARD ...
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Automation
★ Automation at LO (tree-level amplitudes & phase space) understood for very long time

★ Automation at NLO

• Automation of 1-loop amplitudes (OPP, OpenLoops,…)

• Automation of subtraction methods (Dipole, FKS, …) & NLO(+PS) calculations

➙ NLO has become the minimal standard now in (most) LHC analyses

★ NNLO(+PS) only as process libraries in (public) codes

MadLoop OpenLoops Gosam Helac-NLORecola BlackHat NJet ...NLOX

MadGraph5_aMC@NLO Munich/Matrix Powheg Sherpa Herwig++ WHIZARD ...

Matrix MCFM NNLOjet
(not public)

MiNNLOPS Geneva Stripper
(not public)

...



How to do a  
NNLO calculation
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.

3

g

q
q0

q

`0
+

`0
�

`�

`+

q

g

Fig
ure

2:
Exa

mp
le of N

NL
O inte

rfer
enc

e bet
wee

n qua
rk

ann
ihil

atio
n and

loo
p-in

duc
ed

glu
on

fusi
on

pro
duc

tion
mec

han
ism

s.

g

q
q0

q

`0
+

`0
�

`�

`+

q0
0 g

q

g

q
q0

q

`0
+

`0
�

`�

`+

q

g

(a)

(b)

Fig
ure

3: E
xam

ples
of N

3 LO
con

trib
utio

ns i
n the

qg
cha

nne
l.

incl
udi

ng
also

the
qg

init
iate

d con
trib

utio
ns.

1 We n
ote

tha
t at

N
3 LO

we
onl

y incl
ude

dia
gra

ms

wit
h clos

ed
ferm

ion
loop

s (s
ee F

igu
re 3

(a))
; al

l ot
her

con
trib

utio
ns t

hat
wou

ld ent
er a

com
plet

e

N
3 LO

calc
ula

tion
(see

Fig
ure

3 (b
) fo

r ex
am

ple)
can

not
be

con
sist

ent
ly acc

oun
ted

for
at p

rese
nt.

Our
app

rox
ima

tion
incl

ude
s al

l co
ntri

but
ions

at O
(↵

2
S
) to

geth
er w

ith
the

com
plet

e N
LO

corr
ecti

ons

to the
loo

p-in
duc

ed
glu

on
fusi

on
cha

nne
l at

O(↵
3
S
). As

suc
h, b

esid
es p

rov
idin

g the
ma

xim
um

per
turb

ativ
e in

form
atio

n ava
ilab

le a
t pr

esen
t fo

r th
is p

roc
ess,

our
calc

ulat
ion

can
be u

sed
to o

bta
in

a co
nsis

ten
t es

tim
ate

of p
ertu

rba
tive

unc
erta

inti
es t

hro
ugh

the
cus

tom
ary

pro
ced

ure
of s

tud
yin

g

sca
le v

aria
tion

s.

Our
calc

ulat
ion

is c
arri

ed o
ut w

ithi
n th

e co
mp

uta
tion

al fr
ame

wor
kM

at
ri
x [52]

. M
at

ri
x feat

ure
s a

full
y ge

ner
al im

plem
ent

atio
n of

the
qT-

sub
trac

tion
form

alis
m [53]

and
allo

wed
us t

o co
mp

ute
NN

LO

QC
D corr

ecti
ons

to a
larg

e nu
mb

er o
f co

lour
-sin

glet
pro

cess
es a

t ha
dro

n co
llid

ers
[38,

43,
45,

46,
54–

59].
2 The

cor
e of

the
M
at

ri
x
fram

ewo
rk is t

he
Mont

e C
arlo

pro
gra

m M
un

ic
h, w

hich
is c

apa
ble

of c
om

put
ing

bot
h NL

O QC
D and

NL
O EW

[62,
63]

cor
rect

ion
s to

arb
itra

ry SM
pro

cess
es [

64].

As
in pre

viou
s M

at
ri
x
calc

ula
tion

s, in
our

com
put

atio
n of t

he
NL

O cor
rect

ion
s to

the
gg !

4`

pro
cess

, all
the

req
uire

d on
e-lo

op a
mp

litu
des

are
eva

luat
ed w

ith
Ope

nL
oo

ps
3 [69,

70].
At

two
-loo

p

leve
l, w

e u
se t

he
gg

!
V V

0 heli
city

am
plit

ude
s of

Ref
. [3

7],
and

imp
lem

ent
the

cor
resp

ond
ing

fou
r-le

pto
n fina

l st
ates

, ac
cou

ntin
g fo

r sp
in corr

elat
ions

and
o↵-

she
ll e↵

ects
. T

he N
LO

calc
ulat

ion

is p
erfo

rme
d by

usin
g th

e C
ata

ni–
Sey

mo
ur d

ipo
le-s

ubt
rac

tion
met

hod
[71,

72]
and

also
wit

h qT

sub
trac

tion
[53]

, w
hich

pro
vid

es a
n add

itio
nal

cro
ss-c

hec
k of o

ur r
esu

lts.

1We n
ote

tha
t th

ere
are

also
qq̄

init
iate

d con
trib

utio
ns

to the
loo

p-in
duc

ed
pro

duc
tion

mech
ani

sm
at O

(↵
3
S
),

wh
ich

are
sep

ara
tely

fini
te.

We fo
und

the
m to be

com
ple

tely
neg

ligi
ble

and
ign

ore
the

m in the
foll

owi
ng.

Ou
r

resu
lts

incl
ude

all
num

eric
ally

rele
van

t pa
rton

ic c
han

nels
of t

he
NL

O cor
rect

ion
s to

the
loo

p-in
duc

ed
glu

on
fusi

on

con
trib

utio
n.

2 It w
as a

lso
use

d in the
NN

LL+
NN

LO
com

put
atio

n of R
ef.

[60]
, an

d in the
NN

LO
PS

com
put

atio
n of R

ef.
[61]

.

3Ope
nL

oo
ps

reli
es o

n the
fast

and
stab

le t
ens

or r
edu

ctio
n of C

ol
lie

r
[65,

66],
sup

por
ted

by
a resc

ue
sys

tem

bas
ed

on
qua

d-p
reci

sion
Cu

tT
oo

ls
[67]

wit
h One

LO
op

[68]
to dea

l w
ith

exc
ept

ion
al p

has
e-sp

ace
poi

nts
.

3

! d�RR! d�RV

NLO
(pp→WZ)

NNLO
(pp→WZ)

! d�V

! d�B

u

d̄

l0+

⌫l0

l�

l+

W+
d

Z/�

u

d̄

l0+

⌫l0

l�

l+

W+

Z/�

W+

u

d̄

l0+

⌫l0

l�

l+Z/�
⌫l0

W+

(a) (b) (c)

Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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includingalsotheqginitiatedcontributions.
1WenotethatatN

3LOweonlyincludediagrams

withclosedfermionloops(seeFigure3(a));allothercontributionsthatwouldenteracomplete

N
3LOcalculation(seeFigure3(b)forexample)cannotbeconsistentlyaccountedforatpresent.

OurapproximationincludesallcontributionsatO(↵
2
S)togetherwiththecompleteNLOcorrections

totheloop-inducedgluonfusionchannelatO(↵
3
S).Assuch,besidesprovidingthemaximum

perturbativeinformationavailableatpresentforthisprocess,ourcalculationcanbeusedtoobtain

aconsistentestimateofperturbativeuncertaintiesthroughthecustomaryprocedureofstudying

scalevariations.

OurcalculationiscarriedoutwithinthecomputationalframeworkM
atrix[52].M

atrixfeaturesa

fullygeneralimplementationoftheqT-subtractionformalism[53]andallowedustocomputeNNLO

QCDcorrectionstoalargenumberofcolour-singletprocessesathadroncolliders[38,43,45,46,54–

59].
2ThecoreoftheM

atrixframeworkistheMonteCarloprogram
M
unich,whichiscapable

ofcomputingbothNLOQCDandNLOEW
[62,63]correctionstoarbitrarySM

processes[64].

AsinpreviousM
atrixcalculations,inourcomputationoftheNLOcorrectionstothegg!

4`

process,alltherequiredone-loopamplitudesareevaluatedwithO
penLoops

3[69,70].Attwo-loop

level,weusethegg
!

VV
0helicityamplitudesofRef.[37],andimplementthecorresponding

four-leptonfinalstates,accountingforspincorrelationsando↵-shelle↵ects.TheNLOcalculation

isperformedbyusingtheCatani–Seymourdipole-subtractionmethod[71,72]andalsowithqT

subtraction[53],whichprovidesanadditionalcross-checkofourresults.

1Wenotethattherearealsoqq̄initiatedcontributionstotheloop-inducedproductionmechanismatO(↵
3
S),

whichareseparatelyfinite.Wefoundthem
tobecompletelynegligibleandignorethem

inthefollowing.Our

resultsincludeallnumericallyrelevantpartonicchannelsoftheNLOcorrectionstotheloop-inducedgluonfusion

contribution.

2ItwasalsousedintheNNLL+NNLOcomputationofRef.[60],andintheNNLOPScomputationofRef.[61].

3OpenLoopsreliesonthefastandstabletensorreductionofCollier[65,66],supportedbyarescuesystem

basedonquad-precision
CutTools[67]with

O
neLO

op[68]todealwithexceptionalphase-spacepoints.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.

3

g

q
q0

q

`0
+

`0
�

`�

`+

q

g

Fig
ure

2:
Exa

mp
le of N

NL
O inte

rfer
enc

e bet
wee

n qua
rk

ann
ihil

atio
n and

loo
p-in

duc
ed

glu
on

fusi
on

pro
duc

tion
mec

han
ism

s.

g

q
q0

q

`0
+

`0
�

`�

`+

q0
0 g

q

g

q
q0

q

`0
+

`0
�

`�

`+

q

g

(a)

(b)

Fig
ure

3: E
xam

ples
of N

3 LO
con

trib
utio

ns i
n the

qg
cha

nne
l.

incl
udi

ng
also

the
qg

init
iate

d con
trib

utio
ns.

1 We n
ote

tha
t at

N
3 LO

we
onl

y incl
ude

dia
gra

ms

wit
h clos

ed
ferm

ion
loop

s (s
ee F

igu
re 3

(a))
; al

l ot
her

con
trib

utio
ns t

hat
wou

ld ent
er a

com
plet

e

N
3 LO

calc
ula

tion
(see

Fig
ure

3 (b
) fo

r ex
am

ple)
can

not
be

con
sist

ent
ly acc

oun
ted

for
at p

rese
nt.

Our
app

rox
ima

tion
incl

ude
s al

l co
ntri

but
ions

at O
(↵

2
S
) to

geth
er w

ith
the

com
plet

e N
LO

corr
ecti

ons

to the
loo

p-in
duc

ed
glu

on
fusi

on
cha

nne
l at

O(↵
3
S
). As

suc
h, b

esid
es p

rov
idin

g the
ma

xim
um

per
turb

ativ
e in

form
atio

n ava
ilab

le a
t pr

esen
t fo

r th
is p

roc
ess,

our
calc

ulat
ion

can
be u

sed
to o

bta
in

a co
nsis

ten
t es

tim
ate

of p
ertu

rba
tive

unc
erta

inti
es t

hro
ugh

the
cus

tom
ary

pro
ced

ure
of s

tud
yin

g

sca
le v

aria
tion

s.

Our
calc

ulat
ion

is c
arri

ed o
ut w

ithi
n th

e co
mp

uta
tion

al fr
ame

wor
kM

at
ri
x [52]

. M
at

ri
x feat

ure
s a

full
y ge

ner
al im

plem
ent

atio
n of

the
qT-

sub
trac

tion
form

alis
m [53]

and
allo

wed
us t

o co
mp

ute
NN

LO

QC
D corr

ecti
ons

to a
larg

e nu
mb

er o
f co

lour
-sin

glet
pro

cess
es a

t ha
dro

n co
llid

ers
[38,

43,
45,

46,
54–

59].
2 The

cor
e of

the
M
at

ri
x
fram

ewo
rk is t

he
Mont

e C
arlo

pro
gra

m M
un

ic
h, w

hich
is c

apa
ble

of c
om

put
ing

bot
h NL

O QC
D and

NL
O EW

[62,
63]

cor
rect

ion
s to

arb
itra

ry SM
pro

cess
es [

64].

As
in pre

viou
s M

at
ri
x
calc

ula
tion

s, in
our

com
put

atio
n of t

he
NL

O cor
rect

ion
s to

the
gg !

4`

pro
cess

, all
the

req
uire

d on
e-lo

op a
mp

litu
des

are
eva

luat
ed w

ith
Ope

nL
oo

ps
3 [69,

70].
At

two
-loo

p

leve
l, w

e u
se t

he
gg

!
V V

0 heli
city

am
plit

ude
s of

Ref
. [3

7],
and

imp
lem

ent
the

cor
resp

ond
ing

fou
r-le

pto
n fina

l st
ates

, ac
cou

ntin
g fo

r sp
in corr

elat
ions

and
o↵-

she
ll e↵

ects
. T

he N
LO

calc
ulat

ion

is p
erfo

rme
d by

usin
g th

e C
ata

ni–
Sey

mo
ur d

ipo
le-s

ubt
rac

tion
met

hod
[71,

72]
and

also
wit

h qT

sub
trac

tion
[53]

, w
hich

pro
vid

es a
n add

itio
nal

cro
ss-c

hec
k of o

ur r
esu

lts.

1We n
ote

tha
t th

ere
are

also
qq̄

init
iate

d con
trib

utio
ns

to the
loo

p-in
duc

ed
pro

duc
tion

mech
ani

sm
at O

(↵
3
S
),

wh
ich

are
sep

ara
tely

fini
te.

We fo
und

the
m to be

com
ple

tely
neg

ligi
ble

and
ign

ore
the

m in the
foll

owi
ng.

Ou
r

resu
lts

incl
ude

all
num

eric
ally

rele
van

t pa
rton

ic c
han

nels
of t

he
NL

O cor
rect

ion
s to

the
loo

p-in
duc

ed
glu

on
fusi

on

con
trib

utio
n.

2 It w
as a

lso
use

d in the
NN

LL+
NN

LO
com

put
atio

n of R
ef.

[60]
, an

d in the
NN

LO
PS

com
put

atio
n of R

ef.
[61]

.

3Ope
nL

oo
ps

reli
es o

n the
fast

and
stab

le t
ens

or r
edu

ctio
n of C

ol
lie

r
[65,

66],
sup

por
ted

by
a resc

ue
sys

tem

bas
ed

on
qua

d-p
reci

sion
Cu

tT
oo

ls
[67]

wit
h One

LO
op

[68]
to dea

l w
ith

exc
ept

ion
al p

has
e-sp

ace
poi

nts
.

3

u

d̄

l0+

⌫l0

l�

l+

W+
d

Z/�

u

d̄

l0+

⌫l0

l�

l+

W+

Z/�

W+

u

d̄

l0+

⌫l0

l�

l+Z/�
⌫l0

W+

(a) (b) (c)

Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure3:ExamplesofN
3LOcontributionsintheqgchannel.

includingalsotheqginitiatedcontributions.
1WenotethatatN

3LOweonlyincludediagrams

withclosedfermionloops(seeFigure3(a));allothercontributionsthatwouldenteracomplete

N
3LOcalculation(seeFigure3(b)forexample)cannotbeconsistentlyaccountedforatpresent.

