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Recap of Lecture 1
★ LHC Master Formula is based on factorizing long-distance form short-distance physics

★ Perturbative (higher-order) QCD calculations vital for partonic (hard) cross section

• LO just gives a rough order-of-magnitude estimate

• NLO is largely automated by now and the minimum requirement for a reliable 
description of the physical cross sections at the LHC

• NNLO has been substantially advanced in the past years and is required for precision 
data/theory comparisons & to reduce theory uncertainties at the LHC (current 
bottleneck: mostly 2-loop amplitudes)

➙  all relevant  and first  reactions known at NNLO 

• N3LO frontier passed for  processes (Higgs & Drell-Yan)

2 → 2 2 → 3
2 → 1
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bottleneck: mostly 2-loop amplitudes)

➙  all relevant  and first  reactions known at NNLO 

• N3LO frontier passed for  processes (Higgs & Drell-Yan)
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EW corrections
★ EW corrections just like (abelian version of) QCD corrections, and yet different…

NLO QCD NLO EW

W/Z
ɣ ɣ W/Z
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EW corrections
★ EW corrections just like (abelian version of) QCD corrections, and yet different…

NLO QCD NLO EW

W/Z
ɣ ɣ W/Z

cancellation of IR singularities IR singularities regulated by 

➙ separately finite

➙ real Z’s/W’s can be measured

mZ/W
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EW corrections
★ EW corrections just like (abelian version of) QCD corrections, and yet different…

NLO QCD NLO EW

W/Z
ɣ ɣ W/Z

cancellation of IR singularities IR singularities regulated by 

➙ separately finite

➙ real Z’s/W’s can be measured

➙ large EW Sudakov logs:

mZ/W

αn logk (s/m2
Z/W), k ≤ 2n
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EW corrections

NLO EW
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 [Grazzini, Kallweit, Lindert, Pozzorini, MW '19]
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EW corrections
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 [Grazzini, Kallweit, Lindert, Pozzorini, MW '19] [Grazzini, Kallweit, MW, Yook '20], [Grazzini, Kallweit, Linder, Pozzorini '19]

dσ/dpT, ℓ1 [pb/GeV] W+W-@LHC 13 TeV (ATLAS data)

LO
NLO
NNLO
nNNLO
nNNLOEW
data

10-3

10-2

10-1

100

101

p
r
o
d
u
c
e
d
 
w
i
t
h
 
M
A
T
R
I
X

dσ/dσNNLO

 0.6
 0.7
 0.8
 0.9

 1
 1.1
 1.2

dσ/dσggLO

pT, ℓ1 [GeV]

ggLO ggNLOgg ggNLO

 0

 0.5

 1

 1.5

27 40 50 70 100130 220 300  999

dσ/dmℓℓ [pb/GeV] W+W-@LHC 13 TeV (ATLAS data)

LO
NLO
NNLO
nNNLO
nNNLOEW
data10-3

10-2

10-1

100

p
r
o
d
u
c
e
d
 
w
i
t
h
 
M
A
T
R
I
X

dσ/dσNNLO

 0.7
 0.8
 0.9

 1
 1.1
 1.2
 1.3

dσ/dσggLO

mℓℓ [GeV]

ggLO ggNLOgg ggNLO

 0

 0.5

 1

 1.5

55 75 125  185 280 380 600  1500

dσ/dpT, ℓℓ [pb/GeV] W+W-@LHC 13 TeV (ATLAS data)

LO
NLO
NNLO
nNNLO
nNNLOEW
data

10-3

10-2

10-1

100

101

p
r
o
d
u
c
e
d
 
w
i
t
h
 
M
A
T
R
I
X

dσ/dσNNLO

 0.7
 0.8
 0.9

 1
 1.1
 1.2
 1.3

dσ/dσggLO

pT, ℓℓ [GeV]

ggLO ggNLOgg ggNLO

 0.5

 1

 1.5

 2

30 40 5060 80 105 140 200 999 

Figure 7: Di↵erential distributions in the fiducial phase space selections of Table 1 compared to
ATLAS 13TeV data [32]; top left: leading-lepton transverse-momentum distribution; top center:
lepton-pair invariant-mass distribution; top right: lepton-pair transverse-momentum distribution;
bottom left: lepton-pair rapidity distribution; bottom center: azimuthal distance between leptons;
bottom right: distribution in the variable | cos ✓⇤| = | tanh(�⌘``/2)|.
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Recap of Lecture 1
★ LHC Master Formula is based on factorizing long-distance form short-distance physics

★ Perturbative (higher-order) QCD calculations vital for partonic (hard) cross section

• LO just gives a rough order-of-magnitude estimate

• NLO is largely automated by now and the minimum requirement for a reliable 
description of the physical cross sections at the LHC

• NNLO has been substantially advanced in the past years and is required for precision 
data/theory comparisons & to reduce theory uncertainties at the LHC (current 
bottleneck: mostly 2-loop amplitudes)

➙  all relevant  and first  reactions known at NNLO 

• N3LO frontier passed for  processes (Higgs & Drell-Yan)

★ EW corrections important due to photon radiation & EW Sudakov logarithms (in tails) 

2 → 2 2 → 3
2 → 1
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main problems to solve:

1. phase-space integration -- easy/understood if finite, using MC methods

2. evaluation of (loop) amplitudes -- tree/1-loop understood, 2-loop bottleneck

3. combination of different (singular) ingredients -- several methods at NNLO
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N-jettiness

Antenna

STRIPPER

nested soft.-coll.

CoLorFul

Projection-to-Born

Local subtraction

non-local/slicing

[Gehrmann-De Ridder, Gehrmann, Glover '05]

[Del Duca, Somogyi, Troscanyi '05]

[Catani, Grazzini '07, MATRIX]

[Czakon '10]

[Caola, Melnikov, Röntsch '17]

[Gaunt, Stahlhofen Tackmann, Walsh '15]
[Boughezal, Focke, Lui, Petriello '15, MCFM]

 [Cacciari, Dreyer, Karlberg, Salam, Zanderighi '15]



Outline

Lecture 2:    Hands-on session on MATRIX

★ Fixed-order calculations

• QCD basics (Lagrangian, Feynman rules, strong coupling)

• LHC Factorization/Master Formula (PDFs, partonic cross section)

• NLO QCD (methods, slicing vs. subtraction vs. analytic)

• NNLO QCD (methods, timeline)

• EW corrections (NLO, Sudakov logarithms, mixed QCD-EW corrections?) 

★ Monte Carlo Event Generation & Resummation

• Resummation

• Parton Shower Generators (formalism, hadronization, MPI)

• NLO+PS Matching (MC@NLO, Powheg, merging)

• NNLO+PS Matching (MiNNLO, Geneva)

Le
ct

ur
e 

1
Le

ct
ur

e 
3



Marius Wiesemann    (MPP Munich) September 7, 2024QCD and Monte Carlo event generators (Lecture 3) 14

Resummation
★ By KLN theorem IR (soft/collinear) singularities cancel for IR-safe observables

★ This is the case, when observables become sensitive to soft/collinear (QCD) radiation.

    ➙ large logarithmic terms invalidate the perturbative expansion of the cross section

★ Gluon radiation produces a double-log behaviour (one collinear and one soft logarithm)

The cancellation of real & virtual singularities 
can be spoiled in certain regions of phase space

Resummation

….IR effects can be large when the cancellation 
between real and virtual contributions is unbalanced

In this case large logarithmic terms appear that spoil the 
perturbative expansion

Typically one soft and one collinear log
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ResummationpT resummation
I production of colorless particles (system F , invariant mass M)
I problem: pT distribution of F diverges at pT æ 0

M. Wiesemann (University of Zürich) pT resummation through NNLO+NNLL June 15, 2015 2 / 24
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pT resummation
I production of colorless particles (system F , invariant mass M)
I problem: pT distribution of F diverges at pT æ 0
I reason: large logs ln p2

T
/M2 for pT π M

–s : ln(p2
T /M2), ln2(p2

T /M2)

–2
s : ln(p2

T /M2), ln2(p2
T /M2), ln3(p2

T /M2), ln4(p2
T /M2)

· · ·
I solution: all order resummation

M. Wiesemann (University of Zürich) pT resummation through NNLO+NNLL June 15, 2015 2 / 24
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Transverse-momentum resummation
★ Factorization of soft and collinear radiation in matrix elements allows for resummation
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universal 

 ➙ eikonal factor Ja (soft) or 
splitting function Pij (collinear)
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Transverse-momentum resummation
★ Factorization of soft and collinear radiation in matrix elements allows for resummation

    ➙ Multiple emissions of soft/collinear QCD radiation fulfills factorization
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possible splittings: ≃ or or
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★ Factorization of soft and collinear radiation in matrix elements allows for resummation

    ➙ Multiple emissions of soft/collinear QCD radiation fulfills factorization
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Transverse-momentum resummation
★ Factorization of soft and collinear radiation in matrix elements allows for resummation

    ➙ Multiple emissions of soft/collinear QCD radiation fulfills factorization

★ However, also the phase space needs to be factorized

    ➙ go to impact-parameter space (in case of pT), where
         radiation factorizes, to implement momentum conservation
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where Rf contains terms that are non-singular in the small pT limit, while L contains powers
of logarithms of pT. The Sudakov form factor S reads
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Z
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and the factor L, defined in eq. (4.31) of Section 4, involves the parton luminosities, the
Born squared amplitude, the hard virtual corrections and the collinear coefficient functions
up to second order, that constitute some of the ingredients for the N3LL resummation. In
the following, for ease of notation, we will drop the �B dependence in L.

As it stands, eq. (2.1) is such that its integral in pT between an infrared cutoff ⇤ and
Q reproduces the NNLO total cross section for the production of the colour singlet system.
We can recast eq. (2.1) as
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We now make contact with the MiNLO0 procedure. We start by writing the regular
terms Rf to second order as

Rf (pT) =
d�

(NLO)
FJ

d�BdpT

�
↵s(pT)

2⇡


d�

sing

d�BdpT

�(1)
�

✓
↵s(pT)

2⇡

◆2 
d�

sing

d�BdpT

�(2)
, (2.7)

where the notation [X]
(i) stands for the coefficient of the i-th term in the perturbative

expansion of the quantity X. The first term on the right-hand-side is the NLO differential
cross section for the production of the singlet F in association with one jet J , namely
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As a second step, we factor out the Sudakov exponential in eq. (2.4) and obtain
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It is now important to observe that in order to preserve the perturbative accuracy of the
integral of eq. (2.9), it is sufficient to expand the curly bracket in powers of ↵s(pT) up to a
certain order. In fact, when expanded in powers of ↵s(pT), all terms in the curly brackets
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E Considerations from impact-parameter space formulation

In this section, we derive the form of the starting equation (2.7) using the impact-parameter
space formulation of transverse-momentum resummation. We start from the formula
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Z 1

0
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�S(b0/b)Lb(Qb0/b) , (E.1)

where
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⇡
ḡ3(�b) , (E.2)

and �b = ↵s(Q)�0 ln(Qb/b0), b0 = 2e��E . The gi functions are analogous to those used in
momentum space (B.7), and [69]
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The factor Lb is defined as
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where H̄ is identical to H of eq. (B.11), with the only difference being that the H̄(2)

coefficient does not contain the term �H
(2) (B.14).

We evaluate the b integral by expanding b0/b about pT in the integrand. While this
procedure is known to generate a geometric singularity in the pT space resummation, in this
article we are only interested in retaining O(↵2

s) accuracy and therefore this is not an issue
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E Considerations from impact-parameter space formulation

In this section, we derive the form of the starting equation (2.7) using the impact-parameter
space formulation of transverse-momentum resummation. We start from the formula

d�(pT)

d�F

= pT

Z 1

0
dbJ1(b pT) e

�S(b0/b)Lb(Qb0/b) , (E.1)

where
S(b0/b) = � ln(Qb/b0)g1(�b)� g2(�b)�

↵s

⇡
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where H̄ is identical to H of eq. (B.11), with the only difference being that the H̄(2)

coefficient does not contain the term �H
(2) (B.14).

We evaluate the b integral by expanding b0/b about pT in the integrand. While this
procedure is known to generate a geometric singularity in the pT space resummation, in this
article we are only interested in retaining O(↵2

s) accuracy and therefore this is not an issue
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where Rf contains terms that are non-singular in the small pT limit, while L contains powers
of logarithms of pT. The Sudakov form factor S reads

S(pT) = 2
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and the factor L, defined in eq. (4.31) of Section 4, involves the parton luminosities, the
Born squared amplitude, the hard virtual corrections and the collinear coefficient functions
up to second order, that constitute some of the ingredients for the N3LL resummation. In
the following, for ease of notation, we will drop the �B dependence in L.

As it stands, eq. (2.1) is such that its integral in pT between an infrared cutoff ⇤ and
Q reproduces the NNLO total cross section for the production of the colour singlet system.
We can recast eq. (2.1) as
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We now make contact with the MiNLO0 procedure. We start by writing the regular
terms Rf to second order as

Rf (pT) =
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where the notation [X]
(i) stands for the coefficient of the i-th term in the perturbative

expansion of the quantity X. The first term on the right-hand-side is the NLO differential
cross section for the production of the singlet F in association with one jet J , namely
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As a second step, we factor out the Sudakov exponential in eq. (2.4) and obtain

d�

d�BdpT

= exp[�S(pT)]

⇢
D(pT) +

Rf (pT)

exp[�S(pT)]

�
. (2.9)

It is now important to observe that in order to preserve the perturbative accuracy of the
integral of eq. (2.9), it is sufficient to expand the curly bracket in powers of ↵s(pT) up to a
certain order. In fact, when expanded in powers of ↵s(pT), all terms in the curly brackets
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follows), [D(pT)]
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E Considerations from impact-parameter space formulation

In this section, we derive the form of the starting equation (2.7) using the impact-parameter
space formulation of transverse-momentum resummation. We start from the formula
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where
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ḡ3(�b) , (E.2)

and �b = ↵s(Q)�0 ln(Qb/b0), b0 = 2e��E . The gi functions are analogous to those used in
momentum space (B.7), and [69]

ḡ3 ⌘ g3 +
2⇣3(A(1)

)
2

2⇡�0

�b

1� 2�b
. (E.3)
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where H̄ is identical to H of eq. (B.11), with the only difference being that the H̄(2)

coefficient does not contain the term �H
(2) (B.14).

We evaluate the b integral by expanding b0/b about pT in the integrand. While this
procedure is known to generate a geometric singularity in the pT space resummation, in this
article we are only interested in retaining O(↵2

s) accuracy and therefore this is not an issue
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ḡ3 ⌘ g3 +
2⇣3(A(1)

)
2

2⇡�0

�b

1� 2�b
. (E.3)

The factor Lb is defined as

Lb(Qb/b0) =
X

c,c0

d|MF
|
2
cc0

d�F

X

i,j

⇢⇣
C [a]
ci ⌦ f [a]

i

⌘
H̄(Qb/b0)

⇣
C [b]
c0j ⌦ f [b]

j

⌘

+

⇣
G[a]

ci ⌦ f [a]
i

⌘
H̄(Qb/b0)

⇣
G[b]

c0j ⌦ f [b]
j

⌘�
, (E.4)

where H̄ is identical to H of eq. (B.11), with the only difference being that the H̄(2)

coefficient does not contain the term �H
(2) (B.14).

We evaluate the b integral by expanding b0/b about pT in the integrand. While this
procedure is known to generate a geometric singularity in the pT space resummation, in this
article we are only interested in retaining O(↵2

s) accuracy and therefore this is not an issue

– 37 –

follows), [D(pT)]
(3) acquires additional explicit scale-dependent terms:

[D(pT)]
(3)

(KF,KR) = [D(pT)]
(3)

�

X

c,c0

d|MF
|
2
cc0

d�B

2⇡

pT

⇢
2⇡�1

⇣
f [a]
c (P̂ (0)

⌦ f)[b]c0 + (P̂ (0)
⌦ f)[a]c f [b]

c0

⌘
ln

KF

2

KR
2

+ �0

✓
H(1)

(KR)

⇣
f [a]
c (P̂ (0)

⌦ f)[b]c0 + (P̂ (0)
⌦ f)[a]c f [b]

c0

⌘

+ 2

⇣
f [a]
c (P̂ (1)

⌦ f)[b]c0 + (P̂ (1)
⌦ f)[a]c f [b]

c0

⌘

+ (C(1)
(KF)⌦ f)[a]c (P̂ (0)

⌦ f)[b]c0 + (P̂ (0)
⌦ f)[a]c (C(1)

(KF)⌦ f)[b]c0

+ f [a]
c (P̂ (0)

⌦ C(1)
(KF)⌦ f)[b]c0 + (P̂ (0)

⌦ C(1)
(KF)⌦ f)[a]c f [b]

c0

◆
ln

KF

2

KR
2

� 2⇡�2
0

⇣
f [a]
c (P̂ (0)

⌦ f)[b]c0 + (P̂ (0)
⌦ f)[a]c f [b]

c0

⌘
ln

2 KF

2

KR
2

�
. (D.5)

E Considerations from impact-parameter space formulation

In this section, we derive the form of the starting equation (2.7) using the impact-parameter
space formulation of transverse-momentum resummation. We start from the formula

d�(pT)

d�F

= pT

Z 1

0
dbJ1(b pT) e

�S(b0/b)Lb(Qb0/b) , (E.1)

where
S(b0/b) = � ln(Qb/b0)g1(�b)� g2(�b)�

↵s

⇡
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ḡ3 ⌘ g3 +
2⇣3(A(1)

)
2

2⇡�0

�b

1� 2�b
. (E.3)

The factor Lb is defined as

Lb(Qb/b0) =
X

c,c0

d|MF
|
2
cc0

d�F

X

i,j

⇢⇣
C [a]
ci ⌦ f [a]

i

⌘
H̄(Qb/b0)

⇣
C [b]
c0j ⌦ f [b]

j

⌘

+

⇣
G[a]

ci ⌦ f [a]
i

⌘
H̄(Qb/b0)

⇣
G[b]

c0j ⌦ f [b]
j

⌘�
, (E.4)

where H̄ is identical to H of eq. (B.11), with the only difference being that the H̄(2)

coefficient does not contain the term �H
(2) (B.14).

We evaluate the b integral by expanding b0/b about pT in the integrand. While this
procedure is known to generate a geometric singularity in the pT space resummation, in this
article we are only interested in retaining O(↵2

s) accuracy and therefore this is not an issue

– 37 –

where Rf contains terms that are non-singular in the small pT limit, while L contains powers
of logarithms of pT. The Sudakov form factor S reads

S(pT) = 2

Z
Q

pT

dq

q

✓
A(↵s(q)) ln

Q
2

q2
+B(↵s(q))

◆
, (2.2)

with

A(↵s) =

2X

k=1

⇣
↵s

2⇡

⌘
k

A
(k)

, B(↵s) =

2X

k=1

⇣
↵s

2⇡

⌘
k

B
(k)

, (2.3)

and the factor L, defined in eq. (4.31) of Section 4, involves the parton luminosities, the
Born squared amplitude, the hard virtual corrections and the collinear coefficient functions
up to second order, that constitute some of the ingredients for the N3LL resummation. In
the following, for ease of notation, we will drop the �B dependence in L.

As it stands, eq. (2.1) is such that its integral in pT between an infrared cutoff ⇤ and
Q reproduces the NNLO total cross section for the production of the colour singlet system.
We can recast eq. (2.1) as

d�

d�BdpT

=
d�

sing

d�BdpT

+Rf (pT),
d�

sing

d�BdpT

= exp[�S(pT)]D(pT) , (2.4)

with
D(pT) ⌘ �

dS(pT)

dpT

L(pT) +
dL(pT)

dpT

, (2.5)

and
dS(pT)

dpT

=
2

pT

✓
A(↵s(pT)) ln

Q
2

p2T
+B(↵s(pT))

◆
. (2.6)

We now make contact with the MiNLO0 procedure. We start by writing the regular
terms Rf to second order as

Rf (pT) =
d�

(NLO)
FJ

d�BdpT

�
↵s(pT)

2⇡


d�

sing

d�BdpT

�(1)
�

✓
↵s(pT)

2⇡

◆2 
d�

sing

d�BdpT

�(2)
, (2.7)

where the notation [X]
(i) stands for the coefficient of the i-th term in the perturbative

expansion of the quantity X. The first term on the right-hand-side is the NLO differential
cross section for the production of the singlet F in association with one jet J , namely

d�
(NLO)
FJ

d�BdpT

=
↵s(pT)

2⇡


d�FJ

d�BdpT

�(1)
+

✓
↵s(pT)

2⇡

◆2 
d�FJ

d�BdpT

�(2)
. (2.8)

As a second step, we factor out the Sudakov exponential in eq. (2.4) and obtain

d�

d�BdpT

= exp[�S(pT)]

⇢
D(pT) +

Rf (pT)

exp[�S(pT)]

�
. (2.9)

It is now important to observe that in order to preserve the perturbative accuracy of the
integral of eq. (2.9), it is sufficient to expand the curly bracket in powers of ↵s(pT) up to a
certain order. In fact, when expanded in powers of ↵s(pT), all terms in the curly brackets

– 5 –
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pT resummation

8

pT resummation
I L = ln(Q2 b2/b2

0) ¡ ln(Q2/p2
T
), Q: resummation scale

I Sudakov: –sL ≥ O(1)

Sc(A, B) = exp
Ó

L g (1)(–sL)¸ ˚˙ ˝
LL

+g (2)(–sL)

¸ ˚˙ ˝
NLL

+–sg (3)(–sL)

¸ ˚˙ ˝
NNLL

+–2
s · · ·

Ô

I LL: g (1) æ A(1)

NLL: H(1), C (1), g (2) æ A(2), B(1)

NNLL: H(2), C (2), g (3) æ A(3), B(2)
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Transverse-momentum resummation
★ developed already 40 years ago                                                                             

[Parisi, Petronzio ’79], [Dokshitzer, Diakonov, Troian ’80], [Curci, Greco, Srivastava ’79], [Bassetto, 
Ciafaloni, Marchesini ’80], [Kodaira, Trentadue ’82], [Collins, Soper, Sterman ’85]

★ newer formulations and advancement up to NNLL                                                                             
[Catani, de Florian, Grazzini ’01], [Bozzi, Catani, de Florian, Grazzini ’06 ’07] 

★ recent reformulation in direct space, conserving momentum & keeping relevant 
subleading terms in pT  [Monni, Re, Torrielli '16], [Ebert, Tackmann '17]

★ Current state-of-the-art: N3LL & partial N4LL                                                  
[Matrix+RadISH: Kallweit, Re, Rottoli, MW; CuTe+MCFM: Becher, Campbell, Neumann, et al.; RadISH: 
Monni, Re, Rottoli, Torrielli; NangaParbat: Bacchetta, Bertone, Bozzi, et al.; Artemide: Scimemi, 
Vladimirov; DYTurbo: Catani, Grazzini, Ferrera, Cieri, Camarda, et al.; SCETlib: Billis, Ebert, Michel, 
Tackmann, et al.; reSolve: Coradeschi, Cridge; Resbos: Isaacson, Yuan, et al.;]

     (several seminal works in SCET not discussed here)
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Matching of resummation & fixed-orderMatching
I matched (resummed) cross section:

C
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Matching
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Matching
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Matching
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Matching
I matched (resummed) cross section:
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Matching
I matched (resummed) cross section:
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Matching
I unitarity (due to L æ LÕ):
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Matching
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Matching of resummation & fixed-order

Resummation
Since dσ/dpT=2pT dσ/dp2T  we have the customary kinematical peak in the low 
pT region

Resummed computations, properly matched to fixed order, are able to provide 
the most accurate predictions for specific observables
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Resummation: Example #1pT spectrum in Drell-Yan @LHC

6

Comparison to LHC data

22

All implementations except Artemide include      results from MCFM 

ATLAS-CONF-2023-013 [ATLAS-CONF-2023-013]

pT(Z)

neutral DY
• pT(Z) comparison at N3LL’/approx N4LL QCD 

against ATLAS 8 TeV data


• A success for the community: remarkable 
agreement with data and few-% QCD residual 
uncertainty in the resummation region


• Non-perturbative advances would be needed to 
improve description below 5 GeV


• Impact of aN3LO PDFs to be carefully assessed

-> see also T. Cridge’s talk
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MATRIX+RADISH

3.5 Fiducial �� production 3 RESULTS
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Figure 18: Comparison of the ATLAS measurement of the diphoton transverse-momentum
distribution at 8TeV with predictions at N3LL+NNLO including uncertainties
associated with scale variation. The labels 0.1 and 0.2 in the plots refer to the
value of xmax.
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dσ/dpT, ��γ [fb/GeV] �
+�-γ@LHC 13 TeV (ATLAS data)
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Figure 7: NNLO+N3LL prediction of the pT,``� spectrum (blue, solid) compared to ATLAS data
[13] (green data points). The lower frame shows the ratio to the central NNLO+N3LL prediction.

is essentially indistinguishable from the one at NNLO+N3LL. In other words, isolation e↵ects
are adopted purely from the fixed-order prediction. In fact, the small e↵ect at pT,``� . 10GeV
indicates that the resummation of those corrections should have a minor impact in that region.
Furthermore, we estimate the all-order e↵ects of including NG logarithmic contributions in the
fiducial setup using the Pythia8 [76] parton shower (PS) matched to NLO calculations in the
MC@NLO scheme [77] within MadGraph5 aMC@NLO [78]. To this end, Figure 6 (b) shows
NLO+PS results with and without pcone0.2T /pT,� < 0.07 requirement in the main frame and their
ratio in the lower frame. For comparison we show the same ratio at LO+PS and at NLO. The
e↵ects of the additional isolation are vanishingly small at LO+PS, which can be considered a lower
bound for the impact that NG logarithmic terms stemming from photon isolation have on the
all-order prediction of pT,``�. The ratios at NLO+PS and at NLO are very similar to each other,
with the matching to PS slightly reducing the e↵ects due the additional isolation requirement.
Their di↵erence can be regarded as an estimate of the size of the NG logarithmic corrections
beyond fixed order induced by the pcone0.2T /pT,� < 0.07 requirement. Since the di↵erence is very
small at low pT,``� and at most ⇠ 2% in the matching region, we neglect such e↵ect from now on.
We note that it is less straightforward to estimate the NG logarithmic contributions for the Frixione
smooth-cone isolation, which for IR safety cannot be removed. However, we have verified that by
varying the smooth-cone radius down to �0 = 0.01 the analogous di↵erence is only moderately
a↵ected and remains negligible at and below the peak of the spectrum.