OurapproximationincludesallcontributionsatO(↵
2
S)togetherwiththecompleteNLOcorrections

totheloop-inducedgluonfusionchannelatO(↵
3
S).Assuch,besidesprovidingthemaximum

perturbativeinformationavailableatpresentforthisprocess,ourcalculationcanbeusedtoobtain

aconsistentestimateofperturbativeuncertaintiesthroughthecustomaryprocedureofstudying

scalevariations.

OurcalculationiscarriedoutwithinthecomputationalframeworkM
atrix[52].M

atrixfeaturesa

fullygeneralimplementationoftheqT-subtractionformalism[53]andallowedustocomputeNNLO

QCDcorrectionstoalargenumberofcolour-singletprocessesathadroncolliders[38,43,45,46,54–

59].
2ThecoreoftheM

atrixframeworkistheMonteCarloprogram
M
unich,whichiscapable

ofcomputingbothNLOQCDandNLOEW
[62,63]correctionstoarbitrarySM

processes[64].

AsinpreviousM
atrixcalculations,inourcomputationoftheNLOcorrectionstothegg!

4`

process,alltherequiredone-loopamplitudesareevaluatedwithO
penLoops

3[69,70].Attwo-loop

level,weusethegg
!

VV
0helicityamplitudesofRef.[37],andimplementthecorresponding

four-leptonfinalstates,accountingforspincorrelationsando↵-shelle↵ects.TheNLOcalculation

isperformedbyusingtheCatani–Seymourdipole-subtractionmethod[71,72]andalsowithqT

subtraction[53],whichprovidesanadditionalcross-checkofourresults.

1Wenotethattherearealsoqq̄initiatedcontributionstotheloop-inducedproductionmechanismatO(↵
3
S),

whichareseparatelyfinite.Wefoundthem
tobecompletelynegligibleandignorethem

inthefollowing.Our

resultsincludeallnumericallyrelevantpartonicchannelsoftheNLOcorrectionstotheloop-inducedgluonfusion

contribution.

2ItwasalsousedintheNNLL+NNLOcomputationofRef.[60],andintheNNLOPScomputationofRef.[61].

3OpenLoopsreliesonthefastandstabletensorreductionofCollier[65,66],supportedbyarescuesystem

basedonquad-precision
CutTools[67]with

O
neLO

op[68]todealwithexceptionalphase-spacepoints.

3

! d�VV
g

q

q
0

q

`0
+

`0
�
`�

`+

q

g

F
ig
u
re

2:
E
xa
m
p
le

of
N
N
L
O

in
te
rf
er
en
ce

b
et
w
ee
n
qu

ar
k
an

n
ih
il
at
io
n
an

d
lo
op

-i
n
d
u
ce
d
gl
u
on

fu
si
on

p
ro
d
u
ct
io
n
m
ec
h
an

is
m
s.

g

q

q
0

q

`0
+

`0
�
`�

`+
q
00

g

q

g

q

q
0

q

`0
+

`0
�
`�

`+

q

g

(a
)

(b
)

F
ig
u
re

3:
E
xa
m
p
le
s
of

N
3
L
O

co
nt
ri
b
u
ti
on

s
in

th
e
qg

ch
an

n
el
.

in
cl
u
d
in
g
al
so

th
e
qg

in
it
ia
te
d
co
nt
ri
b
u
ti
on

s.
1
W
e
n
ot
e
th
at

at
N

3
L
O

w
e
on

ly
in
cl
u
d
e
d
ia
gr
am

s

w
it
h
cl
os
ed

fe
rm

io
n
lo
op

s
(s
ee

F
ig
u
re

3
(a
))
;
al
l
ot
h
er

co
nt
ri
b
u
ti
on

s
th
at

w
ou

ld
en
te
r
a
co
m
p
le
te

N
3
L
O

ca
lc
u
la
ti
on

(s
ee

F
ig
u
re

3
(b
)
fo
r
ex
am

p
le
)
ca
n
n
ot

b
e
co
n
si
st
en
tl
y
ac
co
u
nt
ed

fo
r
at

p
re
se
nt
.

O
ur

ap
pr
ox
im

at
io
n
in
cl
ud

es
al
l
co
nt
ri
bu

ti
on

s
at

O
(↵

2 S
)
to
ge
th
er

w
it
h
th
e
co
m
pl
et
e
N
L
O

co
rr
ec
ti
on

s

to
th
e
lo
op

-i
n
d
u
ce
d
gl
u
on

fu
si
on

ch
an

n
el

at
O
(↵

3 S
).

A
s
su
ch
,
b
es
id
es

p
ro
vi
d
in
g
th
e
m
ax
im

u
m

p
er
tu
rb
at
iv
e
in
fo
rm

at
io
n
av
ai
la
bl
e
at

pr
es
en
t
fo
r
th
is
pr
oc
es
s,
ou

r
ca
lc
ul
at
io
n
ca
n
b
e
us
ed

to
ob

ta
in

a
co
n
si
st
en
t
es
ti
m
at
e
of

p
er
tu
rb
at
iv
e
u
n
ce
rt
ai
nt
ie
s
th
ro
u
gh

th
e
cu
st
om

ar
y
p
ro
ce
d
u
re

of
st
u
d
yi
n
g

sc
al
e
va
ri
at
io
n
s.

O
ur

ca
lc
ul
at
io
n
is
ca
rr
ie
d
ou

t
w
it
hi
n
th
e
co
m
pu

ta
ti
on

al
fr
am

ew
or
k
M
a
t
r
ix

[5
2]
.
M
a
t
r
ix

fe
at
ur
es

a

fu
lly

ge
ne
ra
l i
m
pl
em

en
ta
ti
on

of
th
e
q T
-s
ub

tr
ac
ti
on

fo
rm

al
is
m

[5
3]

an
d
al
lo
w
ed

us
to

co
m
pu

te
N
N
L
O

Q
C
D

co
rr
ec
ti
on

s
to

a
la
rg
e
nu

m
b
er

of
co
lo
ur
-s
in
gl
et

pr
oc
es
se
s
at

ha
dr
on

co
lli
de
rs

[3
8,

43
, 4

5,
46
, 5

4–

59
].
2
T
h
e
co
re

of
th
e
M
a
t
r
ix

fr
am

ew
or
k
is
th
e
M
on
te

C
ar
lo

p
ro
gr
am

M
u
n
ic
h
,
w
h
ic
h
is
ca
p
ab

le

of
co
m
p
u
ti
n
g
b
ot
h
N
L
O

Q
C
D

an
d
N
L
O

E
W

[6
2,

63
]
co
rr
ec
ti
on

s
to

ar
b
it
ra
ry

S
M

p
ro
ce
ss
es

[6
4]
.

A
s
in

p
re
vi
ou

s
M
a
t
r
ix

ca
lc
u
la
ti
on

s,
in

ou
r
co
m
p
u
ta
ti
on

of
th
e
N
L
O

co
rr
ec
ti
on

s
to

th
e
gg

!
4`

pr
oc
es
s,
al
l t
he

re
qu

ir
ed

on
e-
lo
op

am
pl
it
ud

es
ar
e
ev
al
ua

te
d
w
it
h
O
p
e
n
L
o
o
p
s
3
[6
9,

70
].
A
t
tw

o-
lo
op

le
ve
l,
w
e
u
se

th
e
gg

!
V
V

0
h
el
ic
it
y
am

p
li
tu
d
es

of
R
ef
.
[3
7]
,
an

d
im

p
le
m
en
t
th
e
co
rr
es
p
on

d
in
g

fo
ur
-l
ep
to
n
fin

al
st
at
es
,
ac
co
un

ti
ng

fo
r
sp
in

co
rr
el
at
io
ns

an
d
o↵

-s
he
ll
e↵
ec
ts
.
T
he

N
L
O

ca
lc
ul
at
io
n

is
p
er
fo
rm

ed
by

u
si
n
g
th
e
C
at
an

i–
S
ey
m
ou

r
d
ip
ol
e-
su
b
tr
ac
ti
on

m
et
h
od

[7
1,

72
]
an

d
al
so

w
it
h
q T

su
b
tr
ac
ti
on

[5
3]
,
w
h
ic
h
p
ro
vi
d
es

an
ad

d
it
io
n
al

cr
os
s-
ch
ec
k
of

ou
r
re
su
lt
s.

1
W
e
n
ot
e
th
at

th
er
e
ar
e
al
so

qq̄
in
it
ia
te
d
co
n
tr
ib
u
ti
on

s
to

th
e
lo
op

-i
n
d
u
ce
d
p
ro
d
u
ct
io
n
m
ec
h
an

is
m

at
O
(↵

3 S
),

w
h
ic
h
ar
e
se
p
ar
at
el
y
fi
n
it
e.

W
e
fo
u
n
d
th
em

to
b
e
co
m
p
le
te
ly

n
eg
li
gi
b
le

an
d
ig
n
or
e
th
em

in
th
e
fo
ll
ow

in
g.

O
u
r

re
su
lt
s
in
cl
u
d
e
al
l
nu

m
er
ic
al
ly

re
le
va
nt

p
ar
to
n
ic

ch
an

n
el
s
of

th
e
N
L
O

co
rr
ec
ti
on

s
to

th
e
lo
op

-i
n
d
u
ce
d
gl
u
on

fu
si
on

co
nt
ri
b
u
ti
on

.
2
It

w
as

al
so

u
se
d
in

th
e
N
N
L
L
+
N
N
L
O

co
m
p
u
ta
ti
on

of
R
ef
.
[6
0]
,
an

d
in

th
e
N
N
L
O
P
S
co
m
p
u
ta
ti
on

of
R
ef
.
[6
1]
.

3
O
p
e
n
L
o
o
p
s
re
li
es

on
th
e
fa
st

an
d
st
ab

le
te
n
so
r
re
d
u
ct
io
n
of

C
o
l
l
ie
r
[6
5,

66
],
su
p
p
or
te
d
by

a
re
sc
u
e
sy
st
em

b
as
ed

on
qu

ad
-p
re
ci
si
on

C
u
t
T
o
o
l
s
[6
7]

w
it
h
O
n
e
L
O
o
p
[6
8]

to
d
ea
l
w
it
h
ex
ce
p
ti
on

al
p
h
as
e-
sp
ac
e
p
oi
nt
s.

3

LO
(pp→WZ)

NNLO local subtraction

σNNLO = ∫ΦB

dσB + ∫ΦB+1

dσR + ∫ΦB

dσV + ∫ΦB+2

dσRR + ∫ΦB+1

dσRV + ∫ΦB

dσVV



Marius Wiesemann    (MPP Munich) September 6, 2024QCD and Monte Carlo event generators (Lecture 1) 148
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2 unresolved 
(soft/colliner) emissions
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NNLO local subtraction

σNNLO = ∫ΦB
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to illustrate the 
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care what the 
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Antenna subtraction
Kosower; Gehrmann, Gehrmann-de Ridder, Glover

Stripper
Czakon

Sector-improved residue subtraction
Boughezal, Melnikov, Petriello

CoLorFul subtraction
Del Duca, Somogyi, Troscanyi

Local analytic sector subtraction
Bertolotti, Magnea, Maina, Pelliccioli, Ratti, Signorile-Signorile, Torrielli, Uccirati
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure2:ExampleofNNLOinterferencebetweenquarkannihilationandloop-inducedgluon
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Figure3:ExamplesofN
3LOcontributionsintheqgchannel.

includingalsotheqginitiatedcontributions.
1WenotethatatN

3LOweonlyincludediagrams

withclosedfermionloops(seeFigure3(a));allothercontributionsthatwouldenteracomplete

N
3LOcalculation(seeFigure3(b)forexample)cannotbeconsistentlyaccountedforatpresent.

OurapproximationincludesallcontributionsatO(↵
2
S)togetherwiththecompleteNLOcorrections

totheloop-inducedgluonfusionchannelatO(↵
3
S).Assuch,besidesprovidingthemaximum

perturbativeinformationavailableatpresentforthisprocess,ourcalculationcanbeusedtoobtain

aconsistentestimateofperturbativeuncertaintiesthroughthecustomaryprocedureofstudying

scalevariations.

OurcalculationiscarriedoutwithinthecomputationalframeworkM
atrix[52].M

atrixfeaturesa

fullygeneralimplementationoftheqT-subtractionformalism[53]andallowedustocomputeNNLO

QCDcorrectionstoalargenumberofcolour-singletprocessesathadroncolliders[38,43,45,46,54–

59].
2ThecoreoftheM

atrixframeworkistheMonteCarloprogram
M
unich,whichiscapable

ofcomputingbothNLOQCDandNLOEW
[62,63]correctionstoarbitrarySM

processes[64].

AsinpreviousM
atrixcalculations,inourcomputationoftheNLOcorrectionstothegg!

4`

process,alltherequiredone-loopamplitudesareevaluatedwithO
penLoops

3[69,70].Attwo-loop

level,weusethegg
!

VV
0helicityamplitudesofRef.[37],andimplementthecorresponding

four-leptonfinalstates,accountingforspincorrelationsando↵-shelle↵ects.TheNLOcalculation

isperformedbyusingtheCatani–Seymourdipole-subtractionmethod[71,72]andalsowithqT

subtraction[53],whichprovidesanadditionalcross-checkofourresults.

1Wenotethattherearealsoqq̄initiatedcontributionstotheloop-inducedproductionmechanismatO(↵
3
S),

whichareseparatelyfinite.Wefoundthem
tobecompletelynegligibleandignorethem

inthefollowing.Our

resultsincludeallnumericallyrelevantpartonicchannelsoftheNLOcorrectionstotheloop-inducedgluonfusion

contribution.

2ItwasalsousedintheNNLL+NNLOcomputationofRef.[60],andintheNNLOPScomputationofRef.[61].

3OpenLoopsreliesonthefastandstabletensorreductionofCollier[65,66],supportedbyarescuesystem

basedonquad-precision
CutTools[67]with

O
neLO

op[68]todealwithexceptionalphase-spacepoints.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.

3

g

q
q0

q

`0
+

`0
�

`�

`+

q

g

Fig
ure

2:
Exa

mp
le of N

NL
O inte

rfer
enc

e bet
wee

n qua
rk

ann
ihil

atio
n and

loo
p-in

duc
ed

glu
on

fusi
on

pro
duc

tion
mec

han
ism

s.

g

q
q0

q

`0
+

`0
�

`�

`+

q0
0 g

q

g

q
q0

q

`0
+

`0
�

`�

`+

q

g

(a)

(b)

Fig
ure

3: E
xam

ples
of N

3 LO
con

trib
utio

ns i
n the

qg
cha

nne
l.

incl
udi

ng
also

the
qg

init
iate

d con
trib

utio
ns.

1 We n
ote

tha
t at

N
3 LO

we
onl

y incl
ude

dia
gra

ms

wit
h clos

ed
ferm

ion
loop

s (s
ee F

igu
re 3

(a))
; al

l ot
her

con
trib

utio
ns t

hat
wou

ld ent
er a

com
plet

e

N
3 LO

calc
ula

tion
(see

Fig
ure

3 (b
) fo

r ex
am

ple)
can

not
be

con
sist

ent
ly acc

oun
ted

for
at p

rese
nt.

Our
app

rox
ima

tion
incl

ude
s al

l co
ntri

but
ions

at O
(↵

2
S
) to

geth
er w

ith
the

com
plet

e N
LO

corr
ecti

ons

to the
loo

p-in
duc

ed
glu

on
fusi

on
cha

nne
l at

O(↵
3
S
). As

suc
h, b

esid
es p

rov
idin

g the
ma

xim
um

per
turb

ativ
e in

form
atio

n ava
ilab

le a
t pr

esen
t fo

r th
is p

roc
ess,

our
calc

ulat
ion

can
be u

sed
to o

bta
in

a co
nsis

ten
t es

tim
ate

of p
ertu

rba
tive

unc
erta

inti
es t

hro
ugh

the
cus

tom
ary

pro
ced

ure
of s

tud
yin

g

sca
le v

aria
tion

s.

Our
calc

ulat
ion

is c
arri

ed o
ut w

ithi
n th

e co
mp

uta
tion

al fr
ame

wor
kM

at
ri
x [52]

. M
at

ri
x feat

ure
s a

full
y ge

ner
al im

plem
ent

atio
n of

the
qT-

sub
trac

tion
form

alis
m [53]

and
allo

wed
us t

o co
mp

ute
NN

LO

QC
D corr

ecti
ons

to a
larg

e nu
mb

er o
f co

lour
-sin

glet
pro

cess
es a

t ha
dro

n co
llid

ers
[38,

43,
45,

46,
54–

59].
2 The

cor
e of

the
M
at

ri
x
fram

ewo
rk is t

he
Mont

e C
arlo

pro
gra

m M
un

ic
h, w

hich
is c

apa
ble

of c
om

put
ing

bot
h NL

O QC
D and

NL
O EW

[62,
63]

cor
rect

ion
s to

arb
itra

ry SM
pro

cess
es [

64].

As
in pre

viou
s M

at
ri
x
calc

ula
tion

s, in
our

com
put

atio
n of t

he
NL

O cor
rect

ion
s to

the
gg !

4`

pro
cess

, all
the

req
uire

d on
e-lo

op a
mp

litu
des

are
eva

luat
ed w

ith
Ope

nL
oo

ps
3 [69,

70].
At

two
-loo

p

leve
l, w

e u
se t

he
gg

!
V V

0 heli
city

am
plit

ude
s of

Ref
. [3

7],
and

imp
lem

ent
the

cor
resp

ond
ing

fou
r-le

pto
n fina

l st
ates

, ac
cou

ntin
g fo

r sp
in corr

elat
ions

and
o↵-

she
ll e↵

ects
. T

he N
LO

calc
ulat

ion

is p
erfo

rme
d by

usin
g th

e C
ata

ni–
Sey

mo
ur d

ipo
le-s

ubt
rac

tion
met

hod
[71,

72]
and

also
wit

h qT

sub
trac

tion
[53]

, w
hich

pro
vid

es a
n add

itio
nal

cro
ss-c

hec
k of o

ur r
esu

lts.

1We n
ote

tha
t th

ere
are

also
qq̄

init
iate

d con
trib

utio
ns

to the
loo

p-in
duc

ed
pro

duc
tion

mech
ani

sm
at O

(↵
3
S
),

wh
ich

are
sep

ara
tely

fini
te.

We fo
und

the
m to be

com
ple

tely
neg

ligi
ble

and
ign

ore
the

m in the
foll

owi
ng.

Ou
r

resu
lts

incl
ude

all
num

eric
ally

rele
van

t pa
rton

ic c
han

nels
of t

he
NL

O cor
rect

ion
s to

the
loo

p-in
duc

ed
glu

on
fusi

on

con
trib

utio
n.

2 It w
as a

lso
use

d in the
NN

LL+
NN

LO
com

put
atio

n of R
ef.

[60]
, an

d in the
NN

LO
PS

com
put

atio
n of R

ef.
[61]

.

3Ope
nL

oo
ps

reli
es o

n the
fast

and
stab

le t
ens

or r
edu

ctio
n of C

ol
lie

r
[65,

66],
sup

por
ted

by
a resc

ue
sys

tem

bas
ed

on
qua

d-p
reci

sion
Cu

tT
oo

ls
[67]

wit
h One

LO
op

[68]
to dea

l w
ith

exc
ept

ion
al p

has
e-sp

ace
poi

nts
.

3

! d�RR

�X+jet

NLO
=

"Z

�RV

d�RV +

Z

�RV+1

�
d�RR� d�S

�
+

Z

�RV

✓
d�RV+

Z

1

d�S

◆#

qT
Q ⌘ r > rcut

rcut⌧1����!
⇥
A · log4(rcut) +B · log3(rcut) + C · log2(rcut) +D · log(rcut)

⇤
⌦ d�B

=

Z

r>rcut

h
d�(res)

i

f.o.
⌘ ⌃NNLO(rcut)⌦ d�B

! d�RVg

q

q
0

q

`0
+

`0
�
`�

`+

q

g

F
ig
u
re

2:
E
xa
m
p
le

of
N
N
L
O

in
te
rf
er
en
ce

b
et
w
ee
n
qu

ar
k
an

n
ih
il
at
io
n
an

d
lo
op

-i
n
d
u
ce
d
gl
u
on

fu
si
on

p
ro
d
u
ct
io
n
m
ec
h
an

is
m
s.

g

q

q
0

q

`0
+

`0
�
`�

`+
q
00

g

q

g

q

q
0

q

`0
+

`0
�
`�

`+

q

g

(a
)

(b
)

F
ig
u
re

3:
E
xa
m
p
le
s
of

N
3
L
O

co
nt
ri
b
u
ti
on

s
in

th
e
qg

ch
an

n
el
.

in
cl
u
d
in
g
al
so

th
e
qg

in
it
ia
te
d
co
nt
ri
b
u
ti
on

s.
1
W
e
n
ot
e
th
at

at
N

3
L
O

w
e
on

ly
in
cl
u
d
e
d
ia
gr
am

s

w
it
h
cl
os
ed

fe
rm

io
n
lo
op

s
(s
ee

F
ig
u
re

3
(a
))
;
al
l
ot
h
er

co
nt
ri
b
u
ti
on

s
th
at

w
ou

ld
en
te
r
a
co
m
p
le
te

N
3
L
O

ca
lc
u
la
ti
on

(s
ee

F
ig
u
re

3
(b
)
fo
r
ex
am

p
le
)
ca
n
n
ot

b
e
co
n
si
st
en
tl
y
ac
co
u
nt
ed

fo
r
at

p
re
se
nt
.

O
ur

ap
pr
ox
im

at
io
n
in
cl
ud

es
al
l
co
nt
ri
bu

ti
on

s
at

O
(↵

2 S
)
to
ge
th
er

w
it
h
th
e
co
m
pl
et
e
N
L
O

co
rr
ec
ti
on

s

to
th
e
lo
op

-i
n
d
u
ce
d
gl
u
on

fu
si
on

ch
an

n
el

at
O
(↵

3 S
).

A
s
su
ch
,
b
es
id
es

p
ro
vi
d
in
g
th
e
m
ax
im

u
m

p
er
tu
rb
at
iv
e
in
fo
rm

at
io
n
av
ai
la
bl
e
at

pr
es
en
t
fo
r
th
is
pr
oc
es
s,
ou

r
ca
lc
ul
at
io
n
ca
n
b
e
us
ed

to
ob

ta
in

a
co
n
si
st
en
t
es
ti
m
at
e
of

p
er
tu
rb
at
iv
e
u
n
ce
rt
ai
nt
ie
s
th
ro
u
gh

th
e
cu
st
om

ar
y
p
ro
ce
d
u
re

of
st
u
d
yi
n
g

sc
al
e
va
ri
at
io
n
s.

O
ur

ca
lc
ul
at
io
n
is
ca
rr
ie
d
ou

t
w
it
hi
n
th
e
co
m
pu

ta
ti
on

al
fr
am

ew
or
k
M
a
t
r
ix

[5
2]
.
M
a
t
r
ix

fe
at
ur
es

a

fu
lly

ge
ne
ra
l i
m
pl
em

en
ta
ti
on

of
th
e
q T
-s
ub

tr
ac
ti
on

fo
rm

al
is
m

[5
3]

an
d
al
lo
w
ed

us
to

co
m
pu

te
N
N
L
O

Q
C
D

co
rr
ec
ti
on

s
to

a
la
rg
e
nu

m
b
er

of
co
lo
ur
-s
in
gl
et

pr
oc
es
se
s
at

ha
dr
on

co
lli
de
rs

[3
8,

43
, 4

5,
46
, 5

4–

59
].
2
T
h
e
co
re

of
th
e
M
a
t
r
ix

fr
am

ew
or
k
is
th
e
M
on
te

C
ar
lo

p
ro
gr
am

M
u
n
ic
h
,
w
h
ic
h
is
ca
p
ab

le

of
co
m
p
u
ti
n
g
b
ot
h
N
L
O

Q
C
D

an
d
N
L
O

E
W

[6
2,

63
]
co
rr
ec
ti
on

s
to

ar
b
it
ra
ry

S
M

p
ro
ce
ss
es

[6
4]
.

A
s
in

p
re
vi
ou

s
M
a
t
r
ix

ca
lc
u
la
ti
on

s,
in

ou
r
co
m
p
u
ta
ti
on

of
th
e
N
L
O

co
rr
ec
ti
on

s
to

th
e
gg

!
4`

pr
oc
es
s,
al
l t
he

re
qu

ir
ed

on
e-
lo
op

am
pl
it
ud

es
ar
e
ev
al
ua

te
d
w
it
h
O
p
e
n
L
o
o
p
s
3
[6
9,

70
].
A
t
tw

o-
lo
op

le
ve
l,
w
e
u
se

th
e
gg

!
V
V

0
h
el
ic
it
y
am

p
li
tu
d
es

of
R
ef
.
[3
7]
,
an

d
im

p
le
m
en
t
th
e
co
rr
es
p
on

d
in
g

fo
ur
-l
ep
to
n
fin

al
st
at
es
,
ac
co
un

ti
ng

fo
r
sp
in

co
rr
el
at
io
ns

an
d
o↵

-s
he
ll
e↵
ec
ts
.
T
he

N
L
O

ca
lc
ul
at
io
n

is
p
er
fo
rm

ed
by

u
si
n
g
th
e
C
at
an

i–
S
ey
m
ou

r
d
ip
ol
e-
su
b
tr
ac
ti
on

m
et
h
od

[7
1,

72
]
an

d
al
so

w
it
h
q T

su
b
tr
ac
ti
on

[5
3]
,
w
h
ic
h
p
ro
vi
d
es

an
ad

d
it
io
n
al

cr
os
s-
ch
ec
k
of

ou
r
re
su
lt
s.

1
W
e
n
ot
e
th
at

th
er
e
ar
e
al
so

qq̄
in
it
ia
te
d
co
n
tr
ib
u
ti
on

s
to

th
e
lo
op

-i
n
d
u
ce
d
p
ro
d
u
ct
io
n
m
ec
h
an

is
m

at
O
(↵

3 S
),

w
h
ic
h
ar
e
se
p
ar
at
el
y
fi
n
it
e.

W
e
fo
u
n
d
th
em

to
b
e
co
m
p
le
te
ly

n
eg
li
gi
b
le

an
d
ig
n
or
e
th
em

in
th
e
fo
ll
ow

in
g.

O
u
r

re
su
lt
s
in
cl
u
d
e
al
l
nu

m
er
ic
al
ly

re
le
va
nt

p
ar
to
n
ic

ch
an

n
el
s
of

th
e
N
L
O

co
rr
ec
ti
on

s
to

th
e
lo
op

-i
n
d
u
ce
d
gl
u
on

fu
si
on

co
nt
ri
b
u
ti
on

.
2
It

w
as

al
so

u
se
d
in

th
e
N
N
L
L
+
N
N
L
O

co
m
p
u
ta
ti
on

of
R
ef
.
[6
0]
,
an

d
in

th
e
N
N
L
O
P
S
co
m
p
u
ta
ti
on

of
R
ef
.
[6
1]
.

3
O
p
e
n
L
o
o
p
s
re
li
es

on
th
e
fa
st

an
d
st
ab

le
te
n
so
r
re
d
u
ct
io
n
of

C
o
l
l
ie
r
[6
5,

66
],
su
p
p
or
te
d
by

a
re
sc
u
e
sy
st
em

b
as
ed

on
qu

ad
-p
re
ci
si
on

C
u
t
T
o
o
l
s
[6
7]

w
it
h
O
n
e
L
O
o
p
[6
8]

to
d
ea
l
w
it
h
ex
ce
p
ti
on

al
p
h
as
e-
sp
ac
e
p
oi
nt
s.

3

NNLO through X+jet at NLO + Slicing

qT subtraction

p

p

g

q
Z/�

`
�

`
+

recoil

p
Z
T 6= 0

q T
su
bt
ra
ct
io
n

p

p

g

q

Z
/
�

`
� `

+

re
c
o
il

p
Z T
6=
0

qT subtraction

p

p

g

q
Z/�

`
�

`
+

recoil

p
Z
T 6= 0

qT subtraction

p

p

g

q
Z/�

`
�

`
+

recoil

p
Z
T 6= 0

qT subtraction

p

p

g

q
Z/�

`
�

`
+

recoil

p
Z
T 6= 0

qT subtraction

p

p

g

q
Z/�

`
�

`
+

recoil

p
Z
T 6= 0

⌫`

W Z

qT subtraction

p

p

g

q
Z/�

`
�

`
+

recoil

p
Z
T 6= 0

qWZ
T 6= 0



Marius Wiesemann    (MPP Munich) September 6, 2024QCD and Monte Carlo event generators (Lecture 1) 158

! d�R

g

q
q0

q

`0
+

`0
�

`�

`+

q

g

Fig
ure

2:
Exa

mp
le of N

NL
O inte

rfer
enc

e bet
wee

n qua
rk

ann
ihil

atio
n and

loo
p-in

duc
ed

glu
on

fusi
on

pro
duc

tion
mec

han
ism

s.

g

q
q0

q

`0
+

`0
�

`�

`+

q0
0 g

q

g

q
q0

q

`0
+

`0
�

`�

`+

q

g

(a)

(b)

Fig
ure

3: E
xam

ples
of N

3 LO
con

trib
utio

ns i
n the

qg
cha

nne
l.

incl
udi

ng
also

the
qg

init
iate

d con
trib

utio
ns.

1 We n
ote

tha
t at

N
3 LO

we
onl

y incl
ude

dia
gra

ms

wit
h clos

ed
ferm

ion
loop

s (s
ee F

igu
re 3

(a))
; al

l ot
her

con
trib

utio
ns t

hat
wou

ld ent
er a

com
plet

e

N
3 LO

calc
ula

tion
(see

Fig
ure

3 (b
) fo

r ex
am

ple)
can

not
be

con
sist

ent
ly acc

oun
ted

for
at p

rese
nt.

Our
app

rox
ima

tion
incl

ude
s al

l co
ntri

but
ions

at O
(↵

2
S
) to

geth
er w

ith
the

com
plet

e N
LO

corr
ecti

ons

to the
loo

p-in
duc

ed
glu

on
fusi

on
cha

nne
l at

O(↵
3
S
). As

suc
h, b

esid
es p

rov
idin

g the
ma

xim
um

per
turb

ativ
e in

form
atio

n ava
ilab

le a
t pr

esen
t fo

r th
is p

roc
ess,

our
calc

ulat
ion

can
be u

sed
to o

bta
in

a co
nsis

ten
t es

tim
ate

of p
ertu

rba
tive

unc
erta

inti
es t

hro
ugh

the
cus

tom
ary

pro
ced

ure
of s

tud
yin

g

sca
le v

aria
tion

s.