12

[MW, Rottoli, Torrielli '20]

[Becher, Neumann '20]Zɣ ɣɣ

Resummation: Example #2
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LHC event

proton proton
36
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LHC event

proton proton

Hard Process

no event

no shower accuracy

NXLO (high precision)
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LHC event

proton proton

Hard Process

Parton Shower (PS)
+

Hadronization

no event

no shower accuracy

realistic LHC event

shower accuracy
(low precision)

no NXLO precision

NXLO (high precision)
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Parton Shower Event Generators
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IN DETAIL

...slide borrowed  
        from Gavin Salam
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Parton Shower Event Generators
★ Parton shower event generators build the foundation of theoretical tools in 

experimental analyses to connect measurements & predictions

★ Used to unfold from detector-level events to fiducial cross sections.

★
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Parton Shower Event Generators
★ Parton shower event generators build the foundation of theoretical tools in 

experimental analyses to connect measurements & predictions

★ Used to unfold from detector-level events to fiducial cross sections

unfolding
(MC+detector

simulation)
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Figure 5: Distributions of (top) m(``�) and (bottom) p
``�
T for the (left) µ+µ�� and (right) e

+
e
�� signal regions. The

number of candidates observed in data (black data points) is compared to the sum of the signal predicted using the
S����� LO MC signal sample (including a normalisation factor of 1.25) and the estimated background contributions.
The lower section of each plot shows the ratio of the observed distribution to the sum of the predicted signal and
estimated background. The error bars on the observed distribution and on the ratio of the observed and expected
distributions show the statistical uncertainty due to the number of observed events. The hatched bands represent
the sum in quadrature of the uncertainty on the background estimation, the statistical uncertainty on the MC signal
prediction, and the experimental systematic uncertainty, excluding the uncertainty on the integrated luminosity.

pseudorapidity selection (|⌘ | < 2.47) on electrons and muons; and it includes the transition region in |⌘ |
for photons and electrons. The inclusion of the photon transition region in the fiducial region simplifies
comparisons with calculations, and represents a small interpolation (⇠ 6%) in a smooth distribution.

In addition, the photon, and the leptons forming the lepton pair, must not come from hadron or ⌧ decays.
The lepton energies are corrected by adding contributions from photons within �R < 0.1 of each lepton,
a procedure known as “dressing”. Photon isolation at particle level is imposed by requiring the scalar
sum of the transverse energy of all stable particles (except neutrinos and muons) within a cone of size
�R = 0.2 around the photon, E

cone0.2
T , to be less than 7% of E

�
T. This upper limit corresponds to the value

of the ratio E
cone0.2
T /E

�
T for which there is an equal probability for simulated signal events to pass or fail the

FixedCutLoose photon isolation requirements, as described in Section 4.1. No requirements are imposed at
particle level on the electron or muon isolation.
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Figure 8: Measured fiducial cross-sections (black data points) for the observables (from left to right and top to
bottom) E

�
T, |⌘� |, m(``�) and p

``�
T for the pp ! Z(!`+`�)� process. The measured cross-sections are compared

with SM expectations obtained from the M����� parton-level generator, corrected to particle level. The error bars
on the data points show the statistical uncertainty on the measured values. The grey shaded regions show the total
uncertainty on the unfolded data, excluding the uncertainty on the integrated luminosity. The purple and green
hatched regions show the total uncertainty on the M����� predictions. The lower section of each plot shows the ratio
of the SM expectation to the measured cross-section.

calculations at parton level, with parton-to-particle corrections applied, again as described in Section 7.
In all cases, the SM expectations include the electroweak Z� j j contribution evaluated at LO using
M��G���� 2.3.3. The relative contribution from Z� j j electroweak production grows with increasing
E
�
T and p

``�
T , reaching about 8% of the S����� LO prediction for the highest bins of E

�
T and p

``�
T , and is

largest at high m(``�), reaching about 3-4% of the S����� LO prediction.

The predictions from S����� at LO underestimate the measured rate by 20-30%, but give a generally good
description of the shape of the observed kinematic distributions, except in the region of intermediate p

``�
T .

The M��G���� prediction reproduces the shape of the data well but slightly underestimates the overall
normalisation. The M����� generator prediction agrees rather well with the data at NNLO, while the NLO
prediction underestimates the cross-section, particularly at high p

``�
T . In the region of m(``�) < 130 GeV

both M����� calculations underestimate the cross-section. In general, the description of the shape of each
distribution (as well as the overall rate) is improved at NNLO compared to NLO.

For the p
``�
T distribution, a fixed-order calculation (in this case M�����) is not expected to describe the

19

fiducial cross sectiondetector-level events
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Parton Shower Event Generators
★ Parton shower event generators build the foundation of theoretical tools in 

experimental analyses to connect measurements & predictions

★ Used to unfold from detector-level events to fiducial cross sections.

★ Parton showers build the core of the event simulation, combined with hadronization 
and multi-parton-interaction (MPI) models.

★ Parton showers provide the most flexible predictions, applicable, in principle, 
simultaneously to all IR-safe observables. However, unlike observable-specific 
resummation approaches they are limited to a lower logarithmic accuacy (so far)

★ new approaches evolving to improve logarithmic accuracy of parton showers:                                                                  
[Forshaw, Holguin, Plätzer '20] [Nagy, Soper ’19] [Dasgupta, et al. ’20; Hamilton, et al. ’20; Karlberg, et 
al. ’21, …], [Höche et al. ’22 ’24]
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Parton Shower

Loopfest XXIISilvia Ferrario Ravasio 7

Parton Showers in a nutshell

q0
_

g2
g1

g3

g4

q6

q5

Z

v0 v1 v2 v3 v4 v6v5

_

q0Start with  state produced at a hard scale .  

Throw a random number to determine down to 
what scale state persists unchanged

qq̄ v0

q

q
_

Dipole showers [Gustafson, 
Pettersson, ’88] are the most 
used shower paradigm (typically the invariant mass )v0 ∼ Qqq̄
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x

Loopfest XXIISilvia Ferrario Ravasio 8

Parton Showers in a nutshell

q0
_

g2
g1

g3

g4

q6

q5

Z

v0 v1 v2 v3 v4 v6v5

_

q0

q

q
_

v 

Dipole showers 
Dipole showers [Gustafson, 
Pettersson, ’88] are the most 
used shower paradigm

Δ(v0, v) = exp (−∫
v0

v
dPqq̄(Φ))

Start with  state produced at a hard scale .  

Throw a random number to determine down to 
what scale state persists unchanged

qq̄ v0

random number

no-emission probability between the  and v0 v

Δ(v0, v1) ≡ nrandom

v
v

Solve for scale :v1
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`

Loopfest XXIISilvia Ferrario Ravasio 9

Parton Showers in a nutshell

q0
_

g2
g1

g3

g4

q6

q5

Z

v0 v1 v2 v3 v4 v6v5

_

q0

q

q
_
g

At some point, state splits (2→3, i.e. emits 
gluon) at a scale . The kinematic (rapidity 
and azimuth) of the gluon is chosen according to

v1 < v0

v 

Dipole showers [Gustafson, 
Pettersson, ’88] are the most 
used shower paradigm

dPqq̄(Φ(v1))

Start with  state produced at a hard scale .  

Throw a random number to determine down to 
what scale state persists unchanged

qq̄ v0

Φ = {v, η, φ}
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Parton Shower

Loopfest XXIISilvia Ferrario Ravasio 10

Parton Showers in a nutshell

q0
_

g2
g1

g3

g4

q6

q5

Z

v0 v1 v2 v3 v4 v6v5

_

q0

q

q
_
g

The gluon is part of two dipoles , . 
 
Iterate the above procedure for both dipoles 
independently, using  as starting scale.

(qg) (gq̄)

v1

v 

Dipole showers [Gustafson, 
Pettersson, ’88] are the most 
used shower paradigm

At some point, state splits (2→3, i.e. emits 
gluon) at a scale .v1 < v0

Start with  state produced at a hard scale .  

Throw a random number to determine down to 
what scale state persists unchanged

qq̄ v0



Marius Wiesemann    (MPP Munich) September 7, 2024QCD and Monte Carlo event generators (Lecture 3) 46

Parton Shower

Loopfest XXIISilvia Ferrario Ravasio 11

q0
_

g2
g1

g3

g4

q6

q5

Z

v0 v1 v2 v3 v4 v6v5

_

q0

self-similar 
evolution  

continues until it 
reaches a non-
perturbative 

scale

v 
Loopfest XXIISilvia Ferrario Ravasio 10

Parton Showers in a nutshell

q0
_

g2
g1

g3

g4

q6

q5

Z

v0 v1 v2 v3 v4 v6v5

_

q0

q

q
_
g

The gluon is part of two dipoles , . 
 
Iterate the above procedure for both dipoles 
independently, using  as starting scale.

(qg) (gq̄)

v1

v 

Dipole showers [Gustafson, 
Pettersson, ’88] are the most 
used shower paradigm

At some point, state splits (2→3, i.e. emits 
gluon) at a scale .v1 < v0

Start with  state produced at a hard scale .  

Throw a random number to determine down to 
what scale state persists unchanged

qq̄ v0
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Parton Shower

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}
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Parton Shower

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}
no-emission

LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

4

Tree 
2→2

to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines

2

LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

4

Tree 
2→2

to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines

2Born - B
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Parton Shower

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}
first emissionno-emission

F(     )
LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

4

Tree 
2→2

to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines

2

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

5

Tree 
2→4

2

NNLO

1-loop  
2→3 × + complex conj.

2-loop  
2→2 × + complex conj.

1-loop  
2→2

2

LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

4

Tree 
2→2

to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines

2Born - B
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Parton Shower

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}

F(     )
LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

4

Tree 
2→2

to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines

2

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

5

Tree 
2→4

2

NNLO

1-loop  
2→3 × + complex conj.

2-loop  
2→2 × + complex conj.

1-loop  
2→2

2

LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

4

Tree 
2→2

to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines

2Born - B

integrates to unity ➙ "unitarity" of parton shower
(parton shower affects kinematics, not inclusive cross section)
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dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1) × {Δ(ν1, Λ) + dΦ2Δ(ν1, ν2) 𝒫(dΦ2)}}

Parton Shower

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}

LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

4

Tree 
2→2

to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines

2
F(     )

LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

4

Tree 
2→2

to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines

2

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

5

Tree 
2→4

2

NNLO

1-loop  
2→3 × + complex conj.

2-loop  
2→2 × + complex conj.

1-loop  
2→2

2

F(     )

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

5

Tree 
2→4

2

NNLO

1-loop  
2→3 × + complex conj.

2-loop  
2→2 × + complex conj.

1-loop  
2→2

2

Born - B
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dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1) × {Δ(ν1, Λ) + dΦ2Δ(ν1, ν2) 𝒫(dΦ2)}}

Parton Shower

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}

one emissionno-emission second emission

F(     )
LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

4

Tree 
2→2

to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines

2

INGREDIENTS FOR A CALCULATION (generic 2→2 process)
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2→2

2

Born - B

LO

INGREDIENTS FOR A CALCULATION (generic 2→2 process)

4

Tree 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to illustrate the 
concepts, we don’t 
care what the 

particles are ̶ just 
draw lines
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dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1) × {Δ(ν1, Λ) + dΦ2Δ(ν1, ν2) 𝒫(dΦ2)}}

Parton Shower

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1) × {Δ(ν1, Λ) + dΦ2Δ(ν1, ν2) 𝒫(dΦ2) ×

× {Δ(ν2, Λ) + dΦ3Δ(ν2, ν3) 𝒫(dΦ3)}}}
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Hadronization & underlying event
★ besides perturbative showering procedure, event generators include non-perturbative 

models to simulate hadronization & underlying event/multi-parton interactions (MPI)

hadronizationHadronization

The shower evolution naturally arranges 
colour such that colour singlets are close in 
phase space (preconfinement)

When transverse momenta are of the order of few hundreds 
MeV the shower stops and hadronization takes place

This happens locally in phase space (parton picture preserved !)

No real “theory” of hadronization but several phenomenological models

Such “preconfined” clusters then hadronize

 138

MPI

• parton shower stops at a cutoff  
and hadronization starts

• preconfinement:                                                  
colour naturally arranged                                       
➙ colour singlets close

• phenomenological models:

ΛQCD ∼ 0.2 GeV

Hadronization
String model

At long distances the QCD potential produces a colour 
string (linear potential responsible for confinement)

Assign probability for meson formation from qq̅ pair

Cluster

Mass distribution of colour singlet pairs eventually 
independent on energy and process

Shower cutoff becomes parameter of the model

Split all gluons in qq̅ pairs and then combine 
colour singlets

Primary clusters let decay into observed hadrons

 139

string model

cluster model split all gluons into quarks and 
recombine to colour singlets

• apart from primary hard scattering (several) 
secondary secondary collisions from other partons 
inside the proton may occur

Underlying event
In addition to the primary high-pT hard scattering several secondary interactions occur

Understood as interactions involving the other patrons in the proton

x1p1 x2p2

A model for the density profile of these partons is required
(generally assumed to be gluons because typically soft)

Independent colour structure of these interactions does not seem to work

Colour reconnection

 140
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Parton showers at work
Parton shower at work

e�

e+

In e+e- annihilation the PS is 
able to give good description 
of the 2-jet region

 142

2jet region

Parton shower at work

e�

e+

In e+e- annihilation the PS is 
able to give good description 
of the 2-jet region

 142

2jet region

good description of dijet 
events in lepton collisions

For the DY process the PS 
provides the correct shape 
for the transverse 
momentum distribution in 
the low pT region

Parton shower at work

 143

For the DY process the PS 
provides the correct shape 
for the transverse 
momentum distribution in 
the low pT region

Parton shower at work

 143

correct shape at low 
transverse momentum
of the Z-boson

Example #1 Example #2
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Problems of parton showers

Troubles
As for a resummed computation PS is based on soft and collinear approximations

Example: Drell-Yan: we may want to study not only the dilepton pair but also the 
accompanying jets

The shower will produce jets but they will be soft and collinear: the cross section 
for producing hard and well separated jets will be totally wrong !

Equivalently: the transverse 
momentum spectrum of the Z 
boson will be OK only at low pT

 144

★ parton showers rely on soft/collinear 
approximation for radiation (like resummation)

➙ valid only in when radiation is soft/collinear

★ in regions where hard QCD radiation is probed, 
such as at large pT of a Z boson, a parton shower 
does not provide a physical description

★ by contrast, the shower provides a physical 
picture at low pT



Questions?
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LHC event

proton proton

Hard Process

Parton Shower (PS)
+

Hadronization

no event

no shower accuracy

realistic LHC event

shower accuracy
(low precision)

no NXLO precision

NXLO (high precision)
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proton proton

Hard Process

Parton Shower (PS)
+

Hadronization

no event

no shower accuracy

realistic LHC event

shower accuracy
(low precision)

no NXLO precision

NXLO (high precision)

Combination

realistic LHC event

shower accuracy

NXLO (high precision)

NXLO+PS

59

LHC event
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NLO+PS matching:  MC@NLO

reminder shower formula:

NLO cross section: dσNLO ≡ {dσ(1)+dσ(2)} = dΦB (B + V + ∫ dΦrad R)
dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}

F

→ R→ V→ B

The m
ultiple em

ission of soft and collinear gluons fulfils factorisation but in order 

to obtain an all order result also the phase space has to be properly factorised
In the case of the p

T distribution, to exactly im
plem

ent m
om

entum
 conservation, 

the resum
m

ation has to be perform
ed in im

pact param
eter b-space 
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The multiple emission of soft and collinear gluons fulfils factorisation but in order 
to obtain an all order result also the phase space has to be properly factorised

In the case of the pT distribution, to exactly implement momentum conservation, 
the resummation has to be performed in impact parameter b-space 
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NLO+PS matching:  MC@NLO

dσnaive
MC@NLO = [dΦB (B + V)] × I(n)

MC + [dΦB dΦrad R] × I(n+1)
MC

reminder shower formula:

MC@NLO:  additive matching (similar to analytic resummation & local subtraction):
[Frixione, Webber ’02]

NLO cross section: dσNLO ≡ {dσ(1)+dσ(2)} = dΦB (B + V + ∫ dΦrad R)

: corresponds to the shower emission propability from a k-body kinematicsI(k)
MC

naive try:

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}
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NLO+PS matching:  MC@NLO

dσnaive
MC@NLO = [dΦB (B + V)] × I(n)

MC + [dΦB dΦrad R] × I(n+1)
MC

reminder shower formula:

[Frixione, Webber ’02]

NLO cross section: dσNLO ≡ {dσ(1)+dσ(2)} = dΦB (B + V + ∫ dΦrad R)

: corresponds to the shower emission propability from a k-body kinematicsI(k)
MC

➙ double counting!   and  both include the first radiation[ΦBB × I(n)
MC] [dΦB dΦrad R]

MC@NLO:  additive matching (similar to analytic resummation & local subtraction):

naive try:

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}
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NLO+PS matching:  MC@NLO

reminder shower formula:

[Frixione, Webber ’02]

NLO cross section: dσNLO ≡ {dσ(1)+dσ(2)} = dΦB (B + V + ∫ dΦrad R)
MC@NLO:  additive matching (similar to analytic resummation & local subtraction):

no double counting: dσMC@NLO = [dΦB (B + V +∫ dΦradMC)] × I(n)
MC + [dΦB dΦrad (R −MC)] × I(n+1)

MC

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}

solution: local MC counter term:    (depends on shower that you interface to)MC ≃ B × [dΦ1/dΦrad 𝒫(dΦ1)]
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NLO+PS matching:  MC@NLO

reminder shower formula:

[Frixione, Webber ’02]

NLO cross section: dσNLO ≡ {dσ(1)+dσ(2)} = dΦB (B + V + ∫ dΦrad R)

solution: local MC counter term:  MC ≃ B × [dΦ1/dΦrad 𝒫(dΦ1)]

MC@NLO:  additive matching (similar to analytic resummation & local subtraction):

no double counting:

= {(1 − ∫ dΦ1 𝒫(dΦ1)) + dΦ1 𝒫(dΦ1)}
= {1 − ∫ dΦrad

MC
B

+ dΦrad
MC
B }

dσMC@NLO = [dΦB (B + V +∫ dΦradMC)] × I(n)
MC + [dΦB dΦrad (R −MC)] × I(n+1)

MC

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}

NLO expansion
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[dσMC@NLO]NLO
= [dΦB (B + V +∫ dΦradMC)] × I(n)

MC + [dΦB dΦrad (R −MC)] × I(n+1)
MC

= dσNLO

65

NLO+PS matching:  MC@NLO

reminder shower formula:

[Frixione, Webber ’02]

NLO cross section: dσNLO ≡ {dσ(1)+dσ(2)} = dΦB (B + V + ∫ dΦrad R)

solution: local MC counter term:  MC ≃ B × [dΦ1/dΦrad 𝒫(dΦ1)]

MC@NLO:  additive matching (similar to analytic resummation & local subtraction):

NLO expansion

= {(1 − ∫ dΦ1 𝒫(dΦ1)) + dΦ1 𝒫(dΦ1)}
= {1 − ∫ dΦrad

MC
B

+ dΦrad
MC
B }

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}
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NLO+PS matching:  MC@NLO

reminder shower formula:

[Frixione, Webber ’02]

NLO cross section: dσNLO ≡ {dσ(1)+dσ(2)} = dΦB (B + V + ∫ dΦrad R)

: corresponds to the shower emission propability from a k-body kinematicsI(k)
MC

MC@NLO:  additive matching (similar to analytic resummation & local subtraction):

dσMC@NLO = [dΦB (B + V + ∫ dΦradMC)] × I(n)
MC + [dΦB dΦrad (R − MC)] × I(n+1)

MC

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}
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NLO+PS matching:  MC@NLO

reminder shower formula:

[Frixione, Webber ’02]

NLO cross section: dσNLO ≡ {dσ(1)+dσ(2)} = dΦB (B + V + ∫ dΦrad R)
MC@NLO:  additive matching (similar to analytic resummation & local subtraction):

dσMC@NLO = [dΦB (B + V + ∫ dΦradMC)] × I(n)
MC + [dΦB dΦrad (R − MC)] × I(n+1)

MC

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}

S-events H-events

only sum is positive definite for physical observables, 
S- and H-events can be seperately negative
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reminder shower formula:

NLO+PS matching:  Powheg

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}
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reminder shower formula:

Powheg:  generate first emission through matrix elements:
[Nason '04], [Frixione, Nason, Oleari ’07]

NLO+PS matching:  Powheg

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}

dσPWG = dΦB B̃ × {Δpwg(Λpwg) + dΦradΔpwg(pT,rad)
R
B

× I(n+1)
MC }
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reminder shower formula:

Powheg:  generate first emission through matrix elements:
[Nason '04], [Frixione, Nason, Oleari ’07]

NLO+PS matching:  Powheg

NLO cross section, inclusive over second radiation

B̃ = B + V + ∫ dΦrad R

≡ {dσ(1)

dΦB
+

dσ(2)

dΦB
}

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}

dσPWG = dΦB B̃ × {Δpwg(Λpwg) + dΦradΔpwg(pT,rad)
R
B

× I(n+1)
MC }
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NLO+PS results
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Figure 6: Comparison to Monte Carlo predictions based on a matrix element with parton
shower merging. The ratio of MG5 aMC (0, 1, and 2 jets at NLO) + PYTHIA 8 (left) and
MINNLOPS (right) predictions to the measured differential cross sections in pT(``) are pre-
sented for various m`` ranges. The error bars correspond to the statistical uncertainty of the
measurement and the shaded bands to the total experimental uncertainty. The light color band
corresponds to the statistical uncertainty of the simulation and the dark color band includes the
scale uncertainty. The largest bands include PDF and aS uncertainties, added in quadrature.
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Figure 13: Absolute (left) and normalized (right) differential cross sections at the particle level
as a function of pT(th) (upper) and pT(t`) (lower). The data are shown as points with light
(dark) bands indicating the statistical (statistical and systematic) uncertainties. The cross sec-
tions are compared to the predictions of POWHEG combined with PYTHIA8 (P8) or HERWIG++
(H++) and the multiparton simulations MG5 aMC@NLO (MG5)+PYTHIA8 FxFx and SHERPA.
The ratios of the various predictions to the measured cross sections are shown at the bottom of
each panel.