Our
calc

ulat
ion

is c
arri

ed o
ut w

ithi
n th

e co
mp

uta
tion

al fr
ame

wor
kM

at
ri
x [52]

. M
at

ri
x feat

ure
s a

full
y ge

ner
al im

plem
ent

atio
n of

the
qT-

sub
trac

tion
form

alis
m [53]

and
allo

wed
us t

o co
mp

ute
NN

LO

QC
D corr

ecti
ons

to a
larg

e nu
mb

er o
f co

lour
-sin

glet
pro

cess
es a

t ha
dro

n co
llid

ers
[38,

43,
45,

46,
54–

59].
2 The

cor
e of

the
M
at

ri
x
fram

ewo
rk is t

he
Mont

e C
arlo

pro
gra

m M
un

ic
h, w

hich
is c

apa
ble

of c
om

put
ing

bot
h NL

O QC
D and

NL
O EW

[62,
63]

cor
rect

ion
s to

arb
itra

ry SM
pro

cess
es [

64].

As
in pre

viou
s M

at
ri
x
calc

ula
tion

s, in
our

com
put

atio
n of t

he
NL

O cor
rect

ion
s to

the
gg !

4`

pro
cess

, all
the

req
uire

d on
e-lo

op a
mp

litu
des

are
eva

luat
ed w

ith
Ope

nL
oo

ps
3 [69,

70].
At

two
-loo

p

leve
l, w

e u
se t

he
gg

!
V V

0 heli
city

am
plit

ude
s of

Ref
. [3

7],
and

imp
lem

ent
the

cor
resp

ond
ing

fou
r-le

pto
n fina

l st
ates

, ac
cou

ntin
g fo

r sp
in corr

elat
ions

and
o↵-

she
ll e↵

ects
. T

he N
LO

calc
ulat

ion

is p
erfo

rme
d by

usin
g th

e C
ata

ni–
Sey

mo
ur d

ipo
le-s

ubt
rac

tion
met

hod
[71,

72]
and

also
wit

h qT

sub
trac

tion
[53]

, w
hich

pro
vid

es a
n add

itio
nal

cro
ss-c

hec
k of o

ur r
esu

lts.

1We n
ote

tha
t th

ere
are

also
qq̄

init
iate

d con
trib

utio
ns

to the
loo

p-in
duc

ed
pro

duc
tion

mech
ani

sm
at O

(↵
3
S
),

wh
ich

are
sep

ara
tely

fini
te.

We fo
und

the
m to be

com
ple

tely
neg

ligi
ble

and
ign

ore
the

m in the
foll

owi
ng.

Ou
r

resu
lts

incl
ude

all
num

eric
ally

rele
van

t pa
rton

ic c
han

nels
of t

he
NL

O cor
rect

ion
s to

the
loo

p-in
duc

ed
glu

on
fusi

on

con
trib

utio
n.

2 It w
as a

lso
use

d in the
NN

LL+
NN

LO
com

put
atio

n of R
ef.

[60]
, an

d in the
NN

LO
PS

com
put

atio
n of R

ef.
[61]

.

3Ope
nL

oo
ps

reli
es o

n the
fast

and
stab

le t
ens

or r
edu

ctio
n of C

ol
lie

r
[65,

66],
sup

por
ted

by
a resc

ue
sys

tem

bas
ed

on
qua

d-p
reci

sion
Cu

tT
oo

ls
[67]

wit
h One

LO
op

[68]
to dea

l w
ith

exc
ept

ion
al p

has
e-sp

ace
poi

nts
.

3

u

d̄

l0+

⌫l0

l�

l+

W+
d

Z/�

u

d̄

l0+

⌫l0

l�

l+

W+

Z/�

W+

u

d̄

l0+

⌫l0

l�

l+Z/�
⌫l0

W+

(a) (b) (c)

Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure2:ExampleofNNLOinterferencebetweenquarkannihilationandloop-inducedgluon
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Figure3:ExamplesofN
3LOcontributionsintheqgchannel.

includingalsotheqginitiatedcontributions.
1WenotethatatN

3LOweonlyincludediagrams

withclosedfermionloops(seeFigure3(a));allothercontributionsthatwouldenteracomplete

N
3LOcalculation(seeFigure3(b)forexample)cannotbeconsistentlyaccountedforatpresent.

OurapproximationincludesallcontributionsatO(↵
2
S)togetherwiththecompleteNLOcorrections

totheloop-inducedgluonfusionchannelatO(↵
3
S).Assuch,besidesprovidingthemaximum

perturbativeinformationavailableatpresentforthisprocess,ourcalculationcanbeusedtoobtain

aconsistentestimateofperturbativeuncertaintiesthroughthecustomaryprocedureofstudying

scalevariations.

OurcalculationiscarriedoutwithinthecomputationalframeworkM
atrix[52].M

atrixfeaturesa

fullygeneralimplementationoftheqT-subtractionformalism[53]andallowedustocomputeNNLO

QCDcorrectionstoalargenumberofcolour-singletprocessesathadroncolliders[38,43,45,46,54–

59].
2ThecoreoftheM

atrixframeworkistheMonteCarloprogram
M
unich,whichiscapable

ofcomputingbothNLOQCDandNLOEW
[62,63]correctionstoarbitrarySM

processes[64].

AsinpreviousM
atrixcalculations,inourcomputationoftheNLOcorrectionstothegg!

4`

process,alltherequiredone-loopamplitudesareevaluatedwithO
penLoops

3[69,70].Attwo-loop

level,weusethegg
!

VV
0helicityamplitudesofRef.[37],andimplementthecorresponding

four-leptonfinalstates,accountingforspincorrelationsando↵-shelle↵ects.TheNLOcalculation

isperformedbyusingtheCatani–Seymourdipole-subtractionmethod[71,72]andalsowithqT

subtraction[53],whichprovidesanadditionalcross-checkofourresults.

1Wenotethattherearealsoqq̄initiatedcontributionstotheloop-inducedproductionmechanismatO(↵
3
S),

whichareseparatelyfinite.Wefoundthem
tobecompletelynegligibleandignorethem

inthefollowing.Our

resultsincludeallnumericallyrelevantpartonicchannelsoftheNLOcorrectionstotheloop-inducedgluonfusion

contribution.

2ItwasalsousedintheNNLL+NNLOcomputationofRef.[60],andintheNNLOPScomputationofRef.[61].

3OpenLoopsreliesonthefastandstabletensorreductionofCollier[65,66],supportedbyarescuesystem

basedonquad-precision
CutTools[67]with

O
neLO

op[68]todealwithexceptionalphase-spacepoints.
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qT subtraction
[Catani, Grazzini '07]
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2

S
):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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Figure 1: Sample of Born diagrams contributing to W+Z production both in the di↵erent-flavour
channel (` 6= `0) and in the same-flavour channel (` = `0). The analogous diagrams for W�Z
production are achieved by charge conjugation.

including all resonant and non-resonant Feynman diagrams that contribute to the production of
three charged leptons—one opposite-sign, same-flavour (OSSF) lepton pair, and another charged
lepton of either the same (`0 = `) or a di↵erent (`0 6= `) flavour, later referred to as same-flavour (SF)
and di↵erent-flavour (DF) channel—and one corresponding neutrino.

Our calculation is performed in the complex-mass scheme [21], and besides resonances, it
includes also contributions from o↵-shell EW bosons and all relevant interferences; no resonance
approximation is applied. Our implementation can deal with any combination of leptonic flavours,
`, `0 2 {e, µ, ⌧}. For the sake of brevity, we will often denote this process as W±Z production
though.

The ```⌫ final states are generated, as shown in Figure 1 for the ud̄ ! `0+⌫`0`�`+ process at LO,

(a) via resonant t-channel W±Z production with subsequent W± ! `0±⌫`0 and Z ! `�`+ decays,
where the intermediate Z boson can be replaced by an o↵-shell photon �⇤;

(b) via s-channel production in W± ! W±Z/W±�⇤ topologies through a triple-gauge-boson
vertex WWZ or WW� with subsequent W± ! `0±⌫`0 and Z/�⇤ ! `�`+ decays;

(c) via W±(⇤) production with a subsequent decay W±(⇤) ! `0±⌫`0Z(⇤)/�⇤ ! `0±⌫`0`�`+.

In the SF channel, each diagram is duplicated according to the two possible assignments of the
two identical charged leptons to the respective decays, but the generic resonance structure is not
modified as compared to the DF channel. Note that in both SF and DF channels the appearance
of infrared (IR) divergent �⇤ ! `�`+ splittings prevents a fully inclusive phase-space integration
for massless leptons. In the DF channel, the usual experimental requirement of a mass window
around the Z-boson mass for the OSSF lepton pair is already su�cient to avoid such divergences
and render the cross section finite, while in the SF channel a lepton separation must be applied on
both possible combinations of OSSF lepton pairs.

The NNLO computation requires the following scattering amplitudes at O(↵2
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):

• tree amplitudes for qq̄0 ! `0±⌫`0`�`+ gg, qq̄0 ! `0±⌫`0`�`+ q00q̄00, and crossing-related processes;

• one-loop amplitudes for qq̄0 ! `0±⌫`0`�`+ g, and crossing-related processes;

• squared one-loop and two-loop amplitudes for qq̄0 ! `0±⌫`0`�`+.
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includingalsotheqginitiatedcontributions.
1WenotethatatN

3LOweonlyincludediagrams

withclosedfermionloops(seeFigure3(a));allothercontributionsthatwouldenteracomplete

N
3LOcalculation(seeFigure3(b)forexample)cannotbeconsistentlyaccountedforatpresent.

OurapproximationincludesallcontributionsatO(↵
2
S)togetherwiththecompleteNLOcorrections

totheloop-inducedgluonfusionchannelatO(↵
3
S).Assuch,besidesprovidingthemaximum

perturbativeinformationavailableatpresentforthisprocess,ourcalculationcanbeusedtoobtain

aconsistentestimateofperturbativeuncertaintiesthroughthecustomaryprocedureofstudying

scalevariations.

OurcalculationiscarriedoutwithinthecomputationalframeworkM
atrix[52].M

atrixfeaturesa

fullygeneralimplementationoftheqT-subtractionformalism[53]andallowedustocomputeNNLO

QCDcorrectionstoalargenumberofcolour-singletprocessesathadroncolliders[38,43,45,46,54–

59].
2ThecoreoftheM

atrixframeworkistheMonteCarloprogram
M
unich,whichiscapable

ofcomputingbothNLOQCDandNLOEW
[62,63]correctionstoarbitrarySM

processes[64].

AsinpreviousM
atrixcalculations,inourcomputationoftheNLOcorrectionstothegg!

4`

process,alltherequiredone-loopamplitudesareevaluatedwithO
penLoops

3[69,70].Attwo-loop

level,weusethegg
!

VV
0helicityamplitudesofRef.[37],andimplementthecorresponding

four-leptonfinalstates,accountingforspincorrelationsando↵-shelle↵ects.TheNLOcalculation

isperformedbyusingtheCatani–Seymourdipole-subtractionmethod[71,72]andalsowithqT

subtraction[53],whichprovidesanadditionalcross-checkofourresults.

1Wenotethattherearealsoqq̄initiatedcontributionstotheloop-inducedproductionmechanismatO(↵
3
S),

whichareseparatelyfinite.Wefoundthem
tobecompletelynegligibleandignorethem

inthefollowing.Our

resultsincludeallnumericallyrelevantpartonicchannelsoftheNLOcorrectionstotheloop-inducedgluonfusion

contribution.

2ItwasalsousedintheNNLL+NNLOcomputationofRef.[60],andintheNNLOPScomputationofRef.[61].

3OpenLoopsreliesonthefastandstabletensorreductionofCollier[65,66],supportedbyarescuesystem

basedonquad-precision
CutTools[67]with

O
neLO

op[68]todealwithexceptionalphase-spacepoints.
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qT subtraction
[Catani, Grazzini '07]
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rcut→0 extrapolation in MATRIX

σqT

NNLO(r)
σexact(ZWPROD)
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σextrapolated
NNLO (rcut ≥ 0.15)

σ/σNNLO − 1[%] pp → Z @ 13 TeV
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automatically computed in every single MATRIX NNLO run

[Grazzini,  Kallweit,  MW '17]

d�X

NNLO
=


d�X+jet

NLO

���
r > rcut

� ⌃NNLO(rcut)⌦ d�B

�
+HNNLO ⌦ d�B
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rcut→0 extrapolation in MATRIX
[Grazzini,  Kallweit,  MW '17]
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σqT

NNLO(r)
σexact(ZWPROD)
NNLO

σextrapolated
NNLO (rcut ≥ 0.15)

σ/σNNLO − 1[%] pp → Z @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.30

+0.20

+0.10

0

−0.10

−0.20

−0.30

σextrapolated
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rcut→0 extrapolation in MATRIX
[Grazzini,  Kallweit,  MW '17]
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rcut→0 extrapolation in MATRIX
[Grazzini,  Kallweit,  MW '17]
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rcut→0 extrapolation in MATRIX
[Grazzini,  Kallweit,  MW '17]

�
qT

NNLO(r)
�
exact(SusHi)
NNLO

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! H @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.30

+0.20

+0.10

0

�0.10

�0.20

�0.30
�
qT

NNLO(r)
�
exact(SusHi)
NNLO

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! H @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.30

+0.20

+0.10

0

�0.10

�0.20

�0.30
�
qT

NNLO(r)
�
exact(ZWPROD)
NNLO

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! Z @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.30

+0.20

+0.10

0

�0.10

�0.20

�0.30
�
qT

NNLO(r)
�
exact(ZWPROD)
NNLO

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! Z @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.30

+0.20

+0.10

0

�0.10

�0.20

�0.30

�
qT

NNLO(r)
�
exact(NNLOjet)
NNLO

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! e
+
⌫e @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.20

+0.10

0

�0.10

�0.20

�0.30

�0.40
�
qT

NNLO(r)
�
exact(NNLOjet)
NNLO

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! e
+
⌫e @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.20

+0.10

0

�0.10

�0.20

�0.30

�0.40
�
qT

NNLO(r)

�/�NNLO � 1[%] pp ! e
�
e
+ @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.50

0

�0.50

�1.00

�1.50
�
qT

NNLO(r)

�/�NNLO � 1[%] pp ! e
�
e
+ @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.50

0

�0.50

�1.00

�1.50

�
exact(NNLOjet)
NNLO

�
extrapolated
NNLO (rcut � 0.05)

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! e
�
e
+ @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.50

0

�0.50

�1.00

�1.50

�
exact(NNLOjet)
NNLO

�
extrapolated
NNLO (rcut � 0.05)

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! e
�
e
+ @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.50

0

�0.50

�1.00

�1.50

�
qT
NNLO(r)

�
extrapolated
NNLO (rcut � 0.05)

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! �� @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+5.00

+4.00

+3.00

+2.00

+1.00

0

�1.00

�
qT
NNLO(r)

�
extrapolated
NNLO (rcut � 0.05)

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! �� @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+5.00

+4.00

+3.00

+2.00

+1.00

0

�1.00

�
qT
NNLO(r)