Top-quark pair production
[CMS '22 - arXiv:1803.08856]

Comparison to high-precision Drell-Yan data
[CMS '22 - arXiv:2205.04897]
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Multi-jet mergingMerging
PS

LO

LO

LO

 149
...slide borrowed from Massimilano Grazzini
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Merging

++ +…

ME

LO LO LO

 150
...slide borrowed from Massimilano Grazzini

Multi-jet merging
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Multi-jet mergingMerging

++ +…

ME
PS

+ + +…

+…

LO

LO

LO

LO

LO LO

LO

 151
...slide borrowed from Massimilano Grazzini

Multi-jet merging

⋯
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Multi-jet mergingMerging

++ +…

ME
PS

+ + +…

+…

LO

LO

LO

LO

LO LO

LO

 151
...slide borrowed from Massimilano Grazzini

Multi-jet merging

0-je
t

⋯
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Multi-jet mergingMerging

++ +…

ME
PS

+ + +…

+…

LO

LO

LO

LO

LO LO

LO

 151
...slide borrowed from Massimilano Grazzini

Multi-jet merging

0-je
t

1-je
t

⋯
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Multi-jet mergingMerging

++ +…

ME
PS

+ + +…

+…

LO

LO

LO

LO

LO LO

LO

 151
...slide borrowed from Massimilano Grazzini

Multi-jet merging

0-je
t

1-je
t

2-je
t

➙ need to take care double counting!
    similar to NLO+PS, BUT no divergences
     ➙ merging is ad-hoc combination of n-jet different samples
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Merging

++ +…

ME
PS

+ + +…

+…

LO

LO

LO

LO

LO LO

LO

 151

0j@LO+PS 1j@LO+PS 2j@LO+PS

r0 r1 r2 ⋯r0 < Qcut r0 > Qcut, r1 < Qcut r1 > Qcut, r2 < Qcut rn > Qcut

nj@LO+PS

rnMerging

++ +…

ME
PS

+ + +…

+…

LO

LO

LO

LO

LO LO

LO

 151

Merging
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LO

LO

LO
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n
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PS

+

+

+…

+…

LO

LO
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LO
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LO
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Merging

++ +…

ME
PS
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+…

LO

LO

LO

LO

LO LO

LO

 151

0j@LO+PS 1j@LO+PS 2j@LO+PS

r0 r1 r2 ⋯r0 < Qcut r0 > Qcut, r1 < Qcut r1 > Qcut, r2 < Qcut rn > Qcut

nj@LO+PS

rnMerging
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LO
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LO

 151

Merging

+

+

+…

ME
PS

+

+

+…

+…

LO

LO

LO

LO

LO

LO

LO

 151

⋯
n

Merging

+

+

+…

ME
PS

+

+

+…

+…

LO

LO

LO

LO

LO

LO

LO

 151

⋯
n + 1

⋯ ⋯

Merging

++ +…

ME
PS

+ + +…

+…

LO

LO

LO

LO

LO LO

LO

 151

Merging

++ +…

ME
PS

+ + +…

+…

LO

LO

LO

LO

LO LO

LO

 151

σX+0,…,n@LO+PS
incl = σX+0

excl (r0 < Qcut) + σX+1
excl (r0 > Qcut, r1 < Qcut) + σX+2

excl (r1 > Qcut, r2 < Qcut) + ⋯ + σX+n
excl (rn > Qcut)
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X X+jet X+2jets X+3jets X+nj(n>3)
X@LO LO — — — —

X@LO+PS LO PS PS PS PS
X+0,1j@LO+PS LO LO PS PS PS

X+0,1,2j@LO+PS LO LO LO PS PS
  X+0,1,2,3j@LO+PS    LO LO LO LO PS

LO+PS merging

✦ main idea: 
-  hard emissions ( ) described by matrix elements, soft emissions ( ) by shower

-  resolution variable  typically related to transverse momentum of the emission

-  merging scale  cannot be pushed too low as large  in matrix elements

✦ LO+PS merging methods: 

ri > Qcut ri < Qcut
ri

Qcut log(Qcut /Q)

CKKW MLM …MEPS@LO (Sherpa)UMEPS
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X X+jet X+2jets X+3jets X+nj(n>3)
X@LO LO — — — —

X@LO+PS LO PS PS PS PS
X@NLO NLO LO — — —

X@NLO+PS NLO LO PS PS PS
X+0,1j@NLO+PS NLO NLO LO PS PS

X+0,1,2j@NLO+PS NLO NLO NLO LO PS

NLO+PS merging

✦ idea very similar at NLO, but need to account for overlap in matrix elements

✦ X@NLO+PS, X+2,..,nj@LO+PS merging method:

✦ X+0,…,nj@NLO+PS:

MENLOPS

MEPS@NLO (Sherpa) FxFx (MG5) MiNLO (Powheg) UNLOPS
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NLO+PS merging:  Example #1
Ingredients NLO improvements MEPS@LO Conclusion

p
H

?
in MEPS@NLO

pp ! h + jets
Sherpa S-MC@NLO

0 50 100 150 200 250 300
10�4

10�3

10�2

10�1

Transverse momentum of the Higgs boson

p?(h) [GeV]

ds
/d

p
?

[p
b/

G
eV

] first emission by
MC@NLO

MC@NLO pp ! h + jet
for Qn+1 > Qcut

restrict emission o↵
pp ! h + jet to
Qn+2 < Qcut

MC@NLO

pp ! h + 2jets for
Qn+2 > Qcut

iterate

sum all contributions

eg. p?(h)>200 GeV
has contributions fr.
multiple topologies

F. Krauss IPPP

ME+PS matching and merging at NLO

✦ start from MC@NLO for Higgs+0-jet 

MEPS@NLO (Sherpa)
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NLO+PS merging:  Example #1

Ingredients NLO improvements MEPS@LO Conclusion

p
H

?
in MEPS@NLO

pp ! h + jets
pp ! h + 0j @ NLO

0 50 100 150 200 250 300
10�4

10�3

10�2

10�1

Transverse momentum of the Higgs boson

p?(h) [GeV]

ds
/d

p
?

[p
b/

G
eV

]

first emission by
MC@NLO , restrict to
Qn+1 < Qcut

MC@NLO pp ! h + jet
for Qn+1 > Qcut

restrict emission o↵
pp ! h + jet to
Qn+2 < Qcut

MC@NLO

pp ! h + 2jets for
Qn+2 > Qcut

iterate

sum all contributions

eg. p?(h)>200 GeV
has contributions fr.
multiple topologies

F. Krauss IPPP

ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)

✦ start from MC@NLO for Higgs+0-jet                                  
➙ restrict first emission r0 < Qcut
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NLO+PS merging:  Example #1

Ingredients NLO improvements MEPS@LO Conclusion

p
H

?
in MEPS@NLO

pp ! h + jets
pp ! h + 0j @ NLO
pp ! h + 1j @ NLO

0 50 100 150 200 250 300
10�4

10�3

10�2

10�1

Transverse momentum of the Higgs boson

p?(h) [GeV]

ds
/d

p
?

[p
b/

G
eV

]

first emission by
MC@NLO , restrict to
Qn+1 < Qcut

MC@NLO pp ! h + jet
for Qn+1 > Qcut

restrict emission o↵
pp ! h + jet to
Qn+2 < Qcut

MC@NLO

pp ! h + 2jets for
Qn+2 > Qcut

iterate

sum all contributions

eg. p?(h)>200 GeV
has contributions fr.
multiple topologies

F. Krauss IPPP

ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)

✦ start from MC@NLO for Higgs+0-jet                                  
➙ restrict first emission 

✦ MC@NLO for Higgs+1-jet for                                

r0 < Qcut

r0 > Qcut
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NLO+PS merging:  Example #1

Ingredients NLO improvements MEPS@LO Conclusion

p
H

?
in MEPS@NLO

pp ! h + jets
pp ! h + 0j @ NLO
pp ! h + 1j @ NLO

0 50 100 150 200 250 300
10�4

10�3

10�2

10�1

Transverse momentum of the Higgs boson

p?(h) [GeV]

ds
/d

p
?

[p
b/

G
eV

]

first emission by
MC@NLO , restrict to
Qn+1 < Qcut

MC@NLO pp ! h + jet
for Qn+1 > Qcut

restrict emission o↵
pp ! h + jet to
Qn+2 < Qcut

MC@NLO

pp ! h + 2jets for
Qn+2 > Qcut

iterate

sum all contributions

eg. p?(h)>200 GeV
has contributions fr.
multiple topologies

F. Krauss IPPP

ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)

✦ start from MC@NLO for Higgs+0-jet                                  
➙ restrict first emission 

✦ MC@NLO for Higgs+1-jet for                                 
➙ restrict extra emission 

r0 < Qcut

r0 > Qcut
r1 < Qcut
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NLO+PS merging:  Example #1

Ingredients NLO improvements MEPS@LO Conclusion

p
H

?
in MEPS@NLO

pp ! h + jets
pp ! h + 0j @ NLO
pp ! h + 1j @ NLO
pp ! h + 2j @ NLO

0 50 100 150 200 250 300
10�4

10�3

10�2

10�1

Transverse momentum of the Higgs boson

p?(h) [GeV]

ds
/d

p
?

[p
b/

G
eV

]

first emission by
MC@NLO , restrict to
Qn+1 < Qcut

MC@NLO pp ! h + jet
for Qn+1 > Qcut

restrict emission o↵
pp ! h + jet to
Qn+2 < Qcut

MC@NLO

pp ! h + 2jets for
Qn+2 > Qcut

iterate

sum all contributions

eg. p?(h)>200 GeV
has contributions fr.
multiple topologies

F. Krauss IPPP

ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)

✦ start from MC@NLO for Higgs+0-jet                                  
➙ restrict first emission 

✦ MC@NLO for Higgs+1-jet for                                 
➙ restrict extra emission 

✦ MC@NLO for Higgs+2-jet for                               

r0 < Qcut

r0 > Qcut
r1 < Qcut

r1 > Qcut
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NLO+PS merging:  Example #1

Ingredients NLO improvements MEPS@LO Conclusion

p
H

?
in MEPS@NLO

pp ! h + jets
pp ! h + 0j @ NLO
pp ! h + 1j @ NLO
pp ! h + 2j @ NLO

0 50 100 150 200 250 300
10�4

10�3

10�2

10�1

Transverse momentum of the Higgs boson

p?(h) [GeV]

ds
/d

p
?

[p
b/

G
eV

]

first emission by
MC@NLO , restrict to
Qn+1 < Qcut

MC@NLO pp ! h + jet
for Qn+1 > Qcut

restrict emission o↵
pp ! h + jet to
Qn+2 < Qcut

MC@NLO

pp ! h + 2jets for
Qn+2 > Qcut

iterate

sum all contributions

eg. p?(h)>200 GeV
has contributions fr.
multiple topologies

F. Krauss IPPP

ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)

✦ start from MC@NLO for Higgs+0-jet                                  
➙ restrict first emission 

✦ MC@NLO for Higgs+1-jet for                                 
➙ restrict extra emission 

✦ MC@NLO for Higgs+2-jet for                                 
➙ restrict extra emission 

r0 < Qcut

r0 > Qcut
r1 < Qcut

r1 > Qcut
r2 < Qcut
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NLO+PS merging:  Example #1

Ingredients NLO improvements MEPS@LO Conclusion

p
H

?
in MEPS@NLO

pp ! h + jets
pp ! h + 0j @ NLO
pp ! h + 1j @ NLO
pp ! h + 2j @ NLO
pp ! h + 3j @ LO

0 50 100 150 200 250 300
10�4

10�3

10�2

10�1

Transverse momentum of the Higgs boson

p?(h) [GeV]

ds
/d

p
?

[p
b/

G
eV

]

first emission by
MC@NLO , restrict to
Qn+1 < Qcut

MC@NLO pp ! h + jet
for Qn+1 > Qcut

restrict emission o↵
pp ! h + jet to
Qn+2 < Qcut

MC@NLO

pp ! h + 2jets for
Qn+2 > Qcut

iterate

sum all contributions

eg. p?(h)>200 GeV
has contributions fr.
multiple topologies

F. Krauss IPPP

ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)

✦ start from MC@NLO for Higgs+0-jet                                  
➙ restrict first emission 

✦ MC@NLO for Higgs+1-jet for                                 
➙ restrict extra emission 

✦ MC@NLO for Higgs+2-jet for                                 
➙ restrict extra emission 

✦ LO+PS for Higgs+3-jet for               
(MEPS@NLO/Sherpa specific)                                                 
➙ no restriction on further radiation (keep PS)

r0 < Qcut

r0 > Qcut
r1 < Qcut

r1 > Qcut
r2 < Qcut

r2 > Qcut
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first emission by
MC@NLO , restrict to
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MC@NLO pp ! h + jet
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restrict emission o↵
pp ! h + jet to
Qn+2 < Qcut

MC@NLO

pp ! h + 2jets for
Qn+2 > Qcut

iterate

sum all contributions

eg. p?(h)>200 GeV
has contributions fr.
multiple topologies

F. Krauss IPPP

ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)

✦ start from MC@NLO for Higgs+0-jet                                  
➙ restrict first emission 

✦ MC@NLO for Higgs+1-jet for                                 
➙ restrict extra emission 

✦ MC@NLO for Higgs+2-jet for                                 
➙ restrict extra emission 

✦ LO+PS for Higgs+3-jet for               
(MEPS@NLO/Sherpa specific)                                                 
➙ no restriction on further radiation (keep PS)

✦ sum all together ➙ Higgs+0,1,2j@NLO+PS

r0 < Qcut

r0 > Qcut
r1 < Qcut

r1 > Qcut
r2 < Qcut

r2 > Qcut
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➙ restrict extra emission 
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✦ LO+PS for Higgs+3-jet for               
(MEPS@NLO/Sherpa specific)                                                 
➙ no restriction on further radiation (keep PS)

✦ sum all together ➙ Higgs+0,1,2j@NLO+PS

✦ high pT receives multiple contributions
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ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)

✦ start from MC@NLO for Higgs+0-jet                                  
➙ restrict first emission 

✦ MC@NLO for Higgs+1-jet for                                 
➙ restrict extra emission 

✦ MC@NLO for Higgs+2-jet for                                 
➙ restrict extra emission 

✦ LO+PS for Higgs+3-jet for               
(MEPS@NLO/Sherpa specific)                                                 
➙ no restriction on further radiation (keep PS)

✦ sum all together ➙ Higgs+0,1,2j@NLO+PS

✦ high pT receives multiple contributions

✦ smoother than MC@NLO for Higgs+0-jet
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ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)

section, it is clear that the Hj-Minlo enhanced fixed order prediction and its derivatives,
namely, the hardest emission cross section and subsequent parton showered predictions, all
agree identically; thus, a relatively low contribution in the vicinity of the pH

T ⇠ 0 GeV in
the case of the enhanced fixed order prediction (red) must be compensated by it having a
relatively high contribution elsewhere, in this case the region ⇠ 15� 50 GeV.

In summary, we have seen that the Hj-Minlo predictions at the NLO, Les Houches,
and showered level are in close agreement, the largest discrepancy (near 10%) occurring
in the Sudakov region, where effects beyond NLO are numerically significant, for reasons
which are well understood.

The final ingredient to reach the NNLO accuracy is the inclusion of the reweighting
procedure discussed in sections 2.1 and 2.2. In figure 3 we display the effect of the inclusion
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Figure 3. Transverse momentum spectrum of the Higgs boson from the Nnlops simulation with
� = 1 (red) and our default � = 1

2 (blue), compared to the Hj-Minlo output (green). The Hj-

Minlo output (rescaled by a global factor such that the total inclusive cross section is the same as
for the two Nnlops predictions) is shown in black, and is almost exactly under the red line. The
ratio plots are normalized to the black line.

of the NNLO reweighting with respect to the Hj-Minlo result, for � = 1 and � = 1
2 .

In the � = 1 case, the NNLO reweighting can be well modeled by an overall K -factor,
that does not modify the shape of the transverse momentum distribution at all. This is
easily understood, since in practice the reweighting factor has a fairly mild dependence
upon the rapidity. By introducing a finite � we do instead alter the shape of the transverse
momentum distribution, since, in this case, the K -factor is only applied to the lower portion
of the pT spectrum. We observe that the NNLO correction factor is quite large, around
1.5, in the small transverse momentum region, where the bulk of the cross section lies. We
remind the reader that in carrying out the reweighting here, we have set µF = µR = 1

2mH

in the Hnnlo program and used the default Hj-Minlo settings (which correspond well, in
the case of inclusive quantities, to conventional NLO predictions with µF = µR = mH). Had
we chosen µF = µR = mH in determining the Hnnlo input to the reweighting procedure,
the correction factor would be near 1.3.
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ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)
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 H+1-jetp⊥(h) ≃

section, it is clear that the Hj-Minlo enhanced fixed order prediction and its derivatives,
namely, the hardest emission cross section and subsequent parton showered predictions, all
agree identically; thus, a relatively low contribution in the vicinity of the pH

T ⇠ 0 GeV in
the case of the enhanced fixed order prediction (red) must be compensated by it having a
relatively high contribution elsewhere, in this case the region ⇠ 15� 50 GeV.

In summary, we have seen that the Hj-Minlo predictions at the NLO, Les Houches,
and showered level are in close agreement, the largest discrepancy (near 10%) occurring
in the Sudakov region, where effects beyond NLO are numerically significant, for reasons
which are well understood.

The final ingredient to reach the NNLO accuracy is the inclusion of the reweighting
procedure discussed in sections 2.1 and 2.2. In figure 3 we display the effect of the inclusion
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of the NNLO reweighting with respect to the Hj-Minlo result, for � = 1 and � = 1
2 .

In the � = 1 case, the NNLO reweighting can be well modeled by an overall K -factor,
that does not modify the shape of the transverse momentum distribution at all. This is
easily understood, since in practice the reweighting factor has a fairly mild dependence
upon the rapidity. By introducing a finite � we do instead alter the shape of the transverse
momentum distribution, since, in this case, the K -factor is only applied to the lower portion
of the pT spectrum. We observe that the NNLO correction factor is quite large, around
1.5, in the small transverse momentum region, where the bulk of the cross section lies. We
remind the reader that in carrying out the reweighting here, we have set µF = µR = 1

2mH

in the Hnnlo program and used the default Hj-Minlo settings (which correspond well, in
the case of inclusive quantities, to conventional NLO predictions with µF = µR = mH). Had
we chosen µF = µR = mH in determining the Hnnlo input to the reweighting procedure,
the correction factor would be near 1.3.
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pp ! h + jet to
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pp ! h + 2jets for
Qn+2 > Qcut
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sum all contributions

eg. p?(h)>200 GeV
has contributions fr.
multiple topologies
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ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)
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 H+1-jetp⊥(h) ≃

section, it is clear that the Hj-Minlo enhanced fixed order prediction and its derivatives,
namely, the hardest emission cross section and subsequent parton showered predictions, all
agree identically; thus, a relatively low contribution in the vicinity of the pH

T ⇠ 0 GeV in
the case of the enhanced fixed order prediction (red) must be compensated by it having a
relatively high contribution elsewhere, in this case the region ⇠ 15� 50 GeV.

In summary, we have seen that the Hj-Minlo predictions at the NLO, Les Houches,
and showered level are in close agreement, the largest discrepancy (near 10%) occurring
in the Sudakov region, where effects beyond NLO are numerically significant, for reasons
which are well understood.

The final ingredient to reach the NNLO accuracy is the inclusion of the reweighting
procedure discussed in sections 2.1 and 2.2. In figure 3 we display the effect of the inclusion
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Minlo output (rescaled by a global factor such that the total inclusive cross section is the same as
for the two Nnlops predictions) is shown in black, and is almost exactly under the red line. The
ratio plots are normalized to the black line.

of the NNLO reweighting with respect to the Hj-Minlo result, for � = 1 and � = 1
2 .

In the � = 1 case, the NNLO reweighting can be well modeled by an overall K -factor,
that does not modify the shape of the transverse momentum distribution at all. This is
easily understood, since in practice the reweighting factor has a fairly mild dependence
upon the rapidity. By introducing a finite � we do instead alter the shape of the transverse
momentum distribution, since, in this case, the K -factor is only applied to the lower portion
of the pT spectrum. We observe that the NNLO correction factor is quite large, around
1.5, in the small transverse momentum region, where the bulk of the cross section lies. We
remind the reader that in carrying out the reweighting here, we have set µF = µR = 1

2mH

in the Hnnlo program and used the default Hj-Minlo settings (which correspond well, in
the case of inclusive quantities, to conventional NLO predictions with µF = µR = mH). Had
we chosen µF = µR = mH in determining the Hnnlo input to the reweighting procedure,
the correction factor would be near 1.3.
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pp ! h + 2j @ NLO
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sum all contributions

eg. p?(h)>200 GeV
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multiple topologies
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ME+PS matching and merging at NLO

MEPS@NLO (Sherpa)
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 H+1-jetp⊥(h) ≃

section, it is clear that the Hj-Minlo enhanced fixed order prediction and its derivatives,
namely, the hardest emission cross section and subsequent parton showered predictions, all
agree identically; thus, a relatively low contribution in the vicinity of the pH

T ⇠ 0 GeV in
the case of the enhanced fixed order prediction (red) must be compensated by it having a
relatively high contribution elsewhere, in this case the region ⇠ 15� 50 GeV.

In summary, we have seen that the Hj-Minlo predictions at the NLO, Les Houches,
and showered level are in close agreement, the largest discrepancy (near 10%) occurring
in the Sudakov region, where effects beyond NLO are numerically significant, for reasons
which are well understood.

The final ingredient to reach the NNLO accuracy is the inclusion of the reweighting
procedure discussed in sections 2.1 and 2.2. In figure 3 we display the effect of the inclusion
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of the NNLO reweighting with respect to the Hj-Minlo result, for � = 1 and � = 1
2 .

In the � = 1 case, the NNLO reweighting can be well modeled by an overall K -factor,
that does not modify the shape of the transverse momentum distribution at all. This is
easily understood, since in practice the reweighting factor has a fairly mild dependence
upon the rapidity. By introducing a finite � we do instead alter the shape of the transverse
momentum distribution, since, in this case, the K -factor is only applied to the lower portion
of the pT spectrum. We observe that the NNLO correction factor is quite large, around
1.5, in the small transverse momentum region, where the bulk of the cross section lies. We
remind the reader that in carrying out the reweighting here, we have set µF = µR = 1

2mH

in the Hnnlo program and used the default Hj-Minlo settings (which correspond well, in
the case of inclusive quantities, to conventional NLO predictions with µF = µR = mH). Had
we chosen µF = µR = mH in determining the Hnnlo input to the reweighting procedure,
the correction factor would be near 1.3.
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section, it is clear that the Hj-Minlo enhanced fixed order prediction and its derivatives,
namely, the hardest emission cross section and subsequent parton showered predictions, all
agree identically; thus, a relatively low contribution in the vicinity of the pH

T ⇠ 0 GeV in
the case of the enhanced fixed order prediction (red) must be compensated by it having a
relatively high contribution elsewhere, in this case the region ⇠ 15� 50 GeV.

In summary, we have seen that the Hj-Minlo predictions at the NLO, Les Houches,
and showered level are in close agreement, the largest discrepancy (near 10%) occurring
in the Sudakov region, where effects beyond NLO are numerically significant, for reasons
which are well understood.

The final ingredient to reach the NNLO accuracy is the inclusion of the reweighting
procedure discussed in sections 2.1 and 2.2. In figure 3 we display the effect of the inclusion
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In the � = 1 case, the NNLO reweighting can be well modeled by an overall K -factor,
that does not modify the shape of the transverse momentum distribution at all. This is
easily understood, since in practice the reweighting factor has a fairly mild dependence
upon the rapidity. By introducing a finite � we do instead alter the shape of the transverse
momentum distribution, since, in this case, the K -factor is only applied to the lower portion
of the pT spectrum. We observe that the NNLO correction factor is quite large, around
1.5, in the small transverse momentum region, where the bulk of the cross section lies. We
remind the reader that in carrying out the reweighting here, we have set µF = µR = 1

2mH

in the Hnnlo program and used the default Hj-Minlo settings (which correspond well, in
the case of inclusive quantities, to conventional NLO predictions with µF = µR = mH). Had
we chosen µF = µR = mH in determining the Hnnlo input to the reweighting procedure,
the correction factor would be near 1.3.
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no merging scale! 

NLO(+PS)  H+1-jetp⊥(h) ≃

On the left, in the red shaded area, one can see the scale uncertainty band predicted
by the Nnlops simulation, with the conventional fixed order Hnnlo result superimposed
as green points. The lower panel shows the ratio with respect to the Nnlops prediction
obtained with its central scale choice. On the right we have made the same plots as on the
left but with the Hnnlo predictions replacing those of the Nnlops and vice versa; the scale
uncertainty bands are formed as described in Sec. 3. In the following we will compare the
Nnlops to other results with plots of the same kind. As expected, for this observable the
two calculations are in full agreement, both for their central values and scale uncertainty
envelopes; the latter being approximately ±10% in size.
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Figure 1. Comparison of the Nnlops and Hnnlo results for the Higgs fully inclusive rapidity
distribution. The Hnnlo central scale is µF = µR = mH/2, and its error band is the 7-point scale
variation envelope. On the left (right) plot only the Nnlops (Hnnlo) uncertainty is displayed. The
lower left (right) panel shows the ratio with respect to the Nnlops (Hnnlo) prediction obtained
with its central scale choice.

4.2 Higgs boson transverse momentum

Here, to begin with, we wish to discuss the evolution of the Nnlops program’s prediction,
at each of the main stages of the simulation process, as part of its validation and in order to
provide relevant background, before comparing it to state-of-the-art resummed calculations.
In figure 2 we show how the Higgs boson transverse momentum spectrum is affected at the
various phases of the event generation process in the underlying Hj-Minlo simulation (as
described in sects. 2 and 3 of ref. [39]): the Minlo enhanced fixed order prediction (red),
the Hj-Minlo hardest emission cross section (blue) and the Hj-Minlo events including
parton shower effects (green). The conventional NNLO QCD prediction from Hnnlo with
µR = µF = mH is shown in black. In the lower panel all predictions in the upper panel
are shown as a ratio with respect to the central Hj-Minlo+Pythia prediction. All of
these predictions have the same O

�
↵4

S

�
accuracy if the small transverse momentum region

is excluded.
The first most obvious feature is the difference between the various Hj-Minlo predic-

tions and those of the conventional fixed order program Hnnlo in the low pT region, with
the latter exhibiting unphysical divergent behaviour, and the former displaying, instead, the
anticipated, physical, Sudakov peak. In the high pT tail region all of the predictions are in
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MiNLO+reweighting 
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use reweighting to NNLO
(fully differential in Born)

Qcut → 0
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NLO+PS merging:  Example #2

On the left, in the red shaded area, one can see the scale uncertainty band predicted
by the Nnlops simulation, with the conventional fixed order Hnnlo result superimposed
as green points. The lower panel shows the ratio with respect to the Nnlops prediction
obtained with its central scale choice. On the right we have made the same plots as on the
left but with the Hnnlo predictions replacing those of the Nnlops and vice versa; the scale
uncertainty bands are formed as described in Sec. 3. In the following we will compare the
Nnlops to other results with plots of the same kind. As expected, for this observable the
two calculations are in full agreement, both for their central values and scale uncertainty
envelopes; the latter being approximately ±10% in size.
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Figure 1. Comparison of the Nnlops and Hnnlo results for the Higgs fully inclusive rapidity
distribution. The Hnnlo central scale is µF = µR = mH/2, and its error band is the 7-point scale
variation envelope. On the left (right) plot only the Nnlops (Hnnlo) uncertainty is displayed. The
lower left (right) panel shows the ratio with respect to the Nnlops (Hnnlo) prediction obtained
with its central scale choice.

4.2 Higgs boson transverse momentum

Here, to begin with, we wish to discuss the evolution of the Nnlops program’s prediction,
at each of the main stages of the simulation process, as part of its validation and in order to
provide relevant background, before comparing it to state-of-the-art resummed calculations.
In figure 2 we show how the Higgs boson transverse momentum spectrum is affected at the
various phases of the event generation process in the underlying Hj-Minlo simulation (as
described in sects. 2 and 3 of ref. [39]): the Minlo enhanced fixed order prediction (red),
the Hj-Minlo hardest emission cross section (blue) and the Hj-Minlo events including
parton shower effects (green). The conventional NNLO QCD prediction from Hnnlo with
µR = µF = mH is shown in black. In the lower panel all predictions in the upper panel
are shown as a ratio with respect to the central Hj-Minlo+Pythia prediction. All of
these predictions have the same O

�
↵4

S

�
accuracy if the small transverse momentum region

is excluded.
The first most obvious feature is the difference between the various Hj-Minlo predic-

tions and those of the conventional fixed order program Hnnlo in the low pT region, with
the latter exhibiting unphysical divergent behaviour, and the former displaying, instead, the
anticipated, physical, Sudakov peak. In the high pT tail region all of the predictions are in
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Figure 4. Comparison of the � = 1 Nnlops (red) with the NNLL+NNLO prediction of HqT

(green) for the Higgs transverse momentum. In HqT we choose µR = µF = 1
2mH as the central

scales, and keep the resummation scale always fixed to 1
2mH. On the left (right), the Nnlops

(HqT) uncertainty band is shown. In the lower panel, the ratio to the Nnlops (HqT) central
prediction is displayed.
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Figure 5. As in fig. 4 but with � = 1
2 in the profile function.

In figures 4 and 5, we compare the Nnlops (see eq. (3.2)) with the HqT [55, 56]
result for two choices of the � parameter in the profile function. The uncertainty band is
the envelope of the 21-point scale variation illustrated in section 3. We used the ‘switched’
output of HqT, forming the related uncertainty band from the envelope of the seven results
obtained by independent variations of µR and µF, by a factor of two, symmetrically, about
µR = µF = 1

2mH, while keeping the resummation scale always fixed to 1
2mH.

Pleasingly, we see that the Nnlops and HqT results are almost completely contained
within each other’s uncertainty band in the region of moderate transverse momenta. We
have verified that at high transverse momentum the HqT prediction agrees identically with
that of Hnnlo, since the ‘switched’ output in the former uses the fixed order result in this
region. It follows that here we see the HqT spectrum falling less rapidly than that of the
Nnlops simulation at large pH

T. As was seen in fig. 3 and remarked upon in the related
discussion, in the case of � = 1, the Nnlops result is very well approximated by that of
Hj-Minlo multiplied by a uniform NNLO-to-NLO K -factor of 1.5, leaving the slope of the
distribution unchanged. On the other hand, for � = 1

2 (fig. 5) the K -factor enhancement is
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NLO+PS merging:  Example #3

Ingredients NLO improvements MEPS@LO Conclusion

MEPS@NLO: validation in W+jets

(S. Hoeche, F. Krauss, M. Schoenherr & F. Siegert, JHEP 1304 (2013) 027)
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F. Krauss IPPP

ME+PS matching and merging at NLO

Ingredients NLO improvements MEPS@LO Conclusion

FxFx: validation in Z+jets

(Data from ATLAS, 1304.7098, aMC@NLO MADGRAPH with HERWIG++)

(green: 0, 1, 2 jets + uncertainty band from scale and PDF variations, red: MC@NLO)

F. Krauss IPPP

ME+PS matching and merging at NLO

FxFx (MG5)

MEPS@NLO (Sherpa)
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NNLO+PS:  What do we want to achieve?NNLO+PS: what do we want to achieve?

I NNLO accuracy for observables inclusive on radiation. [d�/dyF ]

I NLO(LO) accuracy for F + 1(2) jet observables (in the hard region). [d�/dpT,j1 ]
- appropriate scale choice for each kinematics regime

I resummation from the Parton Shower (PS) [�(pT,j < pT,veto)]
I preserve the PS accuracy (leading log - LL)
- possibly, no merging scale required.

I This talk: MiNNLOPS: NNLO+PS accuracy, starting from the MiNLO method
- focus on color-singlet production

I Next talk: MiNNLOPS for top-pair production

- other available methods: reweighted MiNLO’ (“NNLOPS”) [Hamilton,et al. ’12,’13,...],
UNNLOPS [Höche,Li,Prestel ’14,...], Geneva [Alioli,Bauer,et al. ’13,’15,’16,...]

2 / 13Giulia Zanderighi, WW@NNLOPS

Reweighing: NNLOPS

11

Reweighing the weight of XJ-MiNLO events with 

Gives by construction NNLO accuracy for all inclusive observables and 
does not spoil the accuracy of XJ-MiNLO ⟹ X@NNLOPS  

X X+jet X+2jets X+nj (n>2)
XJ (NLO) — NLO LO —
XJ-MiNLO NLO NLO LO PS
X@NNLO NNLO NLO LO —

X@NNLOPS NNLO NLO LO PS
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NNLOPS: MiNLO+reweighting Geneva

UNNLOPSMiNNLOPS

✦ LL accuracy (+ simple NLL terms) from PS
✦ no new unphysical scale (i.e. physically sound)
✦ numerically very intensive
✦ applied beyond 2→1 processes

✦ LL accuracy from PS (at most! no NNLL nonesense!)
✦ slicing cutoff (missing power corrections)
✦ numerical cancellations in slicing parameter
✦ applied beyond 2→1 processes

[Alioli, Bauer, Berggren, Tackmann, Walsh '15 + Zuberi '13]

[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

✦ LL accuracy (+ simple NLL terms) from PS
✦ no new unphysical scale (i.e. physically sound)
✦ numerically efficient
✦ applied beyond 2→1 and even beyond colour singlet

[Höche, Prestel '14 '15]

✦ extension of UNLOPS merging of event samples
✦ two-loop corrections entirely in 0-jet bin
✦ only applied to 2→1 processes

[Hamilton, Nason, Oleari, Zanderighi '12, + Re '13], [Karlberg, Re, Zanderighi '14]

NNLO+PS methods

there was also some recent progress on NNLO+PS for sector showers [Campbell, Höche, Li, Preuss, Slands '21]
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2022202120202019201820172016201520142013 2023

NNLO+PS timeline
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H
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ZZ

γγ
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2022202120202019201820172016201520142013 2023

NNLO+PS timeline
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Milestones:
1. First development for simple  processes2 → 1 ZH
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2022202120202019201820172016201520142013 2023

NNLO+PS timeline

2024

H Z
W WH ZH

WW
H → bb̄NNLOPS

Geneva Z

UNNLOPS H Z

ZH
WH

H → bb̄
H → gg
γγ ZZ Wγ

HH
H

MiNNLOPS
H
Z W

Zγ
WW

ZZ

γγ
WZ

tt̄ bb̄

2025

bb̄ → H

bb̄Z
H

(full mt)

Milestones:
1. First development for simple  processes
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2022202120202019201820172016201520142013 2023

NNLO+PS timeline
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1. First development for simple  processes
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NNLO+PS timeline
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NNLO+PS timeline

2024

H Z
W WH ZH

WW
H → bb̄NNLOPS

Geneva Z

UNNLOPS H Z

ZH
WH

H → bb̄
H → gg
γγ ZZ Wγ

HH
H

MiNNLOPS
H
Z W

Zγ
WW

ZZ

γγ
WZ

tt̄ bb̄

2025

bb̄ → H

bb̄Z
H

(full mt)

Milestones:
1. First development for simple  processes
2. Extension to  processes
3. Extension to heavy-quark pairs
4. Extension to heavy-quark pairs+colour singlet
5. ? next ? extension to jet processes ?

2 → 1
2 → 2

ZH
WH
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Geneva MiNLO+rew / MiNNLOPS

IR-safe definitions of events beyond LO

At NNLO one needs a 0-jet and a 1-jet resolution parameters. Iterating the
procedure, the phase space is sliced into jet-bins

Different choices are possible for the resolution parameters, but one always has:
I Emissions below T

cut

N
are unresolved ( i.e. integrated over) and the kinematic

considered is the one of the event before the extra emission(s).
I Emissions above T

cut

N
are retained and the kinematics is fully specified.

An M-parton event is considered a N-jet event, N  M , fully differential in �N

• Price to pay: power corrections in T
cut

N
due to PS projection.

• Advantage: vanish for IR-safe observables as T
cut

N
! 0

Simone Alioli | GENEVA | MBI 24/9/2021 | page 4

dσMi(N)NLO
F = B̃ Mi(N)NLO × {Δpwg + dΦradΔpwg

RFJ

BFJ }
✦ embedded in POWHEG, startin from F+jet

✦ through modification of the  functionB̄

B̃ MiNLO ∼ e−S {dσ(1)
FJ(1 + S(1)) + dσ(2)

FJ}

B̄ MiNNLOPS ∼ B̄ MiNLO + e−S {(D − D(1) − D(2)) × Fcorr}

✦ inclusion of NNLO corrections:

   1. multi-dim. event reweighting in Born phase space

   2. add relevant terms derived from resummation formula

WNNLOPS ∼ (dσNNLO
F /dΦB)

(dσMiNLO
F /dΦB)

=
c0 + c1αs + c2α2

s

c0 + c1αs + d2α2
s

= 1 +
c2 − d2

c0
α2

s + 𝒪(α3
s )

2nd Workshop on Tools for High Precision LHC Simulations,  9 May 20246

GENEVA method in a nutshell
Procedure can be iterated, thus slicing the phase space into jet-bins
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Exclusive 0-jet bin Exclusive 1-jet bin Inclusive 2-jet bin

2nd Workshop on Tools for High Precision LHC Simulations,  9 May 20248

dσMC
FJ

dΦFJ
(r0 > rcut

0 ) = dσres

dΦFdr0
"(ΦFJ) + dσNLOFJ

dΦFJ
− [ dσres

dΦFdr0
"(ΦFJ)]

NLO

∫
dΦFJ

dΦFJdr0
"(ΦFJ) = 1

Above formula can be compared to the  or jettiness subtraction formalismqT
[Gaunt, Stahlhofen, Tackmann, Walsh ’15][Catani, Grazzini ’08]

However, we are interested in a fully differential Monte Carlo event generator. Since the 
resummed component is only differential in Born phase space  and , one has to make 
it differential in 2 more variables, e.g. energy ratio , azimuthal angle .

Φ0 r0
z = Em/Es ϕ

Here  is a normalised splitting probability to make the resummation differential in "(ΦFJ) ΦFJ

GENEVA method in a nutshell: resummation of the resolution parameter

dσMC
F = dσres

F + [dσFJ]f.o. − [dσres
F ]f.o.

2nd Workshop on Tools for High Precision LHC Simulations,  9 May 20248

dσMC
FJ

dΦFJ
(r0 > rcut

0 ) = dσres

dΦFdr0
"(ΦFJ) + dσNLOFJ

dΦFJ
− [ dσres

dΦFdr0
"(ΦFJ)]

NLO

∫
dΦFJ

dΦFJdr0
"(ΦFJ) = 1

Above formula can be compared to the  or jettiness subtraction formalismqT
[Gaunt, Stahlhofen, Tackmann, Walsh ’15][Catani, Grazzini ’08]

However, we are interested in a fully differential Monte Carlo event generator. Since the 
resummed component is only differential in Born phase space  and , one has to make 
it differential in 2 more variables, e.g. energy ratio , azimuthal angle .

Φ0 r0
z = Em/Es ϕ

Here  is a normalised splitting probability to make the resummation differential in "(ΦFJ) ΦFJ

GENEVA method in a nutshell: resummation of the resolution parameter

dσMC
F = dσres

F + [dσFJ]f.o. − [dσres
F ]f.o.

✦ essentially qT slicing, but spread by splitting function 𝒫
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Comparison to high-precision Drell-Yan data
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Figure 6: Comparison to Monte Carlo predictions based on a matrix element with parton
shower merging. The ratio of MG5 aMC (0, 1, and 2 jets at NLO) + PYTHIA 8 (left) and
MINNLOPS (right) predictions to the measured differential cross sections in pT(``) are pre-
sented for various m`` ranges. The error bars correspond to the statistical uncertainty of the
measurement and the shaded bands to the total experimental uncertainty. The light color band
corresponds to the statistical uncertainty of the simulation and the dark color band includes the
scale uncertainty. The largest bands include PDF and aS uncertainties, added in quadrature.
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Figure 8: Comparison to resummation based predictions. The ratio of GENEVA-t (left) and
GENEVA-qT (right) predictions to the measured differential cross sections in pT(``) are pre-
sented for various m`` ranges. The error bars correspond to the statistical uncertainty of the
measurement and the shaded bands to the total experimental uncertainty. The light color bands
around the predictions represents the statistical uncertainties and the middle color bands rep-
resents the scale uncertainties. The dark outer bands of GENEVA-qT prediction represent the
resummation uncertainties.

MG5_aMC MiNNLOPS Geneva-τ0 Geneva-pZ
T

[Alwall et al. '14] [Monni, Nason, Re, MW, Zanderighi '19], 
[Monni, Re, MW '20]

[Alioli et al. '13 '15] [Alioli, Bauer, Broggio, Gavardi, Kallweit,
        Lim, Nagar, Napoletano, Rotolli '21]

[CMS '22 - arXiv:2205.04897]
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[from L. Rottoli’s talk at Ringberg 2024]
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EL
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AR
Y

[Ebert, Rottoli, MW, Zanderighi, Zanoli '23]
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Figure 10: MiNNLOPS predictions (blue, solid) compared to ATLAS 13 TeV data (green
points with error bars). For pT,``� also NNLO+N3LL (green, double-dash-dotted) is shown.
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[Lombardi, MW, Zanderighi '20]
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Figure 8: Differential distributions in the fiducial-1-JV phase space.
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[Lombardi, MW, Zanderighi '21]

[Buonocore, Koole, Lombardi, 

Rottoli, MW, Zanderighi '21]
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[Zanoli, Chiesa, Re, MW, Zanderighi ’21] [Lindert Lombardi, MW, Zanderighi, Zanoli '22]

advantageous. One should bear in mind, however, that such reshuffling is not completely
unambiguous and comes with some uncertainties on the bottom-quark kinematics. Thus,
ideally the bottom-quark kinematics should be described using massive bottom quarks at
amplitude level , i.e. a four-flavour scheme (4FS) calculation, but this is not always feasible
at high accuracy with current technology and also comes with other shortcomings [153].
Furthermore, it is important to be aware that in certain constellations a hard reconstructed
b-jet can come from a soft bottom quark and that the two selected b-jets may actually not
originate from the Higgs-boson decay. These occurrences are less likely when using the
flavour-kT algorithm.

4.5 Comparison to ATLAS data

σ[fb] pp→VH, V→leptons, H→bb@LHC 13 TeV
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Figure 7: Comparison of MiNNLOPS predictions to ATLAS data [130].

Figure 7 compares our MiNNLOPS predictions to recent ATLAS data [130]. The re-
spective cross sections are reported in table 4. The results correspond to W

±
H and ZH

production with all leptonic final states, i.e. `±⌫`bb̄, `+`�bb̄ and ⌫`⌫̄`bb̄ with ` 2 {e, µ, ⌧}.
It is clear that the measured V H cross sections are fully compatible with our predictions
within uncertainties. However, one must bear in mind that this measurement requires rel-
atively large lower cuts on the transverse momentum of the vector boson. Therefore, the
experimental error is quite large, being dominated mostly by the limited statistics. In fact,
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Figure 3. Comparison of MiNNLOPS (blue, solid) and MiNLO0 (black, dashed) predictions with
ATLAS data [46] (black points with errors) in setup-leptonic, including decays of ⌧ leptons.
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[Mazzitelli, Monni, Nason, Re, MW, Zanderighi ’20 '21]

ATLAS data
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) w/o MPI
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) with MPI

10 1

pp ! ZW± ! ```0n`0 @LHC 13 TeV

D
s

fid
.

[f
b]

50 100 150 200 •
0.7
0.8

0.9
1

1.1
1.2
1.3

pZ
T [GeV]

R
at

io
to

M
iN

N
LO

PS

ATLAS data
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) w/o MPI
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) with MPI

10 1

pp ! ZW± ! ```0n`0 @LHC 13 TeV

D
s

fid
.

[f
b]

50 100 150 200 •
0.7
0.8

0.9
1

1.1
1.2
1.3

pW
T [GeV]

R
at

io
to

M
iN

N
LO

PS

ATLAS data
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) w/o MPI
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) with MPI

10 1

pp ! ZW± ! ```0n`0 @LHC 13 TeV

D
s

fid
.

[f
b]

30 50 90 •
0.7
0.8

0.9
1

1.1
1.2
1.3

pn
T [GeV]

R
at

io
to

M
iN

N
LO

PS

ATLAS data
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) w/o MPI
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) with MPI

1

10 1

pp ! ZW± ! ```0n`0 @LHC 13 TeV

D
s

fid
.

[f
b]

200 400 600 •0.6
0.7
0.8
0.9

1
1.1
1.2
1.3
1.4

mWZ
T [GeV]

R
at

io
to

M
iN

N
LO

PS

ATLAS data
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) w/o MPI
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) with MPI

10 1

pp ! ZW± ! ```0n`0 @LHC 13 TeV
D

s
fid

.
[f

b]

0 0.5 1 1.5 2 2.5 30.8
0.85
0.9

0.95
1

1.05
1.1

1.15

|DfWZ|

R
at

io
to

M
iN

N
LO

PS

ATLAS data
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) w/o MPI
NNLO(QCD,QED)PS

QCD⇥EW (MiNNLOPS) with MPI

10 1

pp ! ZW± ! ```0n`0 @LHC 13 TeV

D
s

fid
.

[f
b]

0 1 2 3 4 50.8
0.85
0.9

0.95
1

1.05
1.1

1.15

|yZ � yl,W|

R
at

io
to

M
iN

N
LO

PS

Figure 8: Comparison of our default MiNNLOPS prediction NNLO(QCD,QED)PS
QCDxEW

with MPI
effects (blue, solid) and without (red, dashed) against the ATLAS data from the analysis [9].
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[Lombardi, MW, Zanderighi ’21]
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[Mazzitelli, Monni, Nason, Re, MW, Zanderighi '20]

✦ substantial complication due to final-state radiation and interferences 

 

✦ compare resummation formulas (very schematic):

colour singlet:         

heavy quark pair:     

dσF
res ∼

d
dpT

{e−S H (C ⊗ f ) (C ⊗ f )}

dσF
res ∼

d
dpT

{e−S Tr(HΔ) (C ⊗ f ) (C ⊗ f )}

: operator/matrix in 
colour space that 
encodes soft emissions 
of  and interferences 

Δ

tt̄

(accordingly for  initiated)qq̄

MiNNLOPS: heavy quark production

[Catani, Grazzini, Torre '14] derived to NNLO in [Catani, Devoto, Grazzini, Mazzitelli, ’23]
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 productiontt̄
Top pair production

5

• Top pair production at NNLO (narrow-width approximation for the double-resonant channel)

[Czakon, Mitov ‘12], [Czakon, Fiedler, Mitov ‘13] [Czakon, Fiedler, Heymes, Mitov ‘15 ‘16] 
[Catani, Devoto, Grazzini, Kallweit, Mazzitelli, Sargsyan ‘19] [Catani, Devoto, Grazzini, Kallweit, Mazzitelli ‘19]  
 

• NLO+PS (exact inclusion of off-shell and spin correlation effects)

[R. Frederix and S. Frixione ’12] [S. Hoeche, F. Krauss, P. Maierhoefer, S. Pozzorini, M. Schonherr and F. Siegert ’15] [K. 
Cormier, S. Plätzer, C. Reuschle, P. Richardson and S. Webster ’19] [T. Ježo and P. Nason ’15] [T. Ježo, J. M. Lindert, P. Nason, 
C. Oleari and S. Pozzorini ’16] [R. Frederix, S. Frixione, A. S. Papanastasiou, S. Prestel and P. Torrielli ’16] [S. Frixione, E. 
Laenen, P. Motylinski and B. R. Webber ’07]

In the last few years

• Top pair production is the main source of top quarks at LHC

• Important QCD test and for determination of top features

•  is a background of some SM processes (e.g. )

• relevant background in BSM searches (e.g. )

tt̄ tW
H±

Motivations

tt̄ → bb̄ W−W+

W+W− → lν̄l l̄νl

W+W− → lν̄l qq̄′ 

W+W− → qq̄′ q′ ̄q

Fully leptonic

Semi-leptonic

Hadronic

(where  and )q = {u, c} q′ = {d, s}
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Figure 2. Comparison of MiNNLOPS (blue, solid), MiNLO0 (black, dashed), and NNLO QCD
(red, dashed) predictions with CMS data [53] (black points with errors) in setup-inclusive.