�
extrapolated
NNLO (rcut � 0.05)

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! ⌫e⌫̄e� @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+4.00

+3.00

+2.00

+1.00

0

�1.00

�
qT
NNLO(r)

�
extrapolated
NNLO (rcut � 0.05)

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! ⌫e⌫̄e� @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+4.00

+3.00

+2.00

+1.00

0

�1.00

�
qT
NNLO(r)

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! W
+
W

� @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.40

+0.30

+0.20

+0.10

0

�0.10

�0.20

�0.30

�0.40
�
qT
NNLO(r)

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! W
+
W

� @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.40

+0.30

+0.20

+0.10

0

�0.10

�0.20

�0.30

�0.40
�
qT
NNLO(r)

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! e
�
e
+
⌫µ⌫̄µ @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.30

+0.20

+0.10

0

�0.10

�0.20

�0.30
�
qT
NNLO(r)

�
extrapolated
NNLO (rcut � 0.15)

�/�NNLO � 1[%] pp ! e
�
e
+
⌫µ⌫̄µ @ 13 TeV

rcut[%]
1.00.90.80.70.60.50.40.30.20.10

+0.30

+0.20

+0.10

0

�0.10

�0.20

�0.30

Figure 2: Dependence of the NNLO cross sections on the qT -subtraction cut, rcut, for various
processes. The normalization is the result extrapolated to rcut = 0 by taking into account the
rcut dependence above rcut � 0.15 (default value). The blue bands is the combined numerical
and extrapolation uncertainty estimated by Matrix in every run.
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Explosion of NNLO results

...slide borrowed from Gavin Salam

���� ���� ���� ���� ���� ���� ���� ����

��� ������ � ������ ���������� �������

� ������ ����������� ��������

� ������ ���������� ������ ��� �������

�� ������ ������ �������� ���������

� ������ ����������� ��������� ���������

� ������ ����������� ��������� ���������

� ������ ��������� ���������

��� ������ ��������� ���������

� ������ ������� ��������

��� ������ ������ �� ���

��� ������ �������� �������� ����� ����

�� ������ �������� ��������� ����������

���� ������ �� ���

�� ���������� ��������� �� ���

����� ������ ������� �������� �����

���� ��������� ��������� �������� �����

�� ���������� ������� ����������� ������� ������� �����

��� �������� �� �� ���
�� ������ �������� ��������� ����������
�� � �������� �� ���

����� ������ ������� �������� �����
���� ���� ��������� ��������� �������

��� ���������� ������ ���� ���������
��� ��������� �� ���

��� ��������� �� ���
��� ������ �������� �� ���

��� ��������� ��������� �������
��� ����������� ������ �� ���

��� ������ ��������� �������
��� ��������� �� ���

�� ������ �� ������ ��������� ������ ��������
���� ��������� ������ ��� ��������
��� ��������� ��������� �������� ���������
�� � �������� �� ���
���� ����������� ������ �� ���
���� �� ����� ��������� �� ���
������ ���� ������� ���� �������� ���
��� �� ������� �� ���
���� ���� �� ���
���� ����������� ������ �� ���
��� ������� ������� �����
��� ��������� ������ ��������
��� ��������� ������ ��������

������ ���� ������� ���� ���
��� ��� ��� ����

��� ������� �� ���



Marius Wiesemann    (MPP Munich) September 6, 2024QCD and Monte Carlo event generators (Lecture 1) 169

TIMELINE FOR NNLO

[based on slide by M. Grazzini; QCD@LHC 2019]

Z+b-jet
VH

nested soft-coll.

γγγ2jets
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WH( )mb ≠ 0

2020 2021
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+jetγγ
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γγγ Z@!(αsα)

b̄b̄

8

➤ Remarkable progress in the development of methods to perform NNLO computations! 

[based on slide by M. Grazzini at QCD@LHC 2019 and an update by Alexander Huss LH@2021]
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➤ Remarkable progress in the development of methods to perform NNLO computations! 
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➤ Remarkable progress in the development of methods to perform NNLO computations! 
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EXAMPLE SERIES #1

6

�(e+e� ! hadrons)

�(e+e� ! µ+µ�)
=

= R0

�
1 + 0.32↵s + 0.14↵2

s � 0.47↵3
s � 0.59316↵4

s + · · ·
�

[↵s ⌘ ↵s(
p
se+e�)]

Baikov et al., 1206.1288  
(numbers for γ-exchange only) 

This is one of  the few quantities calculated to N4LO 

Good convergence of  the series at every order  
(at least for αs(MZ) = 0.118)

170

Example #1:  R-ratio

...slide borrowed from Gavin Salam
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EXAMPLE SERIES #2

7

�(pp ! H) = (961 pb)⇥⇥(↵2
s + 10.4↵3

s + 38↵4
s + 48↵5

s + · · · )

↵s ⌘ ↵s(MH/2)
p
spp = 13TeV

Anastasiou et al., 1602.00695 (ggF, hEFT)

pp→H (via gluon fusion) is one of  only two  
hadron-collider processes known at N3LO  

(the other is pp→H via weak-boson fusion) 

The series does not converge well  
(explanations for why are only moderately convincing)

171

Example #2:  Higgs production

...slide borrowed from Gavin Salam
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Example #2:  Higgs production
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Convention: “theory uncertainty” (i.e. from missing higher 
orders) is estimated by change of  cross section when 

varying μ in range 1/2 → 2 around central value 14
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Scale dependence as the “THEORY UNCERTAINTY”

Here, only the renorm. scale 
μ has been varied. In real life 
you need to change renorm. 
and factorisation scales.

Higgs cross section (EFT)

prediction

measurement
[ATLAS-CONF-2020-027]
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Example #2:  Higgs production
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Convention: “theory uncertainty” (i.e. from missing higher 
orders) is estimated by change of  cross section when 

varying μ in range 1/2 → 2 around central value 14
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Here, only the renorm. scale 
μ has been varied. In real life 
you need to change renorm. 
and factorisation scales.

Higgs cross section (EFT)

prediction

measurement
[ATLAS-CONF-2020-027]
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Example #2:  Higgs production
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Convention: “theory uncertainty” (i.e. from missing higher 
orders) is estimated by change of  cross section when 

varying μ in range 1/2 → 2 around central value 14
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Here, only the renorm. scale 
μ has been varied. In real life 
you need to change renorm. 
and factorisation scales.

Higgs cross section (EFT)
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Example #2:  Higgs production
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Convention: “theory uncertainty” (i.e. from missing higher 
orders) is estimated by change of  cross section when 

varying μ in range 1/2 → 2 around central value 14
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Scale dependence as the “THEORY UNCERTAINTY”

Here, only the renorm. scale 
μ has been varied. In real life 
you need to change renorm. 
and factorisation scales.

Higgs cross section (EFT)
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Example #2:  Higgs production
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Convention: “theory uncertainty” (i.e. from missing higher 
orders) is estimated by change of  cross section when 

varying μ in range 1/2 → 2 around central value 14
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Scale dependence as the “THEORY UNCERTAINTY”

Here, only the renorm. scale 
μ has been varied. In real life 
you need to change renorm. 
and factorisation scales.

Higgs cross section (EFT)

[Anastasiou et al. '15], 
[Mistlberger '18]

➙ see Bernhards's lecture
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...slide borrowed from Gavin Salam

Convention: “theory uncertainty” (i.e. from missing higher 
orders) is estimated by change of  cross section when 

varying μ in range 1/2 → 2 around central value 13
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Conventional scale  
variation range

“theory” (scale)  
uncertainty

Scale dependence as the “THEORY UNCERTAINTY”

Here, only the renorm. scale 
μ has been varied. In real life 
you need to change renorm. 
and factorisation scales.
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Precision at NNLO

...slide borrowed from Gavin Salam

WHAT PRECISION AT NNLO?
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For many processes NNLO scale band is ~±2%  
But only in 3/17 cases is NNLO (central) within NLO scale band…



Marius Wiesemann    (MPP Munich) September 6, 2024QCD and Monte Carlo event generators (Lecture 1) 179

 NNLO frontier 2 ➙ 3 processes
- massless/one mass (full 2-loop): - massive (with approximated 2-loop):

• pp→3-jet [Czakon, Mitov, Poncelet '21]

[Chawdhry, Czakon, Mitov, Poncelet '21]

[Chawdhry, Czakon, Mitov, Poncelet '19], 
[Kallweit, Sotnikov, MW '20]

• pp→γγγ

• pp→γγ+jet

• pp→ttH (soft approx.)

• pp→bbW (small mb)

• pp→ttW (both)

[Buonocore, Devoto, Grazzini et al. '23]

[Catani, Devoto, Grazzini et al. '22]

[Buonocore, Devoto, Kallweit et al. '22]

[Hartano, Poncelet, Popescu, Zoia '22]

• pp→γ+2-jet [Badger, Czakon, Hartano et al. '23]

• pp→bbW (mb=0)
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Example #3
- massless/one mass (full 2-loop): - massive (with approximated 2-loop):

• pp→3-jet [Czakon, Mitov, Poncelet '21]

[Chawdhry, Czakon, Mitov, Poncelet '21]

[Chawdhry, Czakon, Mitov, Poncelet '19], 
[Kallweit, Sotnikov, MW '20]

• pp→γγγ

• pp→γγ+jet

• pp→ttH (soft approx.)

• pp→bbW (small mb)

• pp→ttW (both)

[Buonocore, Devoto, Grazzini et al. '23]

[Catani, Devoto, Grazzini et al. '22]

[Buonocore, Devoto, Kallweit et al. '22]
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Figure 1: Feynman diagrams for the production of three isolated photons: (a) LO diagram in the
quark-annihilation channel; (b) vanishing loop-induced diagram in the gluon-fusion channel; (c)
first non-vanishing loop-induced contribution.

For our calculation we employ the Matrix framework [28, 29]. All tree-level and one-loop
amplitudes are evaluated with OpenLoops 2 [33–35]. At two-loop level we have performed a
novel implementation based analytic expressions in Ref. [? ] that is highly e�cient and evaluates
within few seconds for each phase-space point, as discussed in more detail below. NNLO accuracy
is achieved by a fully general implementation of the qT -subtraction formalism [30] within Matrix.
The NLO parts therein (for ��� and ���+1-jet) are calculated by Munich2 [38], which uses the
Catani–Seymour dipole subtraction method [39, 40]. The Matrix framework features NNLO
QCD corrections to a large number of colour-singlet processes at hadron colliders. It has already
been used to obtain several state-of-the-art NNLO QCD predictions [41–49]3, and for massive
diboson processes it has been extended to combine NNLO QCD with NLO EW corrections [55] and
with NLO QCD corrections to the loop-induced gg-initiated process [56, 57]. Through the recently
implemented interface [58, 59] to the code RadISH [60, 61] this framework now also includes
the resummation of transverse observables such as the transverse momentum of the produced
colour-singlet final state.

The qT -subtraction formalism is employed for the very first time for a colour-singlet process of the
given complexity. Not only is triphoton production a 2 ! 3 process, it also involves the isolation
of all of the three photons. Already processes with a single isolated photon, such as Z� production,
feature rather large power corrections in the transverse momentum of the colour-singlet system,
as shown in Ref. [28]. Due to the interplay between the smooth-cone isolation criteria and the
slicing cuto↵ (introduced as rcut in Ref. [28]) of the qT -subtraction approach, the production of
three isolated photons could be subject to relatively large systematic uncertainties at NNLO.
Fortunately, the rcut slicing parameter is fully monitored and controlled through Matrix, including
a fully automated cuto↵ extrapolation rcut ! 0 performed with every run. Figure ?? shows the
dependence of the cross section as a function of rcut and its extraopolation to rcut=0 with an
estimate of the respective uncertainties. We find that qT subtraction is fully capable of dealing
with 2 ! 3 colour-singlet processes, even when three isolated photons are involved, and that we
can control the systematic uncertainties induced by rcut at the few permille level, which fully
su�ces for any phenomenological application. {MW: Stefan can you produce that plot? }

Before presenting phenomenological results, we would like to comment in more detail on our

2
The Monte Carlo program Munich features a general implementation of an e�cient, multi-channel based

phase-space integration and computes both NLO QCD and NLO EW [36, 37] corrections to arbitrary SM processes.
3
It was also used in the NNLO+NNLL computation of Ref. [50], and in the NNLOPS computations of

Refs. [51–54].

3

fiducial setup for pp ! ��� + X; used in the ATLAS 8 TeV analysis of Ref. [17]

pT,�1 � 27 GeV, pT,�2 � 22 GeV, pT,�3 � 15 GeV, 0  |⌘�|  1.37 & 1.56  |⌘�|  2.37 ,

�R�� � 0.45, m��� � 50 GeV, Frixione isolation with n = 1, �0 = 0.4, and E
ref

T = 10 GeV .

Table 1: Definition of phase-space cuts.
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Figure 4: Fiducial cross sections for pp ! ��� + X as a function of the centre-of-mass energy
at LO (black dotted), at NLO (red dashed), and at NNLO (blue, solid) The green data point at
8 TeV corresponds to the cross section measured by ATLAS in Ref. [17].

corrections. Thus, the renormalization and factorization scale are varied around µ0 by a factor
of two with the constraint 0.5  µR/µF  2, and the band between the minimum and maximum
value of the cross section estimates the uncertainty.

We study integrated cross sections and distributions in the fiducial region. The cuts are summarized
in Table 1 and correspond to the fiducial phase-space definition of the ATLAS 8TeV analysis
[17]. Those involve di↵erent transverse-momentum thresholds on the three photons as well as
a requirement on their pseudorapidity. Furthermore, we impose a separation of each pair of
photons in �R =

p
��2 + �⌘2 and a lower bound on the invariant mass of the three-photon

system. Finally, the photons are required to be isolated, which is achieved by means of Frixione’s
smooth-cone isolation with a fixed value (instead of one relative to the transverse momentum of
the respective photon) of the threshold E

ref

T in the smooth-cone condition as given in Eq. (3) of
Ref. [28].

We start by discussing fiducial rates in proton–proton collisions as a function of the machine energy
shown in Figure 2. The corresponding numbers and K-factors are quoted in Table 2 at the LHC
energies 7TeV, 8TeV, 13TeV and 14TeV, and at two potential future colliders, the HE-LHC at

6
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Figure 5: Invariant-mass distribution of the three-photon system (top left plot) and of each
diphoton pair compared to 8 TeV ATLAS data [17]. The color coding corresponds to Figure 2.

stay within the quoted uncertainties. Indeed, other processes with similarly large NLO and NNLO
corrections, such as single Higgs production, receive a rather small contribution at N3LO, well
within the uncertainties estimated from NNLO scale variations.{MW: new paragraph? } A more
conservative uncertainty estimate that is realiable also at LO and NLO can be obtain by following
the approach suggested in Ref. [66]. {MW: should we do this or beyond the scope of this paper?
} We have used this approach to obtain the uncertainty bands shown in Figure ??, where the
NLO cross section is will within the LO uncertainties and the NNLO cross section well within the
NLO uncertainties. Compared to the scale variations used in Figure 2 the NNLO band increases
roughly by a factor of XX 2? . Nevertheless, this approach is not very practical for di↵erential
distributions, for which we will show only the nominal scale uncertainties in the following.