5.2 Comparison to data extrapolated to the inclusive tt̄ phase space

We start our presentation of phenomenological results by considering distributions in the
inclusive tt̄ phase space. In figure 2 we show MiNNLOPS (blue, solid), MiNLO
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Pseudorapidity and pT of jets from hadronically decaying W, data from CMS semileptonic analysis [1803.08856]

PRELIMINARY

PRELIMINARY PRELIMINARY

PRELIMINARY

10

Preliminary results: including top decays using ratio of tree-level decayed and undecayed MEs
[As implemented in POWHEG ttbarj, Alioli, Moch, Uwer 1110.5251]
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with off-shell top decays*

  

Pseudorapidity and pT of jets from hadronically decaying W, data from CMS semileptonic analysis [1803.08856]

PRELIMINARY

PRELIMINARY PRELIMINARY

PRELIMINARY

10

Preliminary results: including top decays using ratio of tree-level decayed and undecayed MEs
[As implemented in POWHEG ttbarj, Alioli, Moch, Uwer 1110.5251]

  

Preliminary results: including top decays using ratio of tree-level decayed and undecayed MEs
[As implemented in POWHEG ttbarj, Alioli, Moch, Uwer 1110.5251]

Azimuthal angle between electron and muon, data from ATLAS fully leptonic analysis [1910.08819]

PRELIMINARY

9

semi-leptonic
leptonic

*approximated through a Mad- 
  Spin-like approach using the full 
  off-shell diagram at LO, keeping
  spin correlations
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[Mazzitelli, Sotnikov, Wiesemann '24]

✦ same structure of singular/resummed cross section as , but need to account for recoil:

colour singlet:                                 

heavy quark pair:                             

heavy quark pair + colour singlet:     

QQ̄

dσF
res ∼

d
dpT

{e−S H (C ⊗ f ) (C ⊗ f )}
dσF

res ∼
d

dpT
{e−S Tr(HΔ) (C ⊗ f ) (C ⊗ f )}

dσF
res ∼

d
dpT

{e−S Tr(HΔ) (C ⊗ f ) (C ⊗ f )}

MiNNLOPS: heavy quark + colour singlet production

  

● We use the qT-subtraction method, originally developed for colour singlet

● Extended to heavy-quark production: additional soft divergencies from FS emissions

● Further extension needed to deal with heavy-quark + colourless

[Catani, Devoto, Grazzini, JM; 2301.11786]

[Catani, Grazzini; hep-ph/0703012]

[Devoto, JM; in preparation]
Soft function for Heavy quark production in ARbitrary Kinematics

Remove back-to-back constraint for heavy quarks

Infrared subtraction

Used for tt, bb, both at
NNLO and NNLO+PS

Already applied to ttH and bbW
[Buonocore, JM, et al.; 2212.04954][this talk]

3

[Catani, JM et al.; 1901.04005, 1906.06535, 2005.00557,
2010.11906], [JM et al.; 2012.14267, 2112.12135, 2302.01645]

[Devoto, Mazzitelli 'in preparation]

  

● We use the qT-subtraction method, originally developed for colour singlet

● Extended to heavy-quark production: additional soft divergencies from FS emissions

● Further extension needed to deal with heavy-quark + colourless

[Catani, Devoto, Grazzini, JM; 2301.11786]

[Catani, Grazzini; hep-ph/0703012]

[Devoto, JM; in preparation]
Soft function for Heavy quark production in ARbitrary Kinematics

Remove back-to-back constraint for heavy quarks

Infrared subtraction

Used for tt, bb, both at
NNLO and NNLO+PS

Already applied to ttH and bbW
[Buonocore, JM, et al.; 2212.04954][this talk]

3

[Catani, JM et al.; 1901.04005, 1906.06535, 2005.00557,
2010.11906], [JM et al.; 2012.14267, 2112.12135, 2302.01645]
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[Mazzitelli, Sotnikov, MW '24]

 productionbb̄Z

★  bottom mass neither a large nor small scale:  4FS (massive bottom) and 5FS (massless bottom) viable

★ complication:                                                                                                                                       
Z couples to initial-state light quarks and final-state heavy quarks & coupling depends on quark falvour

★ 2-loop amplitude: most complicated ingredient & among most complicated 2-loop computed to date

➙ approximated by small-  expansion [Mitov, Moch ’06], [Wang, Xia, Yang, Ye ’23]mb

2Re⟨R(0) |R(2)⟩ =
4

∑
i=1

κi logi(mb/μR)+2Re⟨R(0)
0 |R(2)

0 ⟩ + 𝒪(mb/μ)

coefficients of massification
massive amplitude massless amplitude power corrections

[Abreu, Cordero, Ita, Klinkert, Page, Sotnikov '21]
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[Mazzitelli, Sotnikov, MW '24]
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FIG. 2. Comparison of theory predictions with di↵erential distributions measured by CMS [15].

That behaviour also appears in the�y
Z,b-jet1 distribution

in an earlier ATLAS measurement [14]. A better under-
standing of this discrepancy requires additional studies
and potentially all-order resummation of logarithms in
mb through a 4FS and 5FS combination at NNLO+PS,
which is left for future work.

Summary.—In this letter, we presented a novel com-
putation for the production of a Z-boson in association
with bottom quarks in hadronic collisions. We have cal-
culated NNLO QCD corrections in the 4FS, including
the five-point two-loop amplitude in the small-mb ap-
proximation. In addition, the first NNLO+PS approach
for the production of a heavy-quark pair in association
with colour-singlet particles has been developed, which
can be readily applied to other processes, like bb̄W [55],
tt̄W [77], and tt̄H [78] production.

Our NNLO+PS calculation solves two (related)
long-standing issues for bb̄Z production: First, the
significant tension of NLO(+PS) predictions in the 4FS
with experimental data. Second, the large di↵erences
between 4FS and 5FS predictions for this process [18].
Our analysis identifies that missing higher-order correc-
tions in the 4FS cause these discrepancies and that the

perturbative accuracy of previous calculations has been
insu�cient. Including NNLO QCD corrections brings
the 4FS predictions in agreement with the experimental
data and with the 5FS results. The calculation presented
in this letter also builds the basis for a more accurate
determination of the bottom-quark mass e↵ects in
Drell-Yan production, relevant for MW measurements,
along the lines of the study in Ref. [79], which at the
time was pursued only at NLO+PS.
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in an earlier ATLAS measurement [14]. A better under-
standing of this discrepancy requires additional studies
and potentially all-order resummation of logarithms in
mb through a 4FS and 5FS combination at NNLO+PS,
which is left for future work.

Summary.—In this letter, we presented a novel com-
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for the production of a heavy-quark pair in association
with colour-singlet particles has been developed, which
can be readily applied to other processes, like bb̄W [55],
tt̄W [77], and tt̄H [78] production.

Our NNLO+PS calculation solves two (related)
long-standing issues for bb̄Z production: First, the
significant tension of NLO(+PS) predictions in the 4FS
with experimental data. Second, the large di↵erences
between 4FS and 5FS predictions for this process [18].
Our analysis identifies that missing higher-order correc-
tions in the 4FS cause these discrepancies and that the

perturbative accuracy of previous calculations has been
insu�cient. Including NNLO QCD corrections brings
the 4FS predictions in agreement with the experimental
data and with the 5FS results. The calculation presented
in this letter also builds the basis for a more accurate
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and potentially all-order resummation of logarithms in
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which is left for future work.
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culated NNLO QCD corrections in the 4FS, including
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proximation. In addition, the first NNLO+PS approach
for the production of a heavy-quark pair in association
with colour-singlet particles has been developed, which
can be readily applied to other processes, like bb̄W [55],
tt̄W [77], and tt̄H [78] production.

Our NNLO+PS calculation solves two (related)
long-standing issues for bb̄Z production: First, the
significant tension of NLO(+PS) predictions in the 4FS
with experimental data. Second, the large di↵erences
between 4FS and 5FS predictions for this process [18].
Our analysis identifies that missing higher-order correc-
tions in the 4FS cause these discrepancies and that the

perturbative accuracy of previous calculations has been
insu�cient. Including NNLO QCD corrections brings
the 4FS predictions in agreement with the experimental
data and with the 5FS results. The calculation presented
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That behaviour also appears in the�y
Z,b-jet1 distribution

in an earlier ATLAS measurement [14]. A better under-
standing of this discrepancy requires additional studies
and potentially all-order resummation of logarithms in
mb through a 4FS and 5FS combination at NNLO+PS,
which is left for future work.

Summary.—In this letter, we presented a novel com-
putation for the production of a Z-boson in association
with bottom quarks in hadronic collisions. We have cal-
culated NNLO QCD corrections in the 4FS, including
the five-point two-loop amplitude in the small-mb ap-
proximation. In addition, the first NNLO+PS approach
for the production of a heavy-quark pair in association
with colour-singlet particles has been developed, which
can be readily applied to other processes, like bb̄W [55],
tt̄W [77], and tt̄H [78] production.

Our NNLO+PS calculation solves two (related)
long-standing issues for bb̄Z production: First, the
significant tension of NLO(+PS) predictions in the 4FS
with experimental data. Second, the large di↵erences
between 4FS and 5FS predictions for this process [18].
Our analysis identifies that missing higher-order correc-
tions in the 4FS cause these discrepancies and that the

perturbative accuracy of previous calculations has been
insu�cient. Including NNLO QCD corrections brings
the 4FS predictions in agreement with the experimental
data and with the 5FS results. The calculation presented
in this letter also builds the basis for a more accurate
determination of the bottom-quark mass e↵ects in
Drell-Yan production, relevant for MW measurements,
along the lines of the study in Ref. [79], which at the
time was pursued only at NLO+PS.
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in an earlier ATLAS measurement [14]. A better under-
standing of this discrepancy requires additional studies
and potentially all-order resummation of logarithms in
mb through a 4FS and 5FS combination at NNLO+PS,
which is left for future work.

Summary.—In this letter, we presented a novel com-
putation for the production of a Z-boson in association
with bottom quarks in hadronic collisions. We have cal-
culated NNLO QCD corrections in the 4FS, including
the five-point two-loop amplitude in the small-mb ap-
proximation. In addition, the first NNLO+PS approach
for the production of a heavy-quark pair in association
with colour-singlet particles has been developed, which
can be readily applied to other processes, like bb̄W [55],
tt̄W [77], and tt̄H [78] production.

Our NNLO+PS calculation solves two (related)
long-standing issues for bb̄Z production: First, the
significant tension of NLO(+PS) predictions in the 4FS
with experimental data. Second, the large di↵erences
between 4FS and 5FS predictions for this process [18].
Our analysis identifies that missing higher-order correc-
tions in the 4FS cause these discrepancies and that the

perturbative accuracy of previous calculations has been
insu�cient. Including NNLO QCD corrections brings
the 4FS predictions in agreement with the experimental
data and with the 5FS results. The calculation presented
in this letter also builds the basis for a more accurate
determination of the bottom-quark mass e↵ects in
Drell-Yan production, relevant for MW measurements,
along the lines of the study in Ref. [79], which at the
time was pursued only at NLO+PS.

Acknowledgements.—We would like to thank Luca
Buonocore, Fernando Febres Cordero, Rhorry Gauld,
Massimiliano Grazzini, Pier Francesco Monni, Luca Rot-
toli and Giulia Zanderighi, for fruitful discussions and
comments on the manuscript. We are indebted to Fed-
erico Buccioni for providing OpenLoops amplitudes
with a di↵erent number of quarks running in the loops.
We are thankful to Stefan Kallweit for helping us with
a fixed-order implementation, which we used for com-
parison. We further thank Luca Buonocore and Luca
Rottoli for performing cross checks on the massification
procedure with us, and we thank Chiara Savoini and
Massimilano Grazzini for bringing to our attention the
issues related to the singular behaviour of the massless
amplitudes for certain mappings from the massive to the
massless momenta of the bottom quarks.

5

CMS
MiNNLOPS

NLO+PS

10�5

10�4

10�3

10�2

10�1

pp ! Z+ � 1 b jet @ 13 TeV

d
�
/
d
p
b-
je
t 1

T
[p
b
/
G
eV

]

100 200 300 400 500 600

0.5

1

1.5

p
b-jet1
T [GeV]

ra
ti
o
to

M
iN

N
L
O

P
S

CMS
MiNNLOPS

NLO+PS

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

pp ! Z+ � 1 b jet @ 13 TeV

d
�
/
d
|⌘
|b
-j
et

1
[p
b
]

0 0.5 1 1.5 2

0.5

1

1.5

|⌘|
b-jet1

ra
ti
o
to

M
iN

N
L
O

P
S

CMS
MiNNLOPS

NLO+PS

10�1

1

10 1

pp ! Z+ � 1 b jet @ 13 TeV

d
�
/
d
�
R

Z
,b
-j
et

1
[p
b
]

0 1 2 3 4 5

0.5

1

1.5

�R
Z,b-jet1

ra
ti
o
to

M
iN

N
L
O

P
S

CMS
MiNNLOPS

NLO+PS

10�4

10�3

10�2

pp ! Z+ � 2 b jet @ 13 TeV

d
�
/
d
p
b-
je
t 1

T
[p
b
/
G
eV

]

40 60 80 100 120 140 160 180 200

0.5

1

1.5

p
b-jet1
T [GeV]

ra
ti
o
to

M
iN

N
L
O

P
S

CMS
MiNNLOPS

NLO+PS

10�4

10�3

10�2

pp ! Z+ � 2 b jet @ 13 TeV

d
�
/
d
p
b-
je
t 2

T
[p
b
/
G
eV

]

40 60 80 100 120 140 160 180 200

0.5

1

1.5

p
b-jet2
T [GeV]

ra
ti
o
to

M
iN

N
L
O

P
S

CMS
MiNNLOPS

NLO+PS

10�4

10�3

10�2
pp ! Z+ � 2 b jet @ 13 TeV

d
�
/
d
m

bb
[p
b
/
G
eV

]

50 100 150 200 250 300 350 400 450 500

0.5

1

1.5

mbb [GeV]

ra
ti
o
to

M
iN

N
L
O

P
S

FIG. 2. Comparison of theory predictions with di↵erential distributions measured by CMS [15].

That behaviour also appears in the�y
Z,b-jet1 distribution

in an earlier ATLAS measurement [14]. A better under-
standing of this discrepancy requires additional studies
and potentially all-order resummation of logarithms in
mb through a 4FS and 5FS combination at NNLO+PS,
which is left for future work.

Summary.—In this letter, we presented a novel com-
putation for the production of a Z-boson in association
with bottom quarks in hadronic collisions. We have cal-
culated NNLO QCD corrections in the 4FS, including
the five-point two-loop amplitude in the small-mb ap-
proximation. In addition, the first NNLO+PS approach
for the production of a heavy-quark pair in association
with colour-singlet particles has been developed, which
can be readily applied to other processes, like bb̄W [55],
tt̄W [77], and tt̄H [78] production.

Our NNLO+PS calculation solves two (related)
long-standing issues for bb̄Z production: First, the
significant tension of NLO(+PS) predictions in the 4FS
with experimental data. Second, the large di↵erences
between 4FS and 5FS predictions for this process [18].
Our analysis identifies that missing higher-order correc-
tions in the 4FS cause these discrepancies and that the

perturbative accuracy of previous calculations has been
insu�cient. Including NNLO QCD corrections brings
the 4FS predictions in agreement with the experimental
data and with the 5FS results. The calculation presented
in this letter also builds the basis for a more accurate
determination of the bottom-quark mass e↵ects in
Drell-Yan production, relevant for MW measurements,
along the lines of the study in Ref. [79], which at the
time was pursued only at NLO+PS.
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NLO+PS for EW corrections
NLO QCD NLO EW

W/Z
ɣ ɣ W/Z

★ multiple-radiation of heavy weak bosons not relevant at LHC energies (possibly at future 
colliders), since emissions regulated by boson mass  ➙  not included in parton showers

★ parton showers include only QED (and QCD) radiation

★ thus, NLO+PS matching done at level of QED corrections (same methods as for QCD)

★ weak-boson effect included solely in virtual matrix elements



Public (N)NLO+PS Codes



click here: https://launchpad.net/mg5amcnlo click here: https://powhegbox.mib.infn.it/

click here: https://whizard.hepforge.org/click here: https://sherpa-team.gitlab.io/

https://launchpad.net/mg5amcnlo
https://powhegbox.mib.infn.it/
https://whizard.hepforge.org/
https://sherpa-team.gitlab.io/


GENEVA: release candidate since 2016

click here: https://gitlab.desy.de/geneva/geneva-public

➙ release candidate (since 2016) on git repo, only process: Drell-Yan production using τ0

https://gitlab.desy.de/geneva/geneva-public


MiNNLOPS generators public in POWHEG BOX

Z𝜸 generator (  + aTGC) [Lombardi, MW, Zanderighi '20, '21]Z → ℓ+ℓ−, Z → νν̄
WW generator [Lombardi, MW, Zanderighi '21]

MiNNLOPS has been extended to  colour-singlet processes  
in POWHEG-BOX-RES 

2 → 2

ZZ generator ( + ) [Buonocre, Koole, Lombardi, Rottoli, MW, Zanderighi '21]qq̄ gg

VH generator interfaced with H→bb decay and SMEFT effects (t.b.a.) 
[Zanoli, Chiesa, Re, MW, Zanderighi '21], [Haisch, Scott, MW, Zanderighi, Zanoli '22] 

MiNNLOPS for  processes (H, Z, W) in POWHEG-BOX-V2 
 [Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

2 → 1

Top-quark pair generator                            
[Mazzitelli, Monni, Nason, Re, MW, Zanderighi '20 '21]

NEW

or click here: https://powhegbox.mib.infn.it/#MiNNLOps

𝜸𝜸 generator (t.b.a.) [Gavardi, Oleari, Re '22]

WZ generator NNLOQCD+PS and NLOEW+PS                               
[Lindert, Lombardi, MW, Zanderighi, Zanoli '23]

NEW H generator with full top-mass effects @ NNLO [Niggetiedt, MW '24]

t.b.a:

bb generator (t.b.a.) [Mazzitelli, Ratti, MW, Zanderighi '24]

bbZ generator (t.b.a.) [Mazzitelli, Sotnikov, MW '24]

https://powhegbox.mib.infn.it/#MiNNLOps
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Summary

★ 50 years after the discovery of asymptotic freedom QCD has 
turned out to be a beautiful theory that allows us to provide 
predictions required at hadron colliders

★ Precision through perturbation theory:  NLO, NNLO, N3LO, …

★ Resummation for specific observables: NLL, NNLL, N3LL, …

★ Parton Shower Event Generator bridge the gab between theory 
predictions and experimental measurements

★ Inclusion of higher-order corrections in parton showers: NLO+PS, 
NNLO+PS, …

➙ plenty of room for improvements
(shower accuracy, shower uncertainties, non-perturbative effects, new NNLO+PS processes, …)
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What I didn’t have time to cover

★ Different techniques for resummation
(automation, SCET, other observables, soft resummation, …)

★ Jets in LHC collisions
(jet algorithms, infrared-safe jet flavour,  jet substructure, …)

★ Details on Higgs production and decay channels
(heavy-top effective field theory, quark-mass effects, boosted Higgs 
analyses for VH, Higgs couplings, …)

★ Improving the accuracy of parton showers 

★ …
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What I didn’t have time to cover

★ Different techniques for resummation
(automation, SCET, other observables, soft resummation, …)

★ Jets in LHC collisions
(jet algorithms, infrared-safe jet flavour,  jet substructure, …)

★ Details on Higgs production and decay channels
(heavy-top effective field theory, quark-mass effects, boosted Higgs 
analyses for VH, Higgs couplings, …)

★ Improving the accuracy of parton showers 

Thank you very much for your attention!
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Oktober 2022

Don’t be afraid ;-)

November 2022 Dezember 2022 January 2023 June 2023Mai 2023 April 2024



Questions?



Extra Slides
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[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

MiNNLOPS: main idea

NX-1LO+Parton Shower (PS) 
for  + jetpp → F

NXLO+Parton Shower (PS) for pp → F

all-order structure in  
jet-resolution variable  rN

r0 r1
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✦ starting equation: ℒ ∼ H (C ⊗ f ) (C ⊗ f )
(symbolically)

≡ D

[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

MiNNLOPS: derivation

dσres
F

dpT dΦB
=

d
dpT

{e−Sℒ} = e−S {S′ ℒ + ℒ′ }
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✦ starting equation: ℒ ∼ H (C ⊗ f ) (C ⊗ f )
(symbolically)

≡ D

[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

MiNNLOPS: derivation

dσres
F

dpT dΦB
=

d
dpT

{e−Sℒ} = e−S {S′ ℒ + ℒ′ }

reminder:

Marius Wiesemann    (MPP Munich) June 19, 2024Precision Calculations in QCD and EWK Interactions at Hadron Colliders

M. Wiesemann (University of Zürich) pT resummation through NNLO+NNLL June 15, 2015 3 / 24
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Cjc̄
Sc

d‡(res)
N1,N2

dp2
T

dy dM d⌦ ≥
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db b
2 J0(b pT ) S(b, A, B)HN1,N2 fN1 fN2

S(b, A, B) = exp
I

≠
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2
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b2
0/b2

dq2

q2
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A ln
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m2
H

q2

B

+ B
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I double Mellin moments: HN1,N2 = H CN1 CN2

I coe�cients A, B, C , H perturbative
I born initial state gg or qq̄
I A, B, C process independent
I H hard coe�cient: - process dependent

- LO kinematics (M, ⌦)

15

where Rf contains terms that are non-singular in the small pT limit, while L contains powers
of logarithms of pT. The Sudakov form factor S reads

S(pT) = 2

Z
Q

pT

dq

q

✓
A(↵s(q)) ln

Q
2

q2
+B(↵s(q))

◆
, (2.2)

with

A(↵s) =

2X

k=1

⇣
↵s

2⇡

⌘
k

A
(k)

, B(↵s) =

2X

k=1

⇣
↵s

2⇡

⌘
k

B
(k)

, (2.3)

and the factor L, defined in eq. (4.31) of Section 4, involves the parton luminosities, the
Born squared amplitude, the hard virtual corrections and the collinear coefficient functions
up to second order, that constitute some of the ingredients for the N3LL resummation. In
the following, for ease of notation, we will drop the �B dependence in L.

As it stands, eq. (2.1) is such that its integral in pT between an infrared cutoff ⇤ and
Q reproduces the NNLO total cross section for the production of the colour singlet system.
We can recast eq. (2.1) as

d�

d�BdpT

=
d�

sing

d�BdpT

+Rf (pT),
d�

sing

d�BdpT

= exp[�S(pT)]D(pT) , (2.4)

with
D(pT) ⌘ �

dS(pT)

dpT

L(pT) +
dL(pT)

dpT

, (2.5)

and
dS(pT)

dpT

=
2

pT

✓
A(↵s(pT)) ln

Q
2

p2T
+B(↵s(pT))

◆
. (2.6)

We now make contact with the MiNLO0 procedure. We start by writing the regular
terms Rf to second order as

Rf (pT) =
d�

(NLO)
FJ

d�BdpT

�
↵s(pT)

2⇡


d�

sing

d�BdpT

�(1)
�

✓
↵s(pT)

2⇡

◆2 
d�

sing

d�BdpT

�(2)
, (2.7)

where the notation [X]
(i) stands for the coefficient of the i-th term in the perturbative

expansion of the quantity X. The first term on the right-hand-side is the NLO differential
cross section for the production of the singlet F in association with one jet J , namely

d�
(NLO)
FJ

d�BdpT

=
↵s(pT)

2⇡


d�FJ

d�BdpT

�(1)
+

✓
↵s(pT)

2⇡

◆2 
d�FJ

d�BdpT

�(2)
. (2.8)

As a second step, we factor out the Sudakov exponential in eq. (2.4) and obtain

d�

d�BdpT

= exp[�S(pT)]

⇢
D(pT) +

Rf (pT)

exp[�S(pT)]

�
. (2.9)

It is now important to observe that in order to preserve the perturbative accuracy of the
integral of eq. (2.9), it is sufficient to expand the curly bracket in powers of ↵s(pT) up to a
certain order. In fact, when expanded in powers of ↵s(pT), all terms in the curly brackets
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E Considerations from impact-parameter space formulation

In this section, we derive the form of the starting equation (2.7) using the impact-parameter
space formulation of transverse-momentum resummation. We start from the formula

d�(pT)

d�F

= pT

Z 1

0
dbJ1(b pT) e

�S(b0/b)Lb(Qb0/b) , (E.1)

where
S(b0/b) = � ln(Qb/b0)g1(�b)� g2(�b)�

↵s

⇡
ḡ3(�b) , (E.2)

and �b = ↵s(Q)�0 ln(Qb/b0), b0 = 2e��E . The gi functions are analogous to those used in
momentum space (B.7), and [69]

ḡ3 ⌘ g3 +
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)
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�b

1� 2�b
. (E.3)

The factor Lb is defined as
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where H̄ is identical to H of eq. (B.11), with the only difference being that the H̄(2)

coefficient does not contain the term �H
(2) (B.14).