We continue our discussion by comparing di↵erential distributions at LO, NLO and NNLO to

8

✦  two-loop five-point function
 [Abreu, Page, Pascual, Sotnikov '20]

First 2→3 process at NNLO QCD
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- massless/one mass (full 2-loop):

• pp→3-jet [Czakon, Mitov, Poncelet '21]

[Chawdhry, Czakon, Mitov, Poncelet '21]

[Chawdhry, Czakon, Mitov, Poncelet '19], 
[Kallweit, Sotnikov, MW '20]

• pp→γγγ

• pp→γγ+jet

Figure 6: Same as Figure 5, but for the transverse momentum spectrum of each photon.

at LO since these two photons need to recoil against the hardest photon �1. As a consequence,
the LO cross section vanishes for ���1,�2 < 2⇡/3 and ���2,�3 > 2⇡/3, respectively. Those phase
space regions are filled only upon inclusion of real QCD radiation through higher-order corrections,
which is required to overcome the kinematic constraints at LO. Accordingly, the NLO (NNLO)
predictions in these regimes are e↵ectively only LO (NLO) accurate, which is reflected by the
increased size of both corrections and uncertainty bands. We find that back-to-back configurations
of �1 and �2 are still preferred at higher orders, whereas the distribution of the azimuthal separation
between �2 and �3 becomes much more uniform when adding higher-order corrections.

In the central plots of Figure 8 we show the invariant-mass and transverse-momentum distributions
of the three-photon system. The invariant-mass distribution peaks around 100GeV. Below the
peak the distribution falls o↵ steeply with a lower bound imposed by the phase space selection cut
m��� � 50 GeV. In that low m��� region radiative corrections increase quite strongly. By contrast,
higher-order corrections become successively smaller in the tail of the m��� distribution, which

11

THE  FRONTIER2 → 3
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we approximate the finite two-loop contribution
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in the following way

R
(2)(s12) ⇡ R

(2)l.c.(s12) , (2)

where R
(2)l.c.(s12) denotes its leading-colour approxima-

tion. It is taken from the C++ implementation provided
in ref. [27].

Eq. (2) above is the only approximation made in the
present computation. We have checked that the overall
contribution of R

(2)l.c.(s12) is about O(2%) and we ex-
pect the missing pure virtual contributions beyond the
leading-colour approximations to be further suppressed.

We consider production of two and three jets at the
LHC with a center of mass energy of 13 TeV with jet re-
quirements adapted from experimental phase space defi-
nitions like, for example, ref. [6]. Jets are clustered using
the anti-kT algorithm [36] with a radius of R = 0.4 and
required to have transverse momentum pT (j) of at least
60 GeV and rapidity y(j) fulfilling |y(j)| < 4.4. All jets
passing this requirement are sorted and labeled according
to their pT from largest to smallest. Among those jets we
require the two leading jets to fulfill pT (j1)+pT (j2) > 250
GeV in order to avoid large higher-order corrections in
two-jet production close to the phase space boundary.
We denote by d� the di↵erential cross section for at least
n jets fulfilling the above criteria. Its expansion in ↵S

reads
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We quantify the size of (N)NLO corrections with the
help of the following ratios of di↵erential cross sections

K
NNLO =

d�
NNLO

d�NLO
and K

NLO =
d�

NLO

d�LO
. (4)

The pdf set NNPDF31 nnlo as 0118 is used for all per-
turbative orders. The renormalization µR and factoriza-
tion µF scales are set equal µR = µF = µ0. The central
scale µ0 is chosen as ĤT /n for n = 1, 2, where

ĤT =
X

i2partons

pT,i . (5)

The sum in the above equation is over all final state par-
tons, irrespective of the jet requirements. Previous stud-
ies of perturbative convergence in jet production support
this event-based dynamic scale [37, 38]. Unless stated
otherwise, uncertainties from missing higher orders in
perturbation theory are estimated by independent vari-
ation of µF and µR by a factor of 2 around the central
scale µ0, subject to the constraint 1/2  µR/µF  2.

FIG. 1: The three panels show the ith leading jet transverse
momentum pT (ji) for i = 1, 2, 3 for the production of (at
least) three jets. LO (green), NLO (blue) and NNLO (red) are
shown for the central scale (solid line). 7-point scale variation
is shown as a coloured band. The grey band corresponds to
the uncertainty from Monte Carlo integration.

III. RESULTS

We begin by discussing typical jet observables at
hadron colliders. In fig. 1 we show di↵erential cross sec-
tions for three-jet production with respect to the trans-
verse momentum pT (ji) of the ith leading jet. In all his-
tograms the outer bins do not include over- or under-flow
events.

The NNLO K-factor of the pT (j1) distribution is not
flat: at small pT (j1) one observes negative NNLO correc-
tions of about �10%, while at large pT (j1) the corrections
tend to be small and positive. The change in scale depen-
dence for this observable when going from NLO to NNLO
is also dependent on pT (j1). One observes a rather signif-
icant reduction at large pT (j1) (from about 7% at NLO to
about 2% at NNLO) while at small pT (j1), where the K-
factor is largest, the scale dependence slightly increases
(from about 4% at NLO to about 5% at NNLO). In-
terestingly, the scale dependence at NLO and NNLO be-
haves rather di↵erently: at NLO it steadily increases with
pT (j1) while at NNLO it decreases with pT (j1). Through-
out this work we define the scale dependence as one half
of the width of the scale uncertainty band. This is rel-
evant for cases where the scale variation is asymmetric,
as for example is the case of pT (j1) at NLO.

The pT (j2) distribution has a similar pattern of NNLO
corrections: relative to NLO they are negative, about

➤ First results with massless external states:

[Kallweit, Sotnikov, Wiesemann '21]

[Czakon, Mitov, Poncelet '21]

process known desired

pp æ 2 jets
N2LOQCD

NLOQCD+NLOEW

pp æ 3 jets NLOQCD N2LOQCD

Table I.2: Precision wish list: jet final states.

3 jets: A rapidly increasing number of results on 5-point two-loop amplitudes can be found in [105,
123,124,289–293].

1.6 Vector boson associated processes
The numerous decay channels for vector bosons and the possible inclusion of full o�-shell correc-
tions versus factorised decays in the narrow width approximation make vector boson processes
complicated to classify. A full range of decays in the narrow width approximation would be a de-
sirable minimum precision. In the meanwhile, for leptonic decays this goal is met for essentially
all processes in the list. In terms of QCD corrections, full o�-shell decays don’t mean a signifi-
cant complication of the respective QCD calculations and are available almost everywhere. This
is no longer true for EW corrections, where leptonic decays increase the complexity of the calcu-
lation, and are thus not availalbe for many high-multiplicity processes (involving more than four
final-state particles) yet. Hadronic decays are even harder to classify because they are formally
part of subleading Born contributions to processes involving jets and possibly further leptoni-
cally decaing vector bosons. Including higher-order corrections in a consisistent way here will
usually require full SM corrections to the complete tower of Born processes, as briefly discussed
in Sec. 1.3. An overview of the status of vector boson associated processes is given in Table I.3,
where leptonic decays are understood if not stated otherwise. Also “ induced processes become
increasingly important in cases where EW corrections are highly relevant. While often included
only at their leading order, first computations involving also full EW corrections to “-induced
channels were recently achieved.

V : Inclusive cross-sections and rapidity distributions in the threshold limit have been
extracted from the pp æ V results [294, 295]. Parton shower matched N2LOQCD
computations using both the MiNLO method [296], SCET resummation [196] and
via the UN2LOPS technique [219]. Completing the inclusive N3LOQCD computa-
tion beyond the threshold limit is an important step for phenomenological studies.
The dominant factorisable corrections at O(–s–) (N(1,1)LOQCD¢EW) are also now
available [297].
The inclusive production cross section for W and Z bosons has been measured
at the LHC using the leptonic decays of the vector bosons. The precision in those
measurements already reached the barrier of the luminosity uncertainty ≥ 2%, which
is not easy to further improve. For example, the most precise measurement of the
W and Z bosons integrated fiducial cross sections is for the

Ô
s = 7 TeV sample

having �‡W /‡W = 1.87% and �‡Z/‡Z = 1.82% uncertainty, with the luminosity
uncertainty (≥ 1.8%) accounting for most of it [298].
While the inclusive integrated cross sections have been already measured and com-
pared fairly well with the present theoretical predictions, this is not the case for
di�erential distributions. A key observable, both for precision studies as well as for

14

LH ’17 wishlist

pp → γγγ pp → 3 jets
[Chawdhry, Czakon, Mitov, Poncelet '19]* see also:
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in the following way

R
(2)(s12) ⇡ R

(2)l.c.(s12) , (2)

where R
(2)l.c.(s12) denotes its leading-colour approxima-

tion. It is taken from the C++ implementation provided
in ref. [27].

Eq. (2) above is the only approximation made in the
present computation. We have checked that the overall
contribution of R

(2)l.c.(s12) is about O(2%) and we ex-
pect the missing pure virtual contributions beyond the
leading-colour approximations to be further suppressed.

We consider production of two and three jets at the
LHC with a center of mass energy of 13 TeV with jet re-
quirements adapted from experimental phase space defi-
nitions like, for example, ref. [6]. Jets are clustered using
the anti-kT algorithm [36] with a radius of R = 0.4 and
required to have transverse momentum pT (j) of at least
60 GeV and rapidity y(j) fulfilling |y(j)| < 4.4. All jets
passing this requirement are sorted and labeled according
to their pT from largest to smallest. Among those jets we
require the two leading jets to fulfill pT (j1)+pT (j2) > 250
GeV in order to avoid large higher-order corrections in
two-jet production close to the phase space boundary.
We denote by d� the di↵erential cross section for at least
n jets fulfilling the above criteria. Its expansion in ↵S

reads
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We quantify the size of (N)NLO corrections with the
help of the following ratios of di↵erential cross sections

K
NNLO =

d�
NNLO

d�NLO
and K

NLO =
d�

NLO

d�LO
. (4)

The pdf set NNPDF31 nnlo as 0118 is used for all per-
turbative orders. The renormalization µR and factoriza-
tion µF scales are set equal µR = µF = µ0. The central
scale µ0 is chosen as ĤT /n for n = 1, 2, where

ĤT =
X

i2partons

pT,i . (5)

The sum in the above equation is over all final state par-
tons, irrespective of the jet requirements. Previous stud-
ies of perturbative convergence in jet production support
this event-based dynamic scale [37, 38]. Unless stated
otherwise, uncertainties from missing higher orders in
perturbation theory are estimated by independent vari-
ation of µF and µR by a factor of 2 around the central
scale µ0, subject to the constraint 1/2  µR/µF  2.
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FIG. 1: The three panels show the ith leading jet transverse
momentum pT (ji) for i = 1, 2, 3 for the production of (at
least) three jets. LO (green), NLO (blue) and NNLO (red) are
shown for the central scale (solid line). 7-point scale variation
is shown as a coloured band. The grey band corresponds to
the uncertainty from Monte Carlo integration.

III. RESULTS

We begin by discussing typical jet observables at
hadron colliders. In fig. 1 we show di↵erential cross sec-
tions for three-jet production with respect to the trans-
verse momentum pT (ji) of the ith leading jet. In all his-
tograms the outer bins do not include over- or under-flow
events.

The NNLO K-factor of the pT (j1) distribution is not
flat: at small pT (j1) one observes negative NNLO correc-
tions of about �10%, while at large pT (j1) the corrections
tend to be small and positive. The change in scale depen-
dence for this observable when going from NLO to NNLO
is also dependent on pT (j1). One observes a rather signif-
icant reduction at large pT (j1) (from about 7% at NLO to
about 2% at NNLO) while at small pT (j1), where the K-
factor is largest, the scale dependence slightly increases
(from about 4% at NLO to about 5% at NNLO). In-
terestingly, the scale dependence at NLO and NNLO be-
haves rather di↵erently: at NLO it steadily increases with
pT (j1) while at NNLO it decreases with pT (j1). Through-
out this work we define the scale dependence as one half
of the width of the scale uncertainty band. This is rel-
evant for cases where the scale variation is asymmetric,
as for example is the case of pT (j1) at NLO.

The pT (j2) distribution has a similar pattern of NNLO
corrections: relative to NLO they are negative, about

enables αS fits through 3-jet/2-jet! 

"Tour de force in Quantum Chromodynamics"

Example #4
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- massless/one mass (full 2-loop): - massive (with approximated 2-loop):

• pp→3-jet [Czakon, Mitov, Poncelet '21]

[Chawdhry, Czakon, Mitov, Poncelet '21]

[Chawdhry, Czakon, Mitov, Poncelet '19], 
[Kallweit, Sotnikov, MW '20]

• pp→γγγ

• pp→γγ+jet

• pp→ttH (soft approx.)

• pp→bbW (small mb)

• pp→ttW (both)

[Buonocore, Devoto, Grazzini et al. '23]

[Catani, Devoto, Grazzini et al. '22]

[Buonocore, Devoto, Kallweit et al. '22]

[Hartano, Poncelet, Popescu, Zoia '22]

• pp→γ+2-jet [Badger, Czakon, Hartano et al. '23]

• pp→bbW (mb=0)
3

In order to use Eq. (3) to approximate the tt̄W am-
plitudes, we need to introduce a prescription that, from
an event containing a tt̄ pair and a W boson, defines a
corresponding event in which the W boson is removed.
This is accomplished by absorbing the W momentum into
the top quarks, thus preserving the invariant mass of the
event. On the other hand, for the application of Eq. (4)
we map the momenta of the massive top quarks into
massless momenta by preserving the four-momentum of
the tt̄ pair. In both cases we reweight the respective two-
loop coe�cients with the exact Born matrix elements.
This approach e↵ectively captures additional kinematic
e↵ects, which we expect to extend the region of valid-
ity of the approximations well beyond where it may be
assumed in the first place.

For our numerical studies, we consider the on-shell
production of a W boson in association with a tt̄

pair in proton collisions, at a centre-of-mass energy
of

p
s = 13TeV. We set the pole mass of the top

quark to mt = 173.2 GeV, while for the W mass we use
mW = 80.385 GeV. We work in the Gµ-scheme for the
EW parameters, with Gµ = 1.16639 ⇥ 10�5 GeV�2 and
mZ = 91.1876 GeV. We consider a diagonal CKM ma-
trix. We use the NNPDF31_nnlo_as_0118_luxqed set for
parton distribution functions (PDF) [63] and strong cou-
pling, which is based on the LUXqed methodology [64]
to determine the photon density. We adopt the LHAPDF

interface [65] and use PineAPPL [66] grids through
the new Matrix+PineAPPL interface [67] to estimate
PDF and ↵S uncertainties. For our central predictions
we set the renormalization (µR) and factorization (µF )
scales to the value µ0 = mt + mW /2 ⌘ M/2, and evalu-
ate the scale uncertainties by performing a 7-point varia-
tion, varying them independently by a factor of two with
the constraint 1/2  µR/µF  2.

In order to test the quality of our approximations, we
apply them to evaluate the contribution of the coe�cient
H

(1) to the NLO correction, ��NLO,H. In Fig. 1 (upper
panel) the two approximations are compared to the exact
result, as functions of the cut on the transverse momenta
of the top quarks, pT,t/t̄. We observe that both approx-
imations get closer to the exact result if a harder cut
is imposed, since the large-pT,t/t̄ region corresponds to
a kinematical configuration where both of them are ex-
pected to reproduce the full amplitude. In particular, we
observe that the soft approximation tends to undershoot
the exact result, while the massification approach over-
shoots it. Remarkably, both approaches provide a good
approximation also at the inclusive level.

We now move on to the contribution of the coe�-
cient H

(2) to the NNLO correction, ��NNLO,H. In Fig. 1
(lower panel) the two approximations are compared, nor-
malised to their average. The uncertainties of the soft
and massification results are also depicted. These are
evaluated starting from the assumption that the uncer-
tainty of each approximation of ��NNLO,H is not smaller
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Figure 1. Results for ��NLO,H (upper panel) and ��NNLO,H

(lower panel), in the case of tt̄W
� production, obtained with

the two approximations presented in this work, for di↵erent
cuts on the transverse momenta of the top quarks. At NLO
the approximations are normalized to the exact result, while
at NNLO to their average. The uncertainties of each approxi-
mation at NNLO are presented, as well as their combination.
Similar results are obtained for tt̄W

+.

than the relative di↵erence between ��
approx
NLO,H and the

exact NLO result. We obtain a first estimate of the
uncertainty on ��NNLO,H by conservatively multiplying
��

approx
NLO,H by a factor of two. As an additional estimate,

we consider variations of the subtraction scale µIR, at
which our approximations are applied, by a factor of two
around the central scale Q (adding the exact evolution
from µIR to Q). For each of the two approximations, the
uncertainty is defined as the maximum between these two
estimates. From Fig. 1 we see that the two approxima-
tions are consistent within their respective uncertainties.
We therefore conclude that our approach can provide a
good estimate of the true NNLO hard-virtual contribu-
tion. Our best prediction for ��NNLO,H is finally ob-
tained by taking the average of the two approximations
and linearly combining their uncertainties. We note that
with such procedure the central values of the two approx-
imations are enclosed within the uncertainty band of the
average result. The final uncertainty on ��NNLO,H turns
out to be at the O(25%) level.2 As we will observe in

2
We note that a similar control on the two-loop contribution is

obtained in recent calculations for massless 2 ! 3 processes em-

ploying the leading-colour approximation (see e.g. Ref. [68]).

3

In order to use Eq. (3) to approximate the tt̄W am-
plitudes, we need to introduce a prescription that, from
an event containing a tt̄ pair and a W boson, defines a
corresponding event in which the W boson is removed.
This is accomplished by absorbing the W momentum into
the top quarks, thus preserving the invariant mass of the
event. On the other hand, for the application of Eq. (4)
we map the momenta of the massive top quarks into
massless momenta by preserving the four-momentum of
the tt̄ pair. In both cases we reweight the respective two-
loop coe�cients with the exact Born matrix elements.
This approach e↵ectively captures additional kinematic
e↵ects, which we expect to extend the region of valid-
ity of the approximations well beyond where it may be
assumed in the first place.

For our numerical studies, we consider the on-shell
production of a W boson in association with a tt̄

pair in proton collisions, at a centre-of-mass energy
of

p
s = 13TeV. We set the pole mass of the top

quark to mt = 173.2 GeV, while for the W mass we use
mW = 80.385 GeV. We work in the Gµ-scheme for the
EW parameters, with Gµ = 1.16639 ⇥ 10�5 GeV�2 and
mZ = 91.1876 GeV. We consider a diagonal CKM ma-
trix. We use the NNPDF31_nnlo_as_0118_luxqed set for
parton distribution functions (PDF) [63] and strong cou-
pling, which is based on the LUXqed methodology [64]
to determine the photon density. We adopt the LHAPDF

interface [65] and use PineAPPL [66] grids through
the new Matrix+PineAPPL interface [67] to estimate
PDF and ↵S uncertainties. For our central predictions
we set the renormalization (µR) and factorization (µF )
scales to the value µ0 = mt + mW /2 ⌘ M/2, and evalu-
ate the scale uncertainties by performing a 7-point varia-
tion, varying them independently by a factor of two with
the constraint 1/2  µR/µF  2.

In order to test the quality of our approximations, we
apply them to evaluate the contribution of the coe�cient
H

(1) to the NLO correction, ��NLO,H. In Fig. 1 (upper
panel) the two approximations are compared to the exact
result, as functions of the cut on the transverse momenta
of the top quarks, pT,t/t̄. We observe that both approx-
imations get closer to the exact result if a harder cut
is imposed, since the large-pT,t/t̄ region corresponds to
a kinematical configuration where both of them are ex-
pected to reproduce the full amplitude. In particular, we
observe that the soft approximation tends to undershoot
the exact result, while the massification approach over-
shoots it. Remarkably, both approaches provide a good
approximation also at the inclusive level.

We now move on to the contribution of the coe�-
cient H

(2) to the NNLO correction, ��NNLO,H. In Fig. 1
(lower panel) the two approximations are compared, nor-
malised to their average. The uncertainties of the soft
and massification results are also depicted. These are
evaluated starting from the assumption that the uncer-
tainty of each approximation of ��NNLO,H is not smaller
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the approximations are normalized to the exact result, while
at NNLO to their average. The uncertainties of each approxi-
mation at NNLO are presented, as well as their combination.
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than the relative di↵erence between ��
approx
NLO,H and the

exact NLO result. We obtain a first estimate of the
uncertainty on ��NNLO,H by conservatively multiplying
��

approx
NLO,H by a factor of two. As an additional estimate,

we consider variations of the subtraction scale µIR, at
which our approximations are applied, by a factor of two
around the central scale Q (adding the exact evolution
from µIR to Q). For each of the two approximations, the
uncertainty is defined as the maximum between these two
estimates. From Fig. 1 we see that the two approxima-
tions are consistent within their respective uncertainties.
We therefore conclude that our approach can provide a
good estimate of the true NNLO hard-virtual contribu-
tion. Our best prediction for ��NNLO,H is finally ob-
tained by taking the average of the two approximations
and linearly combining their uncertainties. We note that
with such procedure the central values of the two approx-
imations are enclosed within the uncertainty band of the
average result. The final uncertainty on ��NNLO,H turns
out to be at the O(25%) level.2 As we will observe in

2
We note that a similar control on the two-loop contribution is

obtained in recent calculations for massless 2 ! 3 processes em-

ploying the leading-colour approximation (see e.g. Ref. [68]).

validation at 1-loop

Example #5

✦  two approximations for two-loop

1.  W assumed to be soft and factorizing

2.  tops assumed to have small mass 
small-mass expansion [Mitov, Moch ’06]

2Re⟨R(0) |R(2)⟩ =
4

∑
i=1

κi logi(mt /μR)+2Re⟨R(0)
0 |R(2)

0 ⟩ + 𝒪(mb/μ)

massive amplitude massless amplitude [Badger, Hartano, Krys, Zoia ’21]
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- massless/one mass (full 2-loop): - massive (with approximated 2-loop):

• pp→3-jet [Czakon, Mitov, Poncelet '21]

[Chawdhry, Czakon, Mitov, Poncelet '21]

[Chawdhry, Czakon, Mitov, Poncelet '19], 
[Kallweit, Sotnikov, MW '20]

• pp→γγγ

• pp→γγ+jet

• pp→ttH (soft approx.)

• pp→bbW (small mb)

• pp→ttW (both)

[Buonocore, Devoto, Grazzini et al. '23]

[Catani, Devoto, Grazzini et al. '22]

[Buonocore, Devoto, Kallweit et al. '22]

[Hartano, Poncelet, Popescu, Zoia '22]

• pp→γ+2-jet [Badger, Czakon, Hartano et al. '23]

• pp→bbW (mb=0)

5

�tt̄W+ [fb] �tt̄W� [fb] �tt̄W [fb] �tt̄W+/�tt̄W�

LOQCD 283.4+25.3%
�18.8% 136.8+25.2%

�18.8% 420.2+25.3%
�18.8% 2.071+3.2%

�3.2%

NLOQCD 416.9+12.5%
�11.4% 205.1+13.2%

�11.7% 622.0+12.7%
�11.5% 2.033+3.0%

�3.4%

NNLOQCD 475.2+4.8%
�6.4% ± 1.9% 235.5+5.1%

�6.6% ± 1.9% 710.7+4.9%
�6.5% ± 1.9% 2.018+1.6%

�1.2%

NNLOQCD+NLOEW 497.5+6.6%
�6.6% ± 1.8% 247.9+7.0%

�7.0% ± 1.8% 745.3+6.7%
�6.7% ± 1.8% 2.007+2.1%

�2.1%

ATLAS [11] 585+6.0%
�5.8%

+8.0%
�7.5% 301+9.3%

�9.0%
+11.6%
�10.3% 890+5.6%

�5.6%
+7.9%
�7.9% 1.95+10.8%

�9.2%
+8.2%
�6.7%

CMS [10] 553+5.4%
�5.4%

+5.4%
�5.4% 343+7.6%

�7.6%
+7.3%
�7.3% 868+4.6%

�4.6%
+5.9%
�5.9% 1.61+9.3%

�9.3%
+4.3%
�3.1%

Table I. Inclusive cross sections for tt̄W
+ and tt̄W

� production at di↵erent perturbative orders, together with their sum
and ratio. The uncertainties are computed through scale variations and for our best prediction, NNLOQCD+NLOEW, are
symmetrised as discussed in the text. Where NNLO QCD corrections are included, the error from the approximation of the
two-loop amplitudes is also shown. The numerical uncertainties on our predictions are at the per mille level or below. The
corresponding experimental results from the ATLAS [11] and CMS [10] collaborations are also quoted, with their statistical
and systematic uncertainties.
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++ ++ ★★ATLAS CMS NNLOQCD+NLOEW
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σ
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b
]

Figure 3. Comparison of our NNLOQCD+NLOEW result to
the measurement performed by the CMS (red) and ATLAS
(blue) collaborations in Refs. [10, 11], at 68% (solid) and 95%
(dashed) confidence level. We indicate in black and orange
the scale and the approximation uncertainties, respectively,
of the NNLOQCD+NLOEW result.

�tt̄W+ � �tt̄W� plane, together with the 68% and 95%
confidence level regions obtained by the two collabora-
tions. The subdominant uncertainties due to the approx-
imation of the two-loop corrections are also shown. When
comparing to the data, we observe an overlap between
the NNLOQCD+NLOEW uncertainty bands and the 1�

and 2� contours of the ATLAS and CMS measurements,
respectively.

Summary. In this Letter we have presented the first
calculation of the second-order QCD corrections to the

hadroproduction of a W boson in association with a top-
antitop quark pair. Our results are exact, except for
the finite part of the two-loop virtual corrections, which
is computed by using two independent approximations.
While these approximations are completely di↵erent in
their conception, they lead to consistent results, thereby
providing a strong check of our approach.

We have combined our results with the NLO EW cor-
rections, obtaining the most precise theoretical determi-
nation of the inclusive tt̄W

± cross section available to
date. Our results significantly reduce the size of the per-
turbative uncertainties, allowing for a more meaningful
comparison to the results obtained by the ATLAS and
CMS collaborations. The high level of precision attained
by our theoretical predictions will enable even more rig-
orous tests of the SM, as more precise experimental mea-
surements become available.
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Example #5
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• pp→H [Anastasiou et al. '15], [Mistlberger '18]

• pp→Z/W [Duhr, Dulat, Mistlberger '20 '20]

• pp→Hjj (VBF) [Dreyer, Karlberg '16]

• pp→HHjj (VBF) [Dreyer, Karlberg '18]

• pp→H [Cieri, Chen, Gehrmann, Glover, Huss '18], [Dulat, Mistlberger, Pelloni '18],                                                             
[Chen, Gehrmann, Glover, Huss, Mistlberger, Pelloni ’21], [Billis, Dehnadi, Ebert, Michel, Tackmann '21]

• pp→ℓℓ [Chen, Gehrmann, Glover, Huss, Yang, Zhu '21], [Camarda, Cieri, Ferrera '21], [Neumann, Campbell '22]

• pp→ℓν [Chen, Gehrmann, Glover, Huss, Yang, Zhu '22], [Neumann, Campbell '23]

• H→bb [Mondini, Schiavi, Willams '19]

184

N3LO QCD frontier 2 ➙1 processes
- inclusive N3LO calculations:

- differential N3LO calculations:
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• pp→H

• pp→Z/W

• pp→Hjj (VBF)

• pp→HHjj (VBF)

• pp→H

• pp→ℓℓ [Chen, Gehrmann, Glover, Huss, Yang, Zhu '21]

• pp→ℓν

• H→bb

185

4

FIG. 2: Inclusive N3LO QCD corrections to total
cross section for Drell-Yan production through a vir-
tual photon. In the bottom panel we plot the ratio to

the analytic calculation in [14].

therefore it is important to choose a su�ciently small qcutT
to suppress such power corrections.

Fig. 2 demonstrates the SCET+NNLOJET predictions
being independent on q

cut
T for values below 1 GeV. In

fact, for all partonic channels except qg, the cross section
predictions become flat and therefore reliable already at
q
cut
T ⇠ 5 GeV. It is only the qg channel that requires a
much smaller q

cut
T , indicating more sizeable power cor-

rections than in other channels. A more detailed under-
standing of this feature could become useful when apply-
ing qT -subtraction to more complicated final states.

Also shown in the upper panel of Fig. 2 in dashed
lines are the inclusive predictions from [14], decomposed
into di↵erent partonic channels. We observe an excellent
agreement at small-qT region with a detailed compari-
son given in Tab. I. This agreement provides a fully in-
dependent confirmation of the analytic calculation [14],
and lends strong support to the correctness for our qT -
subtraction-based calculation. In the bottom panel of
Fig. 2, we plot the ratio between di↵erent partonic chan-
nels to the total inclusive N3LO corrections. We ob-
serve large cancellation between qg channel (blue) and
qq̄ channel (orange). While the inclusive N3LO correc-
tion is about �8 fb, the qg channel alone can be as large
as �15.3 fb. Similar cancellations between qg and qq̄

channel can already be observed at NLO and NNLO.
The numerical smallness of the NNLO corrections (and
of its associated scale uncertainty) is due to these cancel-
lations, which may potentially lead to an underestimate
of theory uncertainties at NNLO.

In Fig. 3 we show for the first time the N3LO pre-
dictions for the Drell-Yan di-lepton rapidity distribution,
which constitutes the main new result of this letter. Pre-

Fixed Order �pp!�⇤(fb)

LO 339.62+34.06
�37.48

NLO 391.25+10.84
�16.62

NNLO 390.09+3.06
�4.11

N3LO 382.08+2.64
�3.09 from [14]

N3LO only qT -subtraction Results from [14]

qg �15.32(32) �15.29

qq̄ + qQ̄ +5.08(11) +4.97

gg +2.17(6) +2.12

qq + qQ +0.09(13) +0.17

Total �7.98(36) �8.03

TABLE I: Inclusive cross sections with up to N3LO
QCD corrections to Drell-Yan production through
a virtual photon. N3LO results are from the qT -
subtraction method (qcutT = 0.63 GeV) and from the
analytic calculation in [14]. Cross sections at central
scale of Q = 100 GeV are presented together with
7-point scale variation. Numerical integration errors

from qT -subtraction are indicated in brackets.