We evaluate the b integral by expanding b0/b about pT in the integrand. While this
procedure is known to generate a geometric singularity in the pT space resummation, in this
article we are only interested in retaining O(↵2

s) accuracy and therefore this is not an issue
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where H̄ is identical to H of eq. (B.11), with the only difference being that the H̄(2)

coefficient does not contain the term �H
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We evaluate the b integral by expanding b0/b about pT in the integrand. While this
procedure is known to generate a geometric singularity in the pT space resummation, in this
article we are only interested in retaining O(↵2

s) accuracy and therefore this is not an issue

– 37 –

[Collins, Soper, Sterman '85]
Transverse-momentum resummation
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where H̄ is identical to H of eq. (B.11), with the only difference being that the H̄(2)

coefficient does not contain the term �H
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We evaluate the b integral by expanding b0/b about pT in the integrand. While this
procedure is known to generate a geometric singularity in the pT space resummation, in this
article we are only interested in retaining O(↵2

s) accuracy and therefore this is not an issue
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follows), [D(pT)]
(3) acquires additional explicit scale-dependent terms:
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E Considerations from impact-parameter space formulation

In this section, we derive the form of the starting equation (2.7) using the impact-parameter
space formulation of transverse-momentum resummation. We start from the formula
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and �b = ↵s(Q)�0 ln(Qb/b0), b0 = 2e��E . The gi functions are analogous to those used in
momentum space (B.7), and [69]

ḡ3 ⌘ g3 +
2⇣3(A(1)

)
2

2⇡�0

�b

1� 2�b
. (E.3)
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where H̄ is identical to H of eq. (B.11), with the only difference being that the H̄(2)

coefficient does not contain the term �H
(2) (B.14).

We evaluate the b integral by expanding b0/b about pT in the integrand. While this
procedure is known to generate a geometric singularity in the pT space resummation, in this
article we are only interested in retaining O(↵2

s) accuracy and therefore this is not an issue
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where Rf contains terms that are non-singular in the small pT limit, while L contains powers
of logarithms of pT. The Sudakov form factor S reads

S(pT) = 2

Z
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and the factor L, defined in eq. (4.31) of Section 4, involves the parton luminosities, the
Born squared amplitude, the hard virtual corrections and the collinear coefficient functions
up to second order, that constitute some of the ingredients for the N3LL resummation. In
the following, for ease of notation, we will drop the �B dependence in L.

As it stands, eq. (2.1) is such that its integral in pT between an infrared cutoff ⇤ and
Q reproduces the NNLO total cross section for the production of the colour singlet system.
We can recast eq. (2.1) as
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We now make contact with the MiNLO0 procedure. We start by writing the regular
terms Rf to second order as

Rf (pT) =
d�

(NLO)
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d�BdpT

�
↵s(pT)

2⇡


d�

sing

d�BdpT

�(1)
�

✓
↵s(pT)

2⇡

◆2 
d�

sing

d�BdpT

�(2)
, (2.7)

where the notation [X]
(i) stands for the coefficient of the i-th term in the perturbative

expansion of the quantity X. The first term on the right-hand-side is the NLO differential
cross section for the production of the singlet F in association with one jet J , namely

d�
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As a second step, we factor out the Sudakov exponential in eq. (2.4) and obtain

d�

d�BdpT

= exp[�S(pT)]

⇢
D(pT) +

Rf (pT)

exp[�S(pT)]

�
. (2.9)

It is now important to observe that in order to preserve the perturbative accuracy of the
integral of eq. (2.9), it is sufficient to expand the curly bracket in powers of ↵s(pT) up to a
certain order. In fact, when expanded in powers of ↵s(pT), all terms in the curly brackets

– 5 –

integrate over b 
& take total derivative 



Marius Wiesemann    (MPP Munich) September 7, 2024QCD and Monte Carlo event generators (Lecture 3) 134

✦ starting equation: ℒ ∼ H (C ⊗ f ) (C ⊗ f )
(symbolically)

≡ D

✦ combine with  fixed order  :F + jet dσFJ

[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

MiNNLOPS: derivation

dσres
F

dpT dΦB
=

d
dpT

{e−Sℒ} = e−S {S′ ℒ + ℒ′ }

dσF = dσres
F + [dσFJ]f.o. − [dσres

F ]f.o.
The multiple emission of soft and collinear gluons fulfils factorisation but in order 
to obtain an all order result also the phase space has to be properly factorised

In the case of the pT distribution, to exactly implement momentum conservation, 
the resummation has to be performed in impact parameter b-space 
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✦ starting equation: ℒ ∼ H (C ⊗ f ) (C ⊗ f )
(symbolically)

≡ D

✦ combine with  fixed order  :F + jet dσFJ

[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

MiNNLOPS: derivation

dσres
F

dpT dΦB
=

d
dpT

{e−Sℒ} = e−S {S′ ℒ + ℒ′ }

dσF = dσres
F + [dσFJ]f.o. − [dσres

F ]f.o. = e−S{D +
[dσFJ]f.o.

[e−S]f.o.
1−S(1)⋯

−
[dσres

F ]f.o.

[e−S]f.o.

−D(1)−D(2)⋯

}
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✦ starting equation: ℒ ∼ H (C ⊗ f ) (C ⊗ f )
(symbolically)

≡ D

✦ combine with  fixed order  :F + jet dσFJ

[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

MiNNLOPS: derivation

dσres
F

dpT dΦB
=

d
dpT

{e−Sℒ} = e−S {S′ ℒ + ℒ′ }

dσF = dσres
F + [dσFJ]f.o. − [dσres

F ]f.o. = e−S{D +
[dσFJ]f.o.

[e−S]f.o.
−

[dσres
F ]f.o.

[e−S]f.o. }
= e−S{D + [dσFJ]f.o. (1 − S(1) − ⋯) − D(1) − D(2) − ⋯}
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✦ starting equation: ℒ ∼ H (C ⊗ f ) (C ⊗ f )
(symbolically)

≡ D

✦ combine with  fixed order  :

✦ expand in  & rearrange:

F + jet dσFJ

αs(pT)

[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

D(3) + 𝒪(α4
s )

MiNNLOPS: derivation

dσres
F

dpT dΦB
=

d
dpT

{e−Sℒ} = e−S {S′ ℒ + ℒ′ }

dσMiNNLO
F = e−S {dσ(1)

FJ(1

∼αs(pT)

+ S(1)) + dσ(2)
FJ

∼α2
s (pT)

+ (D − D(1) − D(2))
≥α3

s (pT)

+ regular}

dσF = dσres
F + [dσFJ]f.o. − [dσres

F ]f.o. = e−S{D +
[dσFJ]f.o.

[e−S]f.o.
−

[dσres
F ]f.o.

[e−S]f.o. }
= e−S{D + [dσFJ]f.o. (1 − S(1) − ⋯) − D(1) − D(2) − ⋯}
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✦ starting equation: ℒ ∼ H (C ⊗ f ) (C ⊗ f )
(symbolically)

≡ D

✦ combine with  fixed order  :

✦ expand in  & rearrange:

F + jet dσFJ

αs(pT)

[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

MiNNLOPS: derivation

dσres
F

dpT dΦB
=

d
dpT

{e−Sℒ} = e−S {S′ ℒ + ℒ′ }

dσMiNNLO
F = e−S {dσ(1)

FJ(1

∼αs(pT)

+ S(1)) + dσ(2)
FJ

∼α2
s (pT)

+ (D − D(1) − D(2))
≥α3

s (pT)

+ regular}

dσF = dσres
F + [dσFJ]f.o. − [dσres

F ]f.o. = e−S{D +
[dσFJ]f.o.

[e−S]f.o.
−

[dσres
F ]f.o.

[e−S]f.o. }
= e−S{D + [dσFJ]f.o. (1 − S(1) − ⋯) − D(1) − D(2) − ⋯}

MiNLO
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✦ starting equation: ℒ ∼ H (C ⊗ f ) (C ⊗ f )
(symbolically)

≡ D

✦ combine with  fixed order  :

✦ expand in  & rearrange:

F + jet dσFJ

αs(pT)

[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

MiNNLOPS: derivation

dσres
F

dpT dΦB
=

d
dpT

{e−Sℒ} = e−S {S′ ℒ + ℒ′ }

dσMiNNLO
F = e−S {dσ(1)

FJ(1

∼αs(pT)

+ S(1)) + dσ(2)
FJ

∼α2
s (pT)

+ (D − D(1) − D(2))
≥α3

s (pT)

+ regular}

dσF = dσres
F + [dσFJ]f.o. − [dσres

F ]f.o. = e−S{D +
[dσFJ]f.o.

[e−S]f.o.
−

[dσres
F ]f.o.

[e−S]f.o. }
= e−S{D + [dσFJ]f.o. (1 − S(1) − ⋯) − D(1) − D(2) − ⋯}

MiNLO NNLO correction

beyond accuracy
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[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

✦ apply idea to POWHEG FJ calculation

dσFJ = dΦFJ B̃FJ × {Δpwg(Λpwg) + dΦradΔpwg(pT,rad)
RFJ

BFJ }

MiNNLOPS: master formula

B̃FJ = BFJ + VFJ + ∫ dΦrad RFJ

≡ {dσFJ
(1)

dΦB
+

dσFJ
(2)

dΦB
}

The multiple emission of soft and collinear gluons fulfils factorisation but in order 
to obtain an all order result also the phase space has to be properly factorised

In the case of the pT distribution, to exactly implement momentum conservation, 
the resummation has to be performed in impact parameter b-space 
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The multiple emission of soft and collinear gluons fulfils factorisation but in order 
to obtain an all order result also the phase space has to be properly factorised

In the case of the pT distribution, to exactly implement momentum conservation, 
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[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

✦ NNLO+PS by turning POWHEG weight (  function) NNLO accurate:B̃

dσMiNNLOPS
F = dΦFJ B̃ MiNNLOPS × {Δpwg(Λpwg) + dΦradΔpwg(pT,rad)

RFJ

BFJ }

➙ spreads NNLO corrections 
    in the  phase spaceF + jet

MiNNLOPS: master formula

NNLO acuracy no merging/slicing cut shower accuracy (at least LL)

B̃ MiNNLOPS = e−S {BFJ (1 + S(1)) + VFJ + ∫ dΦrad RFJ + (D − D(1) − D(2)) × Fcorr.}
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[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

✦ NNLO+PS by turning POWHEG weight (  function) NNLO accurate:B̃

dσMiNNLOPS
F = dΦFJ B̃ MiNNLOPS × {Δpwg(Λpwg) + dΦradΔpwg(pT,rad)

RFJ

BFJ }

MiNNLOPS: master formula

NNLO acuracy no merging/slicing cut shower accuracy (at least LL)

B̃ MiNNLOPS = e−S {BFJ (1 + S(1)) + VFJ + ∫ dΦrad RFJ + (D − D(1) − D(2)) × Fcorr.}
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[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

✦ NNLO+PS by turning POWHEG weight (  function) NNLO accurate:B̃

MiNNLOPS: master formula

NNLO acuracy shower accuracy (at least LL)no merging/slicing cut

B̃ MiNNLOPS = e−S {BFJ (1 + S(1)) + VFJ + ∫ dΦrad RFJ + (D − D(1) − D(2)) × Fcorr.}

dσMiNNLOPS
F = dΦFJ B̃ MiNNLOPS × {Δpwg(Λpwg) + dΦradΔpwg(pT,rad)

RFJ

BFJ }
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[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

✦ NNLO+PS by turning POWHEG weight (  function) NNLO accurate:B̃

MiNNLOPS: master formula

dσPS = dΦB B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1) × {Δ(ν1, Λ) + dΦ2Δ(ν1, ν2) 𝒫(dΦ2)}}reminder 2 shower emissions:

NNLO acuracy shower accuracy (at least LL)no merging/slicing cut

B̃ MiNNLOPS = e−S {BFJ (1 + S(1)) + VFJ + ∫ dΦrad RFJ + (D − D(1) − D(2)) × Fcorr.}
≃ B × {Δ(ν0, Λ) + dΦ1Δ(ν0, ν1) 𝒫(dΦ1)}

dσMiNNLOPS
F = dΦFJ B̃ MiNNLOPS × {Δpwg(Λpwg) + dΦradΔpwg(pT,rad)

RFJ

BFJ }
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MiNNLOPS: towards jet production

pT → τN

[Ebert, Rottoli, MW, Zanderighi, Zanoli '23]

B̃ MiNNLOPS ∼ e−S(τN) {dσ(1)
FJ(1 + S(1)(τN)) + dσ(2)

FJ
+ (D(τN) − D(1)(τN) − D(2)(τN)) × Fcorr}

✦ MiNNLOPS viable for any N-jet resolution variable (in principle), e.g. N-jettiness:
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MiNNLOPS: towards jet production

pT → τN

[Ebert, Rottoli, MW, Zanderighi, Zanoli '23]

B̃ MiNNLOPS ∼ e−S(τN) {dσ(1)
FJ(1 + S(1)(τN)) + dσ(2)

FJ
+ (D(τN) − D(1)(τN) − D(2)(τN)) × Fcorr}

✦ MiNNLOPS viable for any N-jet resolution variable (in principle), e.g. N-jettiness:

✦ Differences in singular cross section (SCETI vs SCETII) leads to a richer logarithmic structure for  :τN

dσres
F (τN) = e−S(τN)[ℒ(τN)(1 −

ζ2

2
[(S′ )2 − S′ ′ ] − ζ3S′ S′ ′ +

3ζ4

16
(S′ ′ )2 +

ζ3

3
S′ ′ ′ ) + ℒ′ (τN)(ζ2S′ + ζ3S′ ′ )

+ℒ′ (τN)(ζ2S′ + ζ3S′ ′ ) −
ζ2

2
ℒ′ ′ (τN) + 𝒪(α3

s )]

dσres
F (pT) = e−S(pT)[ℒ(pT)(1 −

ζ3

4
S′ S′ ′ +

ζ3

12
𝒮′ ′ ′ ) −

ζ3

4
αs(pT)

π
S′ ′ 

̂P ⊗ ℒ(pT) + 𝒪(α3
s )]

[Ebert, Rottoli, MW, Zanderighi, Zanoli '23]

[Monni, Nason, Re, MW, Zanderighi '19]

to be compared with:
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MiNNLOPS: towards jet production
[Ebert, Rottoli, MW, Zanderighi, Zanoli '23]

τ0 τ1 τ2

pT → τN

B̃ MiNNLOPS ∼ e−S(τN) {dσ(1)
FJ(1 + S(1)(τN)) + dσ(2)

FJ
+ (D(τN) − D(1)(τN) − D(2)(τN)) × Fcorr}

✦ MiNNLOPS viable for any N-jet resolution variable (in principle), e.g. N-jettiness:

see also Matthew’s talk for recent developments in Geneva 
[Alioli et al. ’23]
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MiNNLOPS: towards jet production

pT → τN

[Ebert, Rottoli, MW, Zanderighi, Zanoli '23]

B̃ MiNNLOPS ∼ e−S(τN) {dσ(1)
FJ(1 + S(1)(τN)) + dσ(2)

FJ
+ (D(τN) − D(1)(τN) − D(2)(τN)) × Fcorr}

✦ MiNNLOPS viable for any N-jet resolution variable (in principle), e.g. N-jettiness:

✦ Differences in singular cross section (SCETI vs SCETII) leads to a richer logarithmic structure for  :τN

dσres
F (τN) = e−S(τN)[ℒ(τN)(1 −

ζ2

2
[(S′ )2 − S′ ′ ] − ζ3S′ S′ ′ +

3ζ4

16
(S′ ′ )2 +

ζ3

3
S′ ′ ′ ) + ℒ′ (τN)(ζ2S′ + ζ3S′ ′ )

+ℒ′ (τN)(ζ2S′ + ζ3S′ ′ ) −
ζ2

2
ℒ′ ′ (τN) + 𝒪(α3

s )]

dσres
F (pT) = e−S(pT)[ℒ(pT)(1 −

ζ3

4
S′ S′ ′ +

ζ3

12
𝒮′ ′ ′ ) −

ζ3

4
αs(pT)

π
S′ ′ 

̂P ⊗ ℒ(pT) + 𝒪(α3
s )]

[Ebert, Rottoli, MW, Zanderighi, Zanoli '23]

[Monni, Nason, Re, MW, Zanderighi '19]

to be compared with:
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[from L. Rottoli’s talk at Ringberg 2024]

PR
EL
IM
IN
AR
Y

[Ebert, Rottoli, MW, Zanderighi, Zanoli '23]
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MiNNLOPS: heavy quark production

dσF
res ∼

d
dpT

{e−S Tr(HΔ) (C ⊗ f ) (C ⊗ f )}

Tr(HΔ) = ⟨M |Δ |M⟩, Δ = V† D V, V = exp {−∫
dq2

q2 [ αs(q)
2π

Γ(1)
t +

α2
s (q)

(2π)2
Γ(2)

t ]}

S = − ∫
dq2

q2 [ αs(q)
2π (A(1) log(M/q) + B(1)) +

α2
s (q)

(2π)2 (A(2) log(M/q) + B(2)) + …]

matrix in colour space

[Mazzitelli, Monni, Nason, Re, MW, Zanderighi '20 '21]
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MiNNLOPS: heavy quark production

dσF
res ∼

d
dpT

{e−S Tr(HΔ) (C ⊗ f ) (C ⊗ f )}

Tr(HΔ) = ⟨M |Δ |M⟩, Δ = V† D V, V = exp {−∫
dq2

q2 [ αs(q)
2π

Γ(1)
t +

α2
s (q)

(2π)2
Γ(2)

t ]}

S = − ∫
dq2

q2 [ αs(q)
2π (A(1) log(M/q) + B(1)) +

α2
s (q)

(2π)2 (A(2) log(M/q) + B(2)) + …]

matrix in colour space

' -type' correction to SudakovB

[Mazzitelli, Monni, Nason, Re, MW, Zanderighi '20 '21]
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MiNNLOPS: heavy quark production

✦ approximations keeping NNLO and (N)LL

❖ azimuthal average with  ➙ modifies   and   at [D]ϕ
= 1 H → H (C ⊗ f ) → (C ⊗ f ) α2

s

dσF
res ∼

d
dpT

{e−S Tr(HΔ) (C ⊗ f ) (C ⊗ f )}

Tr(HΔ) = ⟨M |Δ |M⟩, Δ = V† D V, V = exp {−∫
dq2

q2 [ αs(q)
2π

Γ(1)
t +

α2
s (q)

(2π)2
Γ(2)

t ]}

S = − ∫
dq2

q2 [ αs(q)
2π (A(1) log(M/q) + B(1)) +

α2
s (q)

(2π)2 (A(2) log(M/q) + B(2)) + …]

see [Catani, Devoto, Grazzini, Kallweit, Mazzitelli, Sargsyan '19]

[Mazzitelli, Monni, Nason, Re, MW, Zanderighi '20 '21]
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MiNNLOPS: heavy quark production

✦ approximations keeping NNLO and (N)LL

❖ azimuthal average with  ➙ modifies   and   at 

❖

[D]ϕ
= 1 H → H (C ⊗ f ) → (C ⊗ f ) α2

s

⟨M |Δ |M⟩ ≈ ⟨M |M⟩

=H

⟨M(0) |Δ |M(0)⟩
⟨M(0) |M(0)⟩

dσF
res ∼

d
dpT

{e−S Tr(HΔ) (C ⊗ f ) (C ⊗ f )}

Tr(HΔ) = ⟨M |Δ |M⟩, Δ = V† D V, V = exp {−∫
dq2

q2 [ αs(q)
2π

Γ(1)
t +

α2
s (q)

(2π)2
Γ(2)

t ]}

S = − ∫
dq2

q2 [ αs(q)
2π (A(1) log(M/q) + B(1)) +

α2
s (q)

(2π)2 (A(2) log(M/q) + B(2)) + …]

absorb mistake at NNLO in B(2)

see [Catani, Devoto, Grazzini, Kallweit, Mazzitelli, Sargsyan '19]

[Mazzitelli, Monni, Nason, Re, MW, Zanderighi '20 '21]
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MiNNLOPS: heavy quark production

✦ approximations keeping NNLO and (N)LL

❖ azimuthal average with  ➙ modifies   and   at 

❖

❖ expand 

[D]ϕ
= 1 H → H (C ⊗ f ) → (C ⊗ f ) α2

s

⟨M |Δ |M⟩ ≈ ⟨M |M⟩

=H

⟨M(0) |Δ |M(0)⟩
⟨M(0) |M(0)⟩

V = exp {−∫
dq2

q2

αs(q)
2π

Γ(1)
t }

≡VNLL

× (1 − ∫
dq2

q2

α2
s (q)

(2π)2
Γ(2)

t ) + 𝒪(N3LL)

dσF
res ∼

d
dpT

{e−S Tr(HΔ) (C ⊗ f ) (C ⊗ f )}

Tr(HΔ) = ⟨M |Δ |M⟩, Δ = V† D V, V = exp {−∫
dq2

q2 [ αs(q)
2π

Γ(1)
t +

α2
s (q)

(2π)2
Γ(2)

t ]}

S = − ∫
dq2

q2 [ αs(q)
2π (A(1) log(M/q) + B(1)) +

α2
s (q)

(2π)2 (A(2) log(M/q) + B(2)) + …]

absorb in  coefficient B(2)

see [Catani, Devoto, Grazzini, Kallweit, Mazzitelli, Sargsyan '19]

[Mazzitelli, Monni, Nason, Re, MW, Zanderighi '20 '21]
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MiNNLOPS: heavy quark production

✦ approximations keeping NNLO and (N)LL

❖ azimuthal average with  ➙ modifies   and   at 

❖

❖
expand 

[D]ϕ
= 1 H → H (C ⊗ f ) → (C ⊗ f ) α2

s

⟨M |Δ |M⟩ ≈ ⟨M |M⟩

=H

⟨M(0) |Δ |M(0)⟩
⟨M(0) |M(0)⟩

V = exp {−∫
dq2

q2

αs(q)
2π

Γ(1)
t }

≡VNLL

× (1 − ∫
dq2

q2

α2
s (q)

(2π)2
Γ(2)

t ) + 𝒪(N3LL)

dσF
res ∼

d
dpT

{e−S Tr(HΔ) (C ⊗ f ) (C ⊗ f )}

Tr(HΔ) = ⟨M |Δ |M⟩, Δ = V† D V, V = exp {−∫
dq2

q2 [ αs(q)
2π

Γ(1)
t +

α2
s (q)

(2π)2
Γ(2)

t ]}

S = − ∫
dq2

q2 [ αs(q)
2π (A(1) log(M/q) + B(1)) +

α2
s (q)

(2π)2 (A(2) log(M/q) + B(2)) + …]

re-absorb in  coefficient B(2)

re-absorb mistake at NNLO in B(2)

✦ using those approximations (exact up to NNLO & (N)LL) we have:

 and    

 

B̃(2) = B(2) +
⟨M(0) |Γ(2)† + Γ(2) |M(0)⟩

⟨M(0) |M(0)⟩
+

2 Re {⟨M(1) |Γ(1)† + Γ(1) |M(0)⟩}
⟨M(0) |M(0)⟩

−
2 ⟨M(0) |Γ(1)† + Γ(1) |M(0)⟩ Re {⟨M(1) |M(0)⟩}

⟨M(0) |M(0)⟩2

e−S ⟨M |Δ |M⟩ = e−S̃ ⟨M(0) |V†
NLLVNLL |M(0)⟩

⟨M(0) |M(0)⟩
H + 𝒪(α5

s )

reminder:  VNLL ≡ exp {−∫
dq2

q2

αs(q)
2π

Γ(1)
t }

= ∑
i∈colours

ci e−S̃+Si

⏟≡ eSi

[Mazzitelli, Monni, Nason, Re, MW, Zanderighi '20 '21]
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MiNNLOPS: heavy quark production

✦ approximations keeping NNLO and (N)LL

❖ azimuthal average with  ➙ modifies   and   at 

❖

❖
expand 

[D]ϕ
= 1 H → H (C ⊗ f ) → (C ⊗ f ) α2

s

⟨M |Δ |M⟩ ≈ ⟨M |M⟩

=H

⟨M(0) |Δ |M(0)⟩
⟨M(0) |M(0)⟩

V = exp {−∫
dq2

q2

αs(q)
2π

Γ(1)
t }

≡VNLL

× (1 − ∫
dq2

q2

α2
s (q)

(2π)2
Γ(2)

t ) + 𝒪(N3LL)

dσF
res ∼

d
dpT

{e−S Tr(HΔ) (C ⊗ f ) (C ⊗ f )}

Tr(HΔ) = ⟨M |Δ |M⟩, Δ = V† D V, V = exp {−∫
dq2

q2 [ αs(q)
2π

Γ(1)
t +

α2
s (q)

(2π)2
Γ(2)

t ]}

S = − ∫
dq2

q2 [ αs(q)
2π (A(1) log(M/q) + B(1)) +

α2
s (q)

(2π)2 (A(2) log(M/q) + B(2)) + …]

re-absorb in  coefficient B(2)

re-absorb mistake at NNLO in B(2)

✦ using those approximations (exact up to NNLO & (N)LL) we have:

 and    

 

B̃(2) = B(2) +
⟨M(0) |Γ(2)† + Γ(2) |M(0)⟩

⟨M(0) |M(0)⟩
+

2 Re {⟨M(1) |Γ(1)† + Γ(1) |M(0)⟩}
⟨M(0) |M(0)⟩

−
2 ⟨M(0) |Γ(1)† + Γ(1) |M(0)⟩ Re {⟨M(1) |M(0)⟩}

⟨M(0) |M(0)⟩2

e−S ⟨M |Δ |M⟩ = e−S̃ ⟨M(0) |V†
NLLVNLL |M(0)⟩

⟨M(0) |M(0)⟩
H + 𝒪(α5

s )

reminder:  VNLL ≡ exp {−∫
dq2

q2

αs(q)
2π

Γ(1)
t }

= ∑
i

ci e−S̃+Si

⏟≡ eSi

use basis  where  diagonal|M(0)⟩ Γ(1)

eigenvalues of 
 exponentV†

NLLVNLL

[Mazzitelli, Monni, Nason, Re, MW, Zanderighi '20 '21]

B̄(1) = B(1)+γi
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MiNNLOPS: heavy quark production

✦ approximations keeping NNLO and (N)LL

❖ azimuthal average with  ➙ modifies   and   at 

❖

❖
expand 

[D]ϕ
= 1 H → H (C ⊗ f ) → (C ⊗ f ) α2

s

⟨M |Δ |M⟩ ≈ ⟨M |M⟩

=H

⟨M(0) |Δ |M(0)⟩
⟨M(0) |M(0)⟩

V = exp {−∫
dq2

q2

αs(q)
2π

Γ(1)
t }

≡VNLL

× (1 − ∫
dq2

q2

α2
s (q)

(2π)2
Γ(2)

t ) + 𝒪(N3LL)

dσF
res ∼

d
dpT

{e−S Tr(HΔ) (C ⊗ f ) (C ⊗ f )}

Tr(HΔ) = ⟨M |Δ |M⟩, Δ = V† D V, V = exp {−∫
dq2

q2 [ αs(q)
2π

Γ(1)
t +

α2
s (q)

(2π)2
Γ(2)

t ]}

S = − ∫
dq2

q2 [ αs(q)
2π (A(1) log(M/q) + B(1)) +

α2
s (q)

(2π)2 (A(2) log(M/q) + B(2)) + …]

re-absorb in  coefficient B(2)

re-absorb mistake at NNLO in B(2)

✦ using those approximations (exact up to NNLO & (N)LL) we have:

 and    

B̃(2) = B(2) +
⟨M(0) |Γ(2)† + Γ(2) |M(0)⟩

⟨M(0) |M(0)⟩
+

2 Re {⟨M(1) |Γ(1)† + Γ(1) |M(0)⟩}
⟨M(0) |M(0)⟩

−
2 ⟨M(0) |Γ(1)† + Γ(1) |M(0)⟩ Re {⟨M(1) |M(0)⟩}

⟨M(0) |M(0)⟩2

e−S ⟨M |Δ |M⟩ = e−S̃ ⟨M(0) |V†
NLLVNLL |M(0)⟩

⟨M(0) |M(0)⟩
H + 𝒪(α5

s )

= ∑
i

ci e−S̃+Si

⏟

≡ ℒi

≡ eSi

⇒ dσF
res ∼

d
dpT {∑

i

e−Si ci H (C ⊗ f ) (C ⊗ f )} + terms beyond NNLO & (N)LL

simplified to sum of terms with 
same structure as starting formula 
for colour singlet case

Marius Wiesemann    (MPP Munich) NNLO+PS for  productiont t̄ March 30th, 2021 7

✦ starting equation:

ℒ ∼ H (C ⊗ f ) (C ⊗ f )
(symbolically)

≡ D

✦ combine with  fixed order  :F + jet dσFJ

MiNNLOPS for colour singlets
[Monni, Nason, Re, MW, Zanderighi '19], [Monni, Re, MW '20]

dσres
F

dpT dΦB
= d

dpT
{e−Sℒ} = e−S {S′�ℒ + ℒ′�}

dσF = dσres
F + [dσFJ]f.o. − [dσres

F ]f.o. = e−S{D + [dσFJ]f.o.
[e−S]f.o.
1+S(1)⋯

− [dσres
F ]f.o.

[e−S]f.o.

−D(1)−D(2)⋯

}

[Mazzitelli, Monni, Nason, Re, MW, Zanderighi '20 '21]
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[Mazzitelli, Sotnikov, MW '24]

MiNNLOPS:  productionbb̄Z
Two-loop amplitude
★ complete calculation (five-point functions with massive b’s) out of reach

★ we exploit small-mass expansion in  (massification procedure)mb

 poles in 5FS1/ε  in 4FSlog(mb)

2Re⟨R(0) |R(2)⟩ =
4

∑
i=1

κi logi(mb/μR)+2Re⟨R(0)
0 |R(2)

0 ⟩ + 𝒪(mb/μ)

coefficients of massification
massive amplitude massless amplitude power corrections
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[Mazzitelli, Sotnikov, MW '24]

MiNNLOPS:  productionbb̄Z
Two-loop amplitude
★ complete calculation (five-point functions with massive b’s) out of reach

★ we exploit small-mass expansion in  (massification procedure)

★ logarithmic terms exact (massless loops: [Mitov, Moch ’06], massive loops: [Wang, Xia, Yang, Ye ’23])
★ infra-red safe mapping required from massive to massless momenta
★ massless two-loop in LC approx. & dropping

Z coupling to closed quark loops (small at NLO)
  

(based on [Chicherin, Sotnikov, Zoia '2110.07541],
   [Abreu, Cordero, Ita, Klinkert, Page, Sotnikov '2110.07541])

mb

 poles in 5FS1/ε  in 4FSlog(mb)

2Re⟨R(0) |R(2)⟩ =
4

∑
i=1

κi logi(mb/μR)+2Re⟨R(0)
0 |R(2)

0 ⟩ + 𝒪(mb/μ)

coefficients of massification
massive amplitude massless amplitude power corrections

  

● Full corrections (five-point two-loop amplitudes with massive b’s) out of reach

● We rely on massless amplitudes and apply a ‘massification’ procedure

Two-loop corrections

Poles in 5FS Logs of mb in 4FS

Massification coefficients Additional contribution to

account for closed b loops

2-loop finite reminder

● Log-enhanced terms (blue) obtained without approximations

● Massless two-loop reminder (red) computed from analytic results

● Obtained in the leading colour approximation (1UN
c
 corrections)

● No contributions with Z coupling to closed quark loop (negligible at NLO)

[Mitov, Moch ‘06]
[Wang, Xia, Yang, Ye ‘23]

[Abreu, Febres Cordero, Ita, 

Klinkert, Page, Sotnikov ‘21], 

[Chicherin, Sotnikov, Zoia ‘21]

2

[more technical details in Vasily’s talk] 18
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[Mazzitelli, Sotnikov, MW '24]

MiNNLOPS:  productionbb̄Z
total cross section:  66 GeV ≤ mℓ+ℓ− ≤ 116 GeV

3

is well beyond current technology for two-loop 5-point
amplitudes. Realizing that there is a hierarchy in the
bottom-quark mass mb, we can perform an expansion
around small mb of the two-loop amplitude, capturing
the constant and logarithmically enhanced terms in mb,
while omitting power corrections in mb:
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where R
(i)
0,cc̄ denotes the finite remainder of the mass-

less bb̄Z amplitude, i.e. setting mb = 0, µR is the renor-
malization scale, and µh is a characteristic hard scale of
the process. The process-dependent coe�cients cc̄,i are
determined in AppendixA. They are obtained through
a massification procedure that relates the 1/✏i poles of
collinear origin in the 5FS with logarithmic terms in mb

in the 4FS [53, 54], see also Ref. [55] for a recent applica-
tion to bb̄W production.

In the massless case, the calculation of the two-loop
amplitude is still very challenging, but feasible [27].
While the logarithmic terms are reproduced without

any approximations, RehR(0)
0,cc̄|R

(2)
0,cc̄i is computed in the

leading-colour approximation (LCA), with the excep-
tion of contributions of Z/�? bosons coupling to closed
fermion loops, which are omitted. We have tested the
latter to be negligible already at the one-loop level (see
also Refs. [56, 57]). The LCA is typically accurate within
10% (see e.g. Refs. [58, 59]). Since the numerical e↵ect of

hR
(0)
0,c|R

(2)
0,ci on the MiNNLOPS cross section is typically

at the few-percent level, we expect these approximations
to have a negligible impact on our results. To calculate

RehR(0)
0,cc̄|R

(2)
0,cc̄i we have implemented a numerical code

based on the analytic results of Ref. [27], employing the
PentagonFunctions++ code [60–62] to evaluate the
relevant special functions.

We note that our calculation of the logarithmically en-
hanced terms in Eq. (5) has been rendered possible for
closed massive fermion loops only by the recent results
of Ref. [54]. The numerical impact of those contributions
is at the few-percent level of the NNLO cross section.

Since our NNLO+PS generator assumes massive bot-
tom quarks, a mapping from the massive to the massless
phase space is required to evaluate the massless remain-

ders R(i)
0,cc̄. While di↵erent mappings induce only power

corrections in mb/µh, it is mandatory that the mapping
avoids the collinear singularities of the massless ampli-
tudes, which in the massive phase space are prevented
by the bottom mass.2 We have tested di↵erent map-

2
We thank Chiara Savoini and Massimilano Grazzini for bringing

this to our attention.

pings and found their results to agree at the sub-percent
level. The details are given in AppendixB.

Results.—For the phenomenological study of bb̄Z pro-
duction at NNLO+PS we focus on LHC collisions with
13TeV centre-of-mass energy and consider the leptonic
final states with ` = e, µ. The bottom and top-quark
on-shell masses are set to 4.92GeV and 173.2GeV, re-
spectively, with four massless quark flavours. We em-
ploy the corresponding NNLO set of the NNPDF31 [63]
parton densities with ↵s(mZ) = 0.118. We use the
complex-mass scheme [64, 65] and the electroweak (EW)
input parameters are set in the Gµ scheme using [66]:
GF = 1.16639⇥ 10�5 GeV�2, MW = 80.385GeV, �W =
2.0854GeV, mZ = 91.1876GeV, �Z = 2.4952GeV. Un-
less specified otherwise, our default choice for the renor-
malization scale of the two powers of the ↵s at Born-level

is µ(0)
R = mbb̄``. The scale of extra powers of ↵s in the ra-

diative corrections and the factorization scale are set fol-
lowing the MiNNLOPS prescription [31, 34]. We employ
the definition of the modified logarithm L in Ref. [34],
which smoothly turns o↵ resummation e↵ects for pT val-
ues larger than Q = mbb̄``/2. To avoid the Landau singu-
larity at small pT , the scale of the strong coupling and the
parton densities is smoothly frozen around Q0 = 2 GeV
[32]. Scale uncertainties are estimated through the usual
7-point scale variations by a factor of two around the cen-
tral scale. As a parton shower we employ Pythia8 [67]
with the Monash tune [68].

For comparison, we implemented a generator for
pp ! bb̄`

+
`
� production at NLO+PS in the 4FS within

POWHEG-BOX-RES [43]. In this case we use mbb̄``
for the central scales. We also evaluate MiNLO0 results,
which are NLO accurate for bb̄`+`� plus zero and one jet,
by turning o↵ the NNLO corrections in the MiNNLOPS

generator.
Table I shows the pp ! bb̄`

+
`
� total cross section. For

reference, NLO+PS (MiNNLOPS) results with a central

scale HT /2 (µ(0)
R = HT /2) are given as well, where HT

is the sum over the transverse masses of each bottom
quark and each lepton. Shower e↵ects are negligible for
the inclusive rate and we keep e↵ects from hadronization,

�total [pb] ratio to NLO

NLO+PS (mbb̄``) 31.86(1)+16.3%
�13.3% 1.000

MiNLO0 (mbb̄``) 22.33(1)+28.2%
�17.9% 0.701

MiNNLOPS (mbb̄``) 50.58(4)+16.8%
�12.2% 1.587

NLO+PS (HT /2) 41.42(1)+19.2%
�15.4% 1.000

MiNNLOPS (HT /2) 58.60(5)+19.0%
�13.2% 1.414

TABLE I. Total bb̄Z cross section with 66GeV  m`+`� 

116GeV. The scale in brackets indicates the di↵erent scale
setting as described in the text. The quoted errors represent
scale uncertainties, while the numbers in brackets are numer-
ical uncertainties on the last digit.
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MiNNLOPS:  productionbb̄Z

+60% NNLO
correction !

total cross section:  66 GeV ≤ mℓ+ℓ− ≤ 116 GeV

3

is well beyond current technology for two-loop 5-point
amplitudes. Realizing that there is a hierarchy in the
bottom-quark mass mb, we can perform an expansion
around small mb of the two-loop amplitude, capturing
the constant and logarithmically enhanced terms in mb,
while omitting power corrections in mb:
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where R
(i)
0,cc̄ denotes the finite remainder of the mass-

less bb̄Z amplitude, i.e. setting mb = 0, µR is the renor-
malization scale, and µh is a characteristic hard scale of
the process. The process-dependent coe�cients cc̄,i are
determined in AppendixA. They are obtained through
a massification procedure that relates the 1/✏i poles of
collinear origin in the 5FS with logarithmic terms in mb

in the 4FS [53, 54], see also Ref. [55] for a recent applica-
tion to bb̄W production.

In the massless case, the calculation of the two-loop
amplitude is still very challenging, but feasible [27].
While the logarithmic terms are reproduced without

any approximations, RehR(0)
0,cc̄|R

(2)
0,cc̄i is computed in the

leading-colour approximation (LCA), with the excep-
tion of contributions of Z/�? bosons coupling to closed
fermion loops, which are omitted. We have tested the
latter to be negligible already at the one-loop level (see
also Refs. [56, 57]). The LCA is typically accurate within
10% (see e.g. Refs. [58, 59]). Since the numerical e↵ect of

hR
(0)
0,c|R

(2)
0,ci on the MiNNLOPS cross section is typically

at the few-percent level, we expect these approximations
to have a negligible impact on our results. To calculate

RehR(0)
0,cc̄|R

(2)
0,cc̄i we have implemented a numerical code

based on the analytic results of Ref. [27], employing the
PentagonFunctions++ code [60–62] to evaluate the
relevant special functions.

We note that our calculation of the logarithmically en-
hanced terms in Eq. (5) has been rendered possible for
closed massive fermion loops only by the recent results
of Ref. [54]. The numerical impact of those contributions
is at the few-percent level of the NNLO cross section.

Since our NNLO+PS generator assumes massive bot-
tom quarks, a mapping from the massive to the massless
phase space is required to evaluate the massless remain-

ders R(i)
0,cc̄. While di↵erent mappings induce only power

corrections in mb/µh, it is mandatory that the mapping
avoids the collinear singularities of the massless ampli-
tudes, which in the massive phase space are prevented
by the bottom mass.2 We have tested di↵erent map-

2
We thank Chiara Savoini and Massimilano Grazzini for bringing

this to our attention.

pings and found their results to agree at the sub-percent
level. The details are given in AppendixB.

Results.—For the phenomenological study of bb̄Z pro-
duction at NNLO+PS we focus on LHC collisions with
13TeV centre-of-mass energy and consider the leptonic
final states with ` = e, µ. The bottom and top-quark
on-shell masses are set to 4.92GeV and 173.2GeV, re-
spectively, with four massless quark flavours. We em-
ploy the corresponding NNLO set of the NNPDF31 [63]
parton densities with ↵s(mZ) = 0.118. We use the
complex-mass scheme [64, 65] and the electroweak (EW)
input parameters are set in the Gµ scheme using [66]:
GF = 1.16639⇥ 10�5 GeV�2, MW = 80.385GeV, �W =
2.0854GeV, mZ = 91.1876GeV, �Z = 2.4952GeV. Un-
less specified otherwise, our default choice for the renor-
malization scale of the two powers of the ↵s at Born-level

is µ(0)
R = mbb̄``. The scale of extra powers of ↵s in the ra-

diative corrections and the factorization scale are set fol-
lowing the MiNNLOPS prescription [31, 34]. We employ
the definition of the modified logarithm L in Ref. [34],
which smoothly turns o↵ resummation e↵ects for pT val-
ues larger than Q = mbb̄``/2. To avoid the Landau singu-
larity at small pT , the scale of the strong coupling and the
parton densities is smoothly frozen around Q0 = 2 GeV
[32]. Scale uncertainties are estimated through the usual
7-point scale variations by a factor of two around the cen-
tral scale. As a parton shower we employ Pythia8 [67]
with the Monash tune [68].

For comparison, we implemented a generator for
pp ! bb̄`

+
`
� production at NLO+PS in the 4FS within

POWHEG-BOX-RES [43]. In this case we use mbb̄``
for the central scales. We also evaluate MiNLO0 results,
which are NLO accurate for bb̄`+`� plus zero and one jet,
by turning o↵ the NNLO corrections in the MiNNLOPS

generator.
Table I shows the pp ! bb̄`

+
`
� total cross section. For

reference, NLO+PS (MiNNLOPS) results with a central

scale HT /2 (µ(0)
R = HT /2) are given as well, where HT

is the sum over the transverse masses of each bottom
quark and each lepton. Shower e↵ects are negligible for
the inclusive rate and we keep e↵ects from hadronization,

�total [pb] ratio to NLO

NLO+PS (mbb̄``) 31.86(1)+16.3%
�13.3% 1.000

MiNLO0 (mbb̄``) 22.33(1)+28.2%
�17.9% 0.701

MiNNLOPS (mbb̄``) 50.58(4)+16.8%
�12.2% 1.587

NLO+PS (HT /2) 41.42(1)+19.2%
�15.4% 1.000

MiNNLOPS (HT /2) 58.60(5)+19.0%
�13.2% 1.414

TABLE I. Total bb̄Z cross section with 66GeV  m`+`� 

116GeV. The scale in brackets indicates the di↵erent scale
setting as described in the text. The quoted errors represent
scale uncertainties, while the numbers in brackets are numer-
ical uncertainties on the last digit.
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correction !
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correction !

total cross section:  66 GeV ≤ mℓ+ℓ− ≤ 116 GeV

3

is well beyond current technology for two-loop 5-point
amplitudes. Realizing that there is a hierarchy in the
bottom-quark mass mb, we can perform an expansion
around small mb of the two-loop amplitude, capturing
the constant and logarithmically enhanced terms in mb,
while omitting power corrections in mb:
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where R
(i)
0,cc̄ denotes the finite remainder of the mass-

less bb̄Z amplitude, i.e. setting mb = 0, µR is the renor-
malization scale, and µh is a characteristic hard scale of
the process. The process-dependent coe�cients cc̄,i are
determined in AppendixA. They are obtained through
a massification procedure that relates the 1/✏i poles of
collinear origin in the 5FS with logarithmic terms in mb

in the 4FS [53, 54], see also Ref. [55] for a recent applica-
tion to bb̄W production.

In the massless case, the calculation of the two-loop
amplitude is still very challenging, but feasible [27].
While the logarithmic terms are reproduced without

any approximations, RehR(0)
0,cc̄|R

(2)
0,cc̄i is computed in the

leading-colour approximation (LCA), with the excep-
tion of contributions of Z/�? bosons coupling to closed
fermion loops, which are omitted. We have tested the
latter to be negligible already at the one-loop level (see
also Refs. [56, 57]). The LCA is typically accurate within
10% (see e.g. Refs. [58, 59]). Since the numerical e↵ect of

hR
(0)
0,c|R

(2)
0,ci on the MiNNLOPS cross section is typically

at the few-percent level, we expect these approximations
to have a negligible impact on our results. To calculate

RehR(0)
0,cc̄|R

(2)
0,cc̄i we have implemented a numerical code

based on the analytic results of Ref. [27], employing the
PentagonFunctions++ code [60–62] to evaluate the
relevant special functions.

We note that our calculation of the logarithmically en-
hanced terms in Eq. (5) has been rendered possible for
closed massive fermion loops only by the recent results
of Ref. [54]. The numerical impact of those contributions
is at the few-percent level of the NNLO cross section.

Since our NNLO+PS generator assumes massive bot-
tom quarks, a mapping from the massive to the massless
phase space is required to evaluate the massless remain-

ders R(i)
0,cc̄. While di↵erent mappings induce only power

corrections in mb/µh, it is mandatory that the mapping
avoids the collinear singularities of the massless ampli-
tudes, which in the massive phase space are prevented
by the bottom mass.2 We have tested di↵erent map-

2
We thank Chiara Savoini and Massimilano Grazzini for bringing

this to our attention.

pings and found their results to agree at the sub-percent
level. The details are given in AppendixB.

Results.—For the phenomenological study of bb̄Z pro-
duction at NNLO+PS we focus on LHC collisions with
13TeV centre-of-mass energy and consider the leptonic
final states with ` = e, µ. The bottom and top-quark
on-shell masses are set to 4.92GeV and 173.2GeV, re-
spectively, with four massless quark flavours. We em-
ploy the corresponding NNLO set of the NNPDF31 [63]
parton densities with ↵s(mZ) = 0.118. We use the
complex-mass scheme [64, 65] and the electroweak (EW)
input parameters are set in the Gµ scheme using [66]:
GF = 1.16639⇥ 10�5 GeV�2, MW = 80.385GeV, �W =
2.0854GeV, mZ = 91.1876GeV, �Z = 2.4952GeV. Un-
less specified otherwise, our default choice for the renor-
malization scale of the two powers of the ↵s at Born-level

is µ(0)
R = mbb̄``. The scale of extra powers of ↵s in the ra-

diative corrections and the factorization scale are set fol-
lowing the MiNNLOPS prescription [31, 34]. We employ
the definition of the modified logarithm L in Ref. [34],
which smoothly turns o↵ resummation e↵ects for pT val-
ues larger than Q = mbb̄``/2. To avoid the Landau singu-
larity at small pT , the scale of the strong coupling and the
parton densities is smoothly frozen around Q0 = 2 GeV
[32]. Scale uncertainties are estimated through the usual
7-point scale variations by a factor of two around the cen-
tral scale. As a parton shower we employ Pythia8 [67]
with the Monash tune [68].

For comparison, we implemented a generator for
pp ! bb̄`

+
`
� production at NLO+PS in the 4FS within

POWHEG-BOX-RES [43]. In this case we use mbb̄``
for the central scales. We also evaluate MiNLO0 results,
which are NLO accurate for bb̄`+`� plus zero and one jet,
by turning o↵ the NNLO corrections in the MiNNLOPS

generator.
Table I shows the pp ! bb̄`

+
`
� total cross section. For

reference, NLO+PS (MiNNLOPS) results with a central

scale HT /2 (µ(0)
R = HT /2) are given as well, where HT

is the sum over the transverse masses of each bottom
quark and each lepton. Shower e↵ects are negligible for
the inclusive rate and we keep e↵ects from hadronization,

�total [pb] ratio to NLO

NLO+PS (mbb̄``) 31.86(1)+16.3%
�13.3% 1.000

MiNLO0 (mbb̄``) 22.33(1)+28.2%
�17.9% 0.701

MiNNLOPS (mbb̄``) 50.58(4)+16.8%
�12.2% 1.587

NLO+PS (HT /2) 41.42(1)+19.2%
�15.4% 1.000

MiNNLOPS (HT /2) 58.60(5)+19.0%
�13.2% 1.414

TABLE I. Total bb̄Z cross section with 66GeV  m`+`� 

116GeV. The scale in brackets indicates the di↵erent scale
setting as described in the text. The quoted errors represent
scale uncertainties, while the numbers in brackets are numer-
ical uncertainties on the last digit.
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➙  MiNLO/multi-jet merging not suitable due to incomplete  correction and large
         contribution in 2-loop (leading to miscancellation with  from reals)

(only a problem for bottom quarks and processes with )

α2
s

log(mb) log(mb)
Q ≫ mb

total cross section:  66 GeV ≤ mℓ+ℓ− ≤ 116 GeV

3

is well beyond current technology for two-loop 5-point
amplitudes. Realizing that there is a hierarchy in the
bottom-quark mass mb, we can perform an expansion
around small mb of the two-loop amplitude, capturing
the constant and logarithmically enhanced terms in mb,
while omitting power corrections in mb:
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where R
(i)
0,cc̄ denotes the finite remainder of the mass-

less bb̄Z amplitude, i.e. setting mb = 0, µR is the renor-
malization scale, and µh is a characteristic hard scale of
the process. The process-dependent coe�cients cc̄,i are
determined in AppendixA. They are obtained through
a massification procedure that relates the 1/✏i poles of
collinear origin in the 5FS with logarithmic terms in mb

in the 4FS [53, 54], see also Ref. [55] for a recent applica-
tion to bb̄W production.