FIG. 3: Di-lepton rapidity distribution from LO to
N3LO. The colored bands represent theory uncer-
tainties from scale variations. The bottom panel is
the ratio of the N3LO prediction to NNLO, with dif-

ferent cuto↵ q
cut
T .

dictions of increasing perturbative orders up to N3LO
are displayed. We estimate the theory uncertainty band
on our predictions by independently varying µR and µF

around 100 GeV with factors of 1/2 and 2 while elimi-
nating the two extreme combinations (7-point scale vari-
ation). With large QCD corrections from LO to NLO,
the NNLO corrections are only modest and come with
scale uncertainties that are significantly reduced [5, 7, 8].
However, as has been observed for the total cross sec-
tion, the smallness of NNLO corrections is due to cancel-

Example #6
- inclusive N3LO calculations:

- differential N3LO calculations:

✦  NNLO for Z+jet via Antenna subtraction

✦  N3LO via qT slicing
σZ

N3LO = [σZ+jet
NNLO r > rcut

− ΣN3LO(rcut) ⊗ dσB] + ℋN3LO ⊗ dσB
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• pp→H

• pp→Z/W

• pp→Hjj (VBF)

• pp→HHjj (VBF)

• pp→H

• pp→ℓℓ

• pp→ℓν [Neumann, Campbell '23]

• H→bb
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Example #7
- inclusive N3LO calculations:

- differential N3LO calculations:
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Figure 4: W+ cross-sections in comparison with the ATLAS 5.02TeV measurement [16]. Error bars show
uncertainties from scale variation and from the MSHT20 PDF sets corresponding to the perturbative
order. The ↵3

s results have an additional numerical and cutoff uncertainty of 0.5% that we added
linearly to the scale uncertainties for display.
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Figure 5: W+ cross-sections in comparison with the ATLAS 5.02TeV measurement [16]. Error bars show
uncertainties from scale variation and from different PDF sets with their respective uncertainties. The
↵3
s results have an additional numerical and cutoff uncertainty of 0.5% that we have added linearly to

the scale uncertainties for display.
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7

ATLAS data

NLO

NNLO N3LO

✦  NNLO for W+jet via 1-jettiness slicing

✦  N3LO via qT slicing
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★ EW corrections just like (abelian version of) QCD corrections, and yet different…

187

EW corrections

NLO QCD NLO EW

W/Z
ɣ ɣ W/Z
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★ EW corrections just like (abelian version of) QCD corrections, and yet different…

188

EW corrections

NLO QCD NLO EW

W/Z
ɣ ɣ W/Z

cancellation of IR singularities
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★ EW corrections just like (abelian version of) QCD corrections, and yet different…

189

EW corrections

NLO QCD NLO EW

W/Z
ɣ ɣ W/Z

cancellation of IR singularities IR singularities regulated by 

➙ separately finite

➙ real Z’s/W’s can be measured

mZ/W
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★ EW corrections just like (abelian version of) QCD corrections, and yet different…
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EW corrections

NLO QCD NLO EW

W/Z
ɣ ɣ W/Z

cancellation of IR singularities IR singularities regulated by 

➙ separately finite

➙ real Z’s/W’s can be measured

➙ large EW Sudakov logs:

mZ/W

αn logk (s/m2
Z/W), k ≤ 2n
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NLO EW
effect

pT,V2
[GeV]

d
σ
/d

σ
N
N
L
O

Q
C
D
−

1[
%
]

20001000500200100

0

−20

−40

−60

−80

−100
NNLO QCD×EW(γ-ind. fact.)
NNLO QCD×EW
NNLO QCD+EW
NNLO QCD

pT,V2
[GeV]

d
σ
/d

σ
N
N
L
O

Q
C
D
−

1[
%
]

20001000500200100

0

−20

−40

−60

−80

−100

K
−
fa
ct
or

1

0.5

0.2
NNLO QCD/NLO QCD
NLO QCD/LO
NLO EW/LOK

−
fa
ct
or

1

0.5

0.2

M
a
t
r
ix

+
O
p
e
n
L
o
o
p
s

H jet
T < 0.2 H lep

T

WW
d
σ
/d

p T
,V

2
[f
b
/G

eV
]

LHC
√
s = 13TeVpp → "−"′+ν"′ν̄"

1

10−1

10−2

10−3

10−4

10−5

10−6

10−7

10−8
NNLO QCD
NLO QCD
NLO EW
LO

M
a
t
r
ix

+
O
p
e
n
L
o
o
p
s

H jet
T < 0.2 H lep

T

WW
d
σ
/d

p T
,V

2
[f
b
/G

eV
]

LHC
√
s = 13TeVpp → "−"′+ν"′ν̄"

1

10−1

10−2

10−3

10−4

10−5

10−6

10−7

10−8

pT,V2
[GeV]

d
σ
/d

σ
N
N
L
O

Q
C
D
−

1[
%
]

20001000500200100

0

−20

−40

−60

−80

−100
NNLO QCD×EW(γ-ind. fact.)
NNLO QCD×EW
NNLO QCD+EW
NNLO QCD

pT,V2
[GeV]

d
σ
/d

σ
N
N
L
O

Q
C
D
−

1[
%
]

20001000500200100

0

−20

−40

−60

−80

−100

K
−
fa
ct
or

1

0.5

0.2
NNLO QCD/NLO QCD
NLO QCD/LO
NLO EW/LOK

−
fa
ct
or

1

0.5

0.2

M
a
t
r
ix

+
O
p
e
n
L
o
o
p
s

H jet
T < 0.2 H lep

T

WW

d
σ
/d

p T
,V

2
[f
b
/G

eV
]

LHC
√
s = 13TeVpp → "−"′+ν"′ν̄"

1

10−1

10−2

10−3

10−4

10−5

10−6

10−7

10−8
NNLO QCD
NLO QCD
NLO EW
LO

M
a
t
r
ix

+
O
p
e
n
L
o
o
p
s

H jet
T < 0.2 H lep

T

WW

d
σ
/d

p T
,V

2
[f
b
/G

eV
]

LHC
√
s = 13TeVpp → "−"′+ν"′ν̄"

1

10−1

10−2

10−3

10−4

10−5

10−6

10−7

10−8

 [Grazzini, Kallweit, Lindert, Pozzorini, MW '19]

Example #8



Marius Wiesemann    (MPP Munich) September 6, 2024QCD and Monte Carlo event generators (Lecture 1) 192

pT,V2
[GeV]

d
σ
/d

σ
N
N
L
O

Q
C
D
−

1[
%
]

20001000500200100

0

−20

−40

−60

−80

−100
NNLO QCD×EW(γ-ind. fact.)
NNLO QCD×EW
NNLO QCD+EW
NNLO QCD

pT,V2
[GeV]

d
σ
/d

σ
N
N
L
O

Q
C
D
−

1[
%
]

20001000500200100

0

−20

−40

−60

−80

−100

K
−
fa
ct
or

1

0.5

0.2
NNLO QCD/NLO QCD
NLO QCD/LO
NLO EW/LOK

−
fa
ct
or

1

0.5

0.2

M
a
t
r
ix

+
O
p
e
n
L
o
o
p
s

H jet
T < 0.2 H lep

T

WW
d
σ
/d

p T
,V

2
[f
b
/G

eV
]

LHC
√
s = 13TeVpp → "−"′+ν"′ν̄"

1

10−1

10−2

10−3

10−4

10−5

10−6

10−7

10−8
NNLO QCD
NLO QCD
NLO EW
LO

M
a
t
r
ix

+
O
p
e
n
L
o
o
p
s

H jet
T < 0.2 H lep

T

WW
d
σ
/d

p T
,V

2
[f
b
/G

eV
]

LHC
√
s = 13TeVpp → "−"′+ν"′ν̄"

1

10−1

10−2

10−3

10−4

10−5

10−6

10−7

10−8

pT,V2
[GeV]

d
σ
/d

σ
N
N
L
O

Q
C
D
−

1[
%
]

20001000500200100

0

−20

−40

−60

−80

−100
NNLO QCD×EW(γ-ind. fact.)
NNLO QCD×EW
NNLO QCD+EW
NNLO QCD

pT,V2
[GeV]

d
σ
/d

σ
N
N
L
O

Q
C
D
−

1[
%
]

20001000500200100

0

−20

−40

−60

−80

−100

K
−
fa
ct
or

1

0.5

0.2
NNLO QCD/NLO QCD
NLO QCD/LO
NLO EW/LOK

−
fa
ct
or

1

0.5

0.2

M
a
t
r
ix

+
O
p
e
n
L
o
o
p
s

H jet
T < 0.2 H lep

T

WW

d
σ
/d

p T
,V

2
[f
b
/G

eV
]

LHC
√
s = 13TeVpp → "−"′+ν"′ν̄"

1

10−1

10−2

10−3

10−4

10−5

10−6

10−7

10−8
NNLO QCD
NLO QCD
NLO EW
LO

M
a
t
r
ix

+
O
p
e
n
L
o
o
p
s

H jet
T < 0.2 H lep

T

WW

d
σ
/d

p T
,V

2
[f
b
/G

eV
]

LHC
√
s = 13TeVpp → "−"′+ν"′ν̄"

1

10−1

10−2

10−3

10−4

10−5

10−6

10−7

10−8

 [Grazzini, Kallweit, Lindert, Pozzorini, MW '19] [Grazzini, Kallweit, MW, Yook '20], [Grazzini, Kallweit, Linder, Pozzorini '19]

dσ/dpT, ℓ1 [pb/GeV] W+W-@LHC 13 TeV (ATLAS data)

LO
NLO
NNLO
nNNLO
nNNLOEW
data

10-3

10-2

10-1

100

101

p
r
o
d
u
c
e
d
 
w
i
t
h
 
M
A
T
R
I
X

dσ/dσNNLO

 0.6
 0.7
 0.8
 0.9

 1
 1.1
 1.2

dσ/dσggLO

pT, ℓ1 [GeV]

ggLO ggNLOgg ggNLO

 0

 0.5

 1

 1.5

27 40 50 70 100130 220 300  999

dσ/dmℓℓ [pb/GeV] W+W-@LHC 13 TeV (ATLAS data)

LO
NLO
NNLO
nNNLO
nNNLOEW
data10-3

10-2

10-1

100

p
r
o
d
u
c
e
d
 
w
i
t
h
 
M
A
T
R
I
X

dσ/dσNNLO

 0.7
 0.8
 0.9

 1
 1.1
 1.2
 1.3

dσ/dσggLO

mℓℓ [GeV]

ggLO ggNLOgg ggNLO

 0

 0.5

 1

 1.5

55 75 125  185 280 380 600  1500

dσ/dpT, ℓℓ [pb/GeV] W+W-@LHC 13 TeV (ATLAS data)

LO
NLO
NNLO
nNNLO
nNNLOEW
data

10-3

10-2

10-1

100

101

p
r
o
d
u
c
e
d
 
w
i
t
h
 
M
A
T
R
I
X

dσ/dσNNLO

 0.7
 0.8
 0.9

 1
 1.1
 1.2
 1.3

dσ/dσggLO

pT, ℓℓ [GeV]

ggLO ggNLOgg ggNLO

 0.5

 1

 1.5

 2

30 40 5060 80 105 140 200 999 

Figure 7: Di↵erential distributions in the fiducial phase space selections of Table 1 compared to
ATLAS 13TeV data [32]; top left: leading-lepton transverse-momentum distribution; top center:
lepton-pair invariant-mass distribution; top right: lepton-pair transverse-momentum distribution;
bottom left: lepton-pair rapidity distribution; bottom center: azimuthal distance between leptons;
bottom right: distribution in the variable | cos ✓⇤| = | tanh(�⌘``/2)|.
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Summary so far

High energy colliders allow us to probe fundamental interactions among 
elementary particle in a controlled environment at very short distances,     
but it requires that SM Physics has to be described with:

★ physical observables that can be reliably calculated and measured at 
the same time

★ accurate+precise predictions (and measurements)                        
-- very difficult & highly advanced technology
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Summary so far

LO
fully automated

Edge: 10-12 particles in the final state

NLO
fully automated

Edge: 4-6 particles in the final state

NNLO
dedicated calculations, few public codes

essentially all 2 ➙ 2 reactions, several 2 ➙ 3 recenly

N3LO
first few calculations

only 2 ➙ 1 reactions so far, but differential recently

Theory predictions reached an accuracy considered impossible some years ago:
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Many Theory Aspects NOT Talked About

★ Resummation and Event Generation
(highly sophisticated methods to describe soft physics in collider 
processes; high-accuracy analytic resummation; improving shower 
accuracy; matching to NNLO; ...)

★ How to do loop calculations in detail
(five-point functions for 2→3 processes currently being solved;           
four-point functions with internal masses for 2→2 processes; ...)

★ Extraction of SM parameters (couplings, masses, ...)

★ ...
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Many Theory Aspects NOT Talked About

★ Resummation and Event Generation
(highly sophisticated methods to describe soft physics in collider 
processes; high-accuracy analytic resummation; improving shower 
accuracy; matching to NNLO; ...)

★ How to do loop calculations in detail
(five-point functions for 2→3 processes currently being solved;           
four-point functions with internal masses for 2→2 processes; ...)

★ Extraction of SM parameters (couplings, masses, ...)

★ ...

➙ in Ben’s lectures
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Many Theory Aspects NOT Talked About

★ Resummation and Event Generation
(highly sophisticated methods to describe soft physics in collider 
processes; high-accuracy analytic resummation; improving shower 
accuracy; matching to NNLO; ...)

★ How to do loop calculations in detail
(five-point functions for 2→3 processes currently being solved;            
four-point functions with internal masses for 2→2 processes; ...)

★ Extraction of SM parameters (couplings, masses, ...)

Thank you very much for your attention!

➙ tomorrow in lecture 3



Questions?
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Hands on !
download PDF of this talk!

two options:

1. use your own laptop locally

➙ need to install LHAPDF from https://lhapdf.hepforge.org/ (including the needed PDF set)

2. use your remote ssh login (for Mac/Windoof users highly recommended)

$ ssh bndXXX@bnd01.iihe.ac.be ➙ enter password 

($ source /cvmfs/sft.cern.ch/lcg/views/setupViews.sh LCG_102 
x86_64-centos7-gcc11-opt ➙ should not be needed, check: gcc --version ➙ 11.2.0) 

https://lhapdf.hepforge.org/
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Hands on !
download & setup MATRIX from https://matrix.hepforge.org/
$ mkdir Matrix_tutorial 

$ cd Matrix_tutorial 

$ wget https://matrix.hepforge.org/download/MATRIX_v2.1.0.tar.gz 

$ tar xf MATRIX_v2.1.0.tar.gz 

$ cd MATRIX_v2.1.0/ 

https://matrix.hepforge.org/
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Hands on !
start compilation script
$ ./matrix 
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rcut→0 extrapolation in MATRIX
[Grazzini,  Kallweit,  MW '17]
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Figure 2: Dependence of the NNLO cross sections on the qT -subtraction cut, rcut, for various
processes. The normalization is the result extrapolated to rcut = 0 by taking into account the
rcut dependence above rcut � 0.15 (default value). The blue bands is the combined numerical
and extrapolation uncertainty estimated by Matrix in every run.
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Figure 2: Dependence of the NNLO cross sections on rcut for various processes. The NNLO
results at fixed values of rcut are normalized to the rcut ! 0 extrapolation obtained by using
rcut � 0.15%. The blue band represents the combined numerical and extrapolation uncertainty.
For processes with a large rcut dependence, the extrapolated result and uncertainty obtained by
using rcut � 0.05% is shown in red. Where available, rcut-independent reference results are black.
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