In the massless case, the calculation of the two-loop
amplitude is still very challenging, but feasible [27].
While the logarithmic terms are reproduced without

any approximations, RehR(0)
0,cc̄|R

(2)
0,cc̄i is computed in the

leading-colour approximation (LCA), with the excep-
tion of contributions of Z/�? bosons coupling to closed
fermion loops, which are omitted. We have tested the
latter to be negligible already at the one-loop level (see
also Refs. [56, 57]). The LCA is typically accurate within
10% (see e.g. Refs. [58, 59]). Since the numerical e↵ect of

hR
(0)
0,c|R

(2)
0,ci on the MiNNLOPS cross section is typically

at the few-percent level, we expect these approximations
to have a negligible impact on our results. To calculate

RehR(0)
0,cc̄|R

(2)
0,cc̄i we have implemented a numerical code

based on the analytic results of Ref. [27], employing the
PentagonFunctions++ code [60–62] to evaluate the
relevant special functions.

We note that our calculation of the logarithmically en-
hanced terms in Eq. (5) has been rendered possible for
closed massive fermion loops only by the recent results
of Ref. [54]. The numerical impact of those contributions
is at the few-percent level of the NNLO cross section.

Since our NNLO+PS generator assumes massive bot-
tom quarks, a mapping from the massive to the massless
phase space is required to evaluate the massless remain-

ders R(i)
0,cc̄. While di↵erent mappings induce only power

corrections in mb/µh, it is mandatory that the mapping
avoids the collinear singularities of the massless ampli-
tudes, which in the massive phase space are prevented
by the bottom mass.2 We have tested di↵erent map-

2
We thank Chiara Savoini and Massimilano Grazzini for bringing

this to our attention.

pings and found their results to agree at the sub-percent
level. The details are given in AppendixB.

Results.—For the phenomenological study of bb̄Z pro-
duction at NNLO+PS we focus on LHC collisions with
13TeV centre-of-mass energy and consider the leptonic
final states with ` = e, µ. The bottom and top-quark
on-shell masses are set to 4.92GeV and 173.2GeV, re-
spectively, with four massless quark flavours. We em-
ploy the corresponding NNLO set of the NNPDF31 [63]
parton densities with ↵s(mZ) = 0.118. We use the
complex-mass scheme [64, 65] and the electroweak (EW)
input parameters are set in the Gµ scheme using [66]:
GF = 1.16639⇥ 10�5 GeV�2, MW = 80.385GeV, �W =
2.0854GeV, mZ = 91.1876GeV, �Z = 2.4952GeV. Un-
less specified otherwise, our default choice for the renor-
malization scale of the two powers of the ↵s at Born-level

is µ(0)
R = mbb̄``. The scale of extra powers of ↵s in the ra-

diative corrections and the factorization scale are set fol-
lowing the MiNNLOPS prescription [31, 34]. We employ
the definition of the modified logarithm L in Ref. [34],
which smoothly turns o↵ resummation e↵ects for pT val-
ues larger than Q = mbb̄``/2. To avoid the Landau singu-
larity at small pT , the scale of the strong coupling and the
parton densities is smoothly frozen around Q0 = 2 GeV
[32]. Scale uncertainties are estimated through the usual
7-point scale variations by a factor of two around the cen-
tral scale. As a parton shower we employ Pythia8 [67]
with the Monash tune [68].

For comparison, we implemented a generator for
pp ! bb̄`

+
`
� production at NLO+PS in the 4FS within

POWHEG-BOX-RES [43]. In this case we use mbb̄``
for the central scales. We also evaluate MiNLO0 results,
which are NLO accurate for bb̄`+`� plus zero and one jet,
by turning o↵ the NNLO corrections in the MiNNLOPS

generator.
Table I shows the pp ! bb̄`

+
`
� total cross section. For

reference, NLO+PS (MiNNLOPS) results with a central

scale HT /2 (µ(0)
R = HT /2) are given as well, where HT

is the sum over the transverse masses of each bottom
quark and each lepton. Shower e↵ects are negligible for
the inclusive rate and we keep e↵ects from hadronization,

�total [pb] ratio to NLO

NLO+PS (mbb̄``) 31.86(1)+16.3%
�13.3% 1.000

MiNLO0 (mbb̄``) 22.33(1)+28.2%
�17.9% 0.701

MiNNLOPS (mbb̄``) 50.58(4)+16.8%
�12.2% 1.587

NLO+PS (HT /2) 41.42(1)+19.2%
�15.4% 1.000

MiNNLOPS (HT /2) 58.60(5)+19.0%
�13.2% 1.414

TABLE I. Total bb̄Z cross section with 66GeV  m`+`� 

116GeV. The scale in brackets indicates the di↵erent scale
setting as described in the text. The quoted errors represent
scale uncertainties, while the numbers in brackets are numer-
ical uncertainties on the last digit.
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multi-parton interactions (MPI) and QED radiation o↵.
The MiNLO0 prediction, which is formally NLO ac-

curate and includes additional O(↵2
s) corrections, is 43%

smaller than the other NLO+PS result and does not pro-
vide a reasonable prediction. Although this may seem
surprising, this behaviour can be explained by the sub-
stantial cancellation of logarithmic corrections in mb be-
tween the real (double-real and real-virtual) and the
double-virtual amplitudes. Those logarithmic terms orig-
inate from the massive bottom quark in the 4FS, which
regulates the real phase-space integration as well as the
loop integration. The ensuing logarithmic contributions
are bound to cancel between real and double-virtual am-
plitudes, which can be understood by considering the
5FS, where these logarithms would appear as 1/✏ poles
that cancel by the KLN theorem [69, 70].

For MiNLO0, the relative O(↵2
s) contribution is in-

complete as only the real amplitudes are included and
the corresponding logarithmic terms induce a numeri-
cally significant negative e↵ect. We have checked that it
is su�cient to include the logarithmic corrections in the
double-virtual amplitudes (obtained using the massifica-
tion procedure in AppendixA) to restore the appropri-
ate cancellation and obtain a positive O(↵2

s) correction.
Due to this unphysical e↵ect we refrain from including
MiNLO0 results in the remainder of this letter.

Considering the MiNNLOPS predictions in Table I,
NNLO corrections increase the NLO cross section by
60%, which renders them crucial for an accurate predic-
tion in the 4FS. Since the NNLO corrections are much
larger than the NLO scale uncertainties, we consider
HT /2 as a second scale choice. In this case, the NLO and
the NNLO cross sections are larger, with NNLO correc-
tions of about 41%. It is reassuring that the dependence
on the scale choice reduces at NNLO compared to NLO.

In Table II we consider the fiducial cross section mea-
surement of the most recent CMS analysis for Z-boson
production in association with bottom-flavoured jets (b-
jets) [15], which includes the complete Run-2 data set of
the LHC. The fiducial cuts are defined in AppendixC. To
warrant a realistic comparison to data we include e↵ects
from hadronization, multi-parton interactions (MPI) and
QED radiation from now on. In our 4FS calculation, we
can directly apply the experimental definition of b-jets,

�fiducial [pb] Z+� 1 b-jet Z+� 2 b-jets

NLO+PS (5FS) 7.03± 0.47 0.77± 0.07
NLO+PS (4FS) 4.08± 0.66 0.44± 0.08
MiNNLOPS (4FS) 6.59± 0.86 0.77± 0.10
CMS 6.52± 0.43 0.65± 0.08

TABLE II. Comparison of theory predictions with the fiducial
cross-section measurements by CMS [15] for (at least) one and
two tagged b-jets. Experimental uncertainties are added in
quadrature. The 5FS result is taken from Ref. [15] and scale
uncertainties have been symmetrized by taking the maximum
of the absolute value of the errors.

which is rendered infrared safe by the bottom mass, while
in the 5FS the naive definition of b-jets leads to diver-
gences [71–75]. For the Z+�1(2) b-jet rate we observe
a clear tension with the NLO+PS result in the 4FS,
whose central cross section is 40(20)% below the mea-
surement, well outside the uncertainties. By contrast,
the MiNNLOPS prediction is in full agreement with the
data within uncertainties.
In addition, we include in Table II the NLO+PS pre-

diction in the 5FS, as quoted in the CMS analysis [15]
and obtained with MadGraph5 aMC@NLO [76].3

NLO+PS results in 4FS and 5FS are not compatible with
each other, but our MiNNLOPS prediction agrees with
the 5FS result, thanks to the inclusion of NNLO QCD
corrections in the 4FS. While both predictions agree simi-
larly well with the Z+�2 b-jets data, MiNNLOPS shows
a slightly better description in the Z+�1 b-jet fiducial
region.
Next, we examine a set of di↵erential distributions

in Fig. 2 and compare NLO+PS (blue, dashed) and
MiNNLOPS (red, solid) predictions to the CMS mea-
surement (black data points) [15]. The first three fig-
ures show observables in the inclusive 1-b-jet phase space:
the transverse momentum (pb-jet1T ) and pseudo-rapidity
(⌘b-jet1) of the leading b-jet as well as the distance be-
tween the Z boson and the leading b-jet in the ⌘-�-
plane (�R

Z,b-jet1). The other three figures show distribu-
tions in the inclusive 2-b-jet phase space: the transverse
momentum of the leading (pb-jet1T ) and subleading b-jet

(pb-jet2T ), and the invariant mass of the two b-jets (mbb).
As observed for the fiducial rates, NLO+PS predic-

tions fail in describing the normalization of the measured
cross sections. Additionally, the shapes of some of the
distributions are not reproduced particularly well. The
MiNNLOPS predictions, on the other hand, are in agree-
ment with data, especially for Z+�1-b-jet observables
the central prediction is almost spot on the data points,
which is remarkable considering the relatively high pre-
cision of theory predictions and measurement. In the
inclusive 2-b-jet phase space the experimental errors are
larger due to the lower statistics. Here, MiNNLOPS pre-
dicts a normalization slightly higher than the data points,
but still fully covered by the uncertainties, while the dif-
ferential shapes are reproduced particularly well.

An exception to the previous statements about
MiNNLOPS is the di↵erence observed at high �R

Z,b-jet1

with the CMS data, which originates from large val-
ues of the rapidity separation between the Z boson and
the leading b-jet (�y

Z,b-jet1), where similar di↵erences
appear. Although less pronounced than in the 4FS,
such trend is also present the 5FS predictions at large
�y

Z,b-jet1 and �R
Z,b-jet1 , see Figs. 6 and 7 of Ref. [15].

3
We note that several NLO+PS predictions are quoted in Ref. [15].

The one quoted in Table II is the only one using the same PDF

set as in our setup.
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multi-parton interactions (MPI) and QED radiation o↵.
The MiNLO0 prediction, which is formally NLO ac-

curate and includes additional O(↵2
s) corrections, is 43%

smaller than the other NLO+PS result and does not pro-
vide a reasonable prediction. Although this may seem
surprising, this behaviour can be explained by the sub-
stantial cancellation of logarithmic corrections in mb be-
tween the real (double-real and real-virtual) and the
double-virtual amplitudes. Those logarithmic terms orig-
inate from the massive bottom quark in the 4FS, which
regulates the real phase-space integration as well as the
loop integration. The ensuing logarithmic contributions
are bound to cancel between real and double-virtual am-
plitudes, which can be understood by considering the
5FS, where these logarithms would appear as 1/✏ poles
that cancel by the KLN theorem [69, 70].

For MiNLO0, the relative O(↵2
s) contribution is in-

complete as only the real amplitudes are included and
the corresponding logarithmic terms induce a numeri-
cally significant negative e↵ect. We have checked that it
is su�cient to include the logarithmic corrections in the
double-virtual amplitudes (obtained using the massifica-
tion procedure in AppendixA) to restore the appropri-
ate cancellation and obtain a positive O(↵2

s) correction.
Due to this unphysical e↵ect we refrain from including
MiNLO0 results in the remainder of this letter.

Considering the MiNNLOPS predictions in Table I,
NNLO corrections increase the NLO cross section by
60%, which renders them crucial for an accurate predic-
tion in the 4FS. Since the NNLO corrections are much
larger than the NLO scale uncertainties, we consider
HT /2 as a second scale choice. In this case, the NLO and
the NNLO cross sections are larger, with NNLO correc-
tions of about 41%. It is reassuring that the dependence
on the scale choice reduces at NNLO compared to NLO.

In Table II we consider the fiducial cross section mea-
surement of the most recent CMS analysis for Z-boson
production in association with bottom-flavoured jets (b-
jets) [15], which includes the complete Run-2 data set of
the LHC. The fiducial cuts are defined in AppendixC. To
warrant a realistic comparison to data we include e↵ects
from hadronization, multi-parton interactions (MPI) and
QED radiation from now on. In our 4FS calculation, we
can directly apply the experimental definition of b-jets,

�fiducial [pb] Z+� 1 b-jet Z+� 2 b-jets

NLO+PS (5FS) 7.03± 0.47 0.77± 0.07
NLO+PS (4FS) 4.08± 0.66 0.44± 0.08
MiNNLOPS (4FS) 6.59± 0.86 0.77± 0.10
CMS 6.52± 0.43 0.65± 0.08

TABLE II. Comparison of theory predictions with the fiducial
cross-section measurements by CMS [15] for (at least) one and
two tagged b-jets. Experimental uncertainties are added in
quadrature. The 5FS result is taken from Ref. [15] and scale
uncertainties have been symmetrized by taking the maximum
of the absolute value of the errors.

which is rendered infrared safe by the bottom mass, while
in the 5FS the naive definition of b-jets leads to diver-
gences [71–75]. For the Z+�1(2) b-jet rate we observe
a clear tension with the NLO+PS result in the 4FS,
whose central cross section is 40(20)% below the mea-
surement, well outside the uncertainties. By contrast,
the MiNNLOPS prediction is in full agreement with the
data within uncertainties.
In addition, we include in Table II the NLO+PS pre-

diction in the 5FS, as quoted in the CMS analysis [15]
and obtained with MadGraph5 aMC@NLO [76].3

NLO+PS results in 4FS and 5FS are not compatible with
each other, but our MiNNLOPS prediction agrees with
the 5FS result, thanks to the inclusion of NNLO QCD
corrections in the 4FS. While both predictions agree simi-
larly well with the Z+�2 b-jets data, MiNNLOPS shows
a slightly better description in the Z+�1 b-jet fiducial
region.
Next, we examine a set of di↵erential distributions

in Fig. 2 and compare NLO+PS (blue, dashed) and
MiNNLOPS (red, solid) predictions to the CMS mea-
surement (black data points) [15]. The first three fig-
ures show observables in the inclusive 1-b-jet phase space:
the transverse momentum (pb-jet1T ) and pseudo-rapidity
(⌘b-jet1) of the leading b-jet as well as the distance be-
tween the Z boson and the leading b-jet in the ⌘-�-
plane (�R

Z,b-jet1). The other three figures show distribu-
tions in the inclusive 2-b-jet phase space: the transverse
momentum of the leading (pb-jet1T ) and subleading b-jet

(pb-jet2T ), and the invariant mass of the two b-jets (mbb).
As observed for the fiducial rates, NLO+PS predic-

tions fail in describing the normalization of the measured
cross sections. Additionally, the shapes of some of the
distributions are not reproduced particularly well. The
MiNNLOPS predictions, on the other hand, are in agree-
ment with data, especially for Z+�1-b-jet observables
the central prediction is almost spot on the data points,
which is remarkable considering the relatively high pre-
cision of theory predictions and measurement. In the
inclusive 2-b-jet phase space the experimental errors are
larger due to the lower statistics. Here, MiNNLOPS pre-
dicts a normalization slightly higher than the data points,
but still fully covered by the uncertainties, while the dif-
ferential shapes are reproduced particularly well.

An exception to the previous statements about
MiNNLOPS is the di↵erence observed at high �R

Z,b-jet1

with the CMS data, which originates from large val-
ues of the rapidity separation between the Z boson and
the leading b-jet (�y

Z,b-jet1), where similar di↵erences
appear. Although less pronounced than in the 4FS,
such trend is also present the 5FS predictions at large
�y

Z,b-jet1 and �R
Z,b-jet1 , see Figs. 6 and 7 of Ref. [15].

3
We note that several NLO+PS predictions are quoted in Ref. [15].

The one quoted in Table II is the only one using the same PDF

set as in our setup.
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multi-parton interactions (MPI) and QED radiation o↵.
The MiNLO0 prediction, which is formally NLO ac-

curate and includes additional O(↵2
s) corrections, is 43%

smaller than the other NLO+PS result and does not pro-
vide a reasonable prediction. Although this may seem
surprising, this behaviour can be explained by the sub-
stantial cancellation of logarithmic corrections in mb be-
tween the real (double-real and real-virtual) and the
double-virtual amplitudes. Those logarithmic terms orig-
inate from the massive bottom quark in the 4FS, which
regulates the real phase-space integration as well as the
loop integration. The ensuing logarithmic contributions
are bound to cancel between real and double-virtual am-
plitudes, which can be understood by considering the
5FS, where these logarithms would appear as 1/✏ poles
that cancel by the KLN theorem [69, 70].

For MiNLO0, the relative O(↵2
s) contribution is in-

complete as only the real amplitudes are included and
the corresponding logarithmic terms induce a numeri-
cally significant negative e↵ect. We have checked that it
is su�cient to include the logarithmic corrections in the
double-virtual amplitudes (obtained using the massifica-
tion procedure in AppendixA) to restore the appropri-
ate cancellation and obtain a positive O(↵2

s) correction.
Due to this unphysical e↵ect we refrain from including
MiNLO0 results in the remainder of this letter.

Considering the MiNNLOPS predictions in Table I,
NNLO corrections increase the NLO cross section by
60%, which renders them crucial for an accurate predic-
tion in the 4FS. Since the NNLO corrections are much
larger than the NLO scale uncertainties, we consider
HT /2 as a second scale choice. In this case, the NLO and
the NNLO cross sections are larger, with NNLO correc-
tions of about 41%. It is reassuring that the dependence
on the scale choice reduces at NNLO compared to NLO.

In Table II we consider the fiducial cross section mea-
surement of the most recent CMS analysis for Z-boson
production in association with bottom-flavoured jets (b-
jets) [15], which includes the complete Run-2 data set of
the LHC. The fiducial cuts are defined in AppendixC. To
warrant a realistic comparison to data we include e↵ects
from hadronization, multi-parton interactions (MPI) and
QED radiation from now on. In our 4FS calculation, we
can directly apply the experimental definition of b-jets,

�fiducial [pb] Z+� 1 b-jet Z+� 2 b-jets

NLO+PS (5FS) 7.03± 0.47 0.77± 0.07
NLO+PS (4FS) 4.08± 0.66 0.44± 0.08
MiNNLOPS (4FS) 6.59± 0.86 0.77± 0.10
CMS 6.52± 0.43 0.65± 0.08

TABLE II. Comparison of theory predictions with the fiducial
cross-section measurements by CMS [15] for (at least) one and
two tagged b-jets. Experimental uncertainties are added in
quadrature. The 5FS result is taken from Ref. [15] and scale
uncertainties have been symmetrized by taking the maximum
of the absolute value of the errors.

which is rendered infrared safe by the bottom mass, while
in the 5FS the naive definition of b-jets leads to diver-
gences [71–75]. For the Z+�1(2) b-jet rate we observe
a clear tension with the NLO+PS result in the 4FS,
whose central cross section is 40(20)% below the mea-
surement, well outside the uncertainties. By contrast,
the MiNNLOPS prediction is in full agreement with the
data within uncertainties.
In addition, we include in Table II the NLO+PS pre-

diction in the 5FS, as quoted in the CMS analysis [15]
and obtained with MadGraph5 aMC@NLO [76].3

NLO+PS results in 4FS and 5FS are not compatible with
each other, but our MiNNLOPS prediction agrees with
the 5FS result, thanks to the inclusion of NNLO QCD
corrections in the 4FS. While both predictions agree simi-
larly well with the Z+�2 b-jets data, MiNNLOPS shows
a slightly better description in the Z+�1 b-jet fiducial
region.
Next, we examine a set of di↵erential distributions

in Fig. 2 and compare NLO+PS (blue, dashed) and
MiNNLOPS (red, solid) predictions to the CMS mea-
surement (black data points) [15]. The first three fig-
ures show observables in the inclusive 1-b-jet phase space:
the transverse momentum (pb-jet1T ) and pseudo-rapidity
(⌘b-jet1) of the leading b-jet as well as the distance be-
tween the Z boson and the leading b-jet in the ⌘-�-
plane (�R

Z,b-jet1). The other three figures show distribu-
tions in the inclusive 2-b-jet phase space: the transverse
momentum of the leading (pb-jet1T ) and subleading b-jet

(pb-jet2T ), and the invariant mass of the two b-jets (mbb).
As observed for the fiducial rates, NLO+PS predic-

tions fail in describing the normalization of the measured
cross sections. Additionally, the shapes of some of the
distributions are not reproduced particularly well. The
MiNNLOPS predictions, on the other hand, are in agree-
ment with data, especially for Z+�1-b-jet observables
the central prediction is almost spot on the data points,
which is remarkable considering the relatively high pre-
cision of theory predictions and measurement. In the
inclusive 2-b-jet phase space the experimental errors are
larger due to the lower statistics. Here, MiNNLOPS pre-
dicts a normalization slightly higher than the data points,
but still fully covered by the uncertainties, while the dif-
ferential shapes are reproduced particularly well.

An exception to the previous statements about
MiNNLOPS is the di↵erence observed at high �R

Z,b-jet1

with the CMS data, which originates from large val-
ues of the rapidity separation between the Z boson and
the leading b-jet (�y

Z,b-jet1), where similar di↵erences
appear. Although less pronounced than in the 4FS,
such trend is also present the 5FS predictions at large
�y

Z,b-jet1 and �R
Z,b-jet1 , see Figs. 6 and 7 of Ref. [15].

3
We note that several NLO+PS predictions are quoted in Ref. [15].

The one quoted in Table II is the only one using the same PDF

set as in our setup.
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multi-parton interactions (MPI) and QED radiation o↵.
The MiNLO0 prediction, which is formally NLO ac-

curate and includes additional O(↵2
s) corrections, is 43%

smaller than the other NLO+PS result and does not pro-
vide a reasonable prediction. Although this may seem
surprising, this behaviour can be explained by the sub-
stantial cancellation of logarithmic corrections in mb be-
tween the real (double-real and real-virtual) and the
double-virtual amplitudes. Those logarithmic terms orig-
inate from the massive bottom quark in the 4FS, which
regulates the real phase-space integration as well as the
loop integration. The ensuing logarithmic contributions
are bound to cancel between real and double-virtual am-
plitudes, which can be understood by considering the
5FS, where these logarithms would appear as 1/✏ poles
that cancel by the KLN theorem [69, 70].

For MiNLO0, the relative O(↵2
s) contribution is in-

complete as only the real amplitudes are included and
the corresponding logarithmic terms induce a numeri-
cally significant negative e↵ect. We have checked that it
is su�cient to include the logarithmic corrections in the
double-virtual amplitudes (obtained using the massifica-
tion procedure in AppendixA) to restore the appropri-
ate cancellation and obtain a positive O(↵2

s) correction.
Due to this unphysical e↵ect we refrain from including
MiNLO0 results in the remainder of this letter.

Considering the MiNNLOPS predictions in Table I,
NNLO corrections increase the NLO cross section by
60%, which renders them crucial for an accurate predic-
tion in the 4FS. Since the NNLO corrections are much
larger than the NLO scale uncertainties, we consider
HT /2 as a second scale choice. In this case, the NLO and
the NNLO cross sections are larger, with NNLO correc-
tions of about 41%. It is reassuring that the dependence
on the scale choice reduces at NNLO compared to NLO.

In Table II we consider the fiducial cross section mea-
surement of the most recent CMS analysis for Z-boson
production in association with bottom-flavoured jets (b-
jets) [15], which includes the complete Run-2 data set of
the LHC. The fiducial cuts are defined in AppendixC. To
warrant a realistic comparison to data we include e↵ects
from hadronization, multi-parton interactions (MPI) and
QED radiation from now on. In our 4FS calculation, we
can directly apply the experimental definition of b-jets,

�fiducial [pb] Z+� 1 b-jet Z+� 2 b-jets

NLO+PS (5FS) 7.03± 0.47 0.77± 0.07
NLO+PS (4FS) 4.08± 0.66 0.44± 0.08
MiNNLOPS (4FS) 6.59± 0.86 0.77± 0.10
CMS 6.52± 0.43 0.65± 0.08

TABLE II. Comparison of theory predictions with the fiducial
cross-section measurements by CMS [15] for (at least) one and
two tagged b-jets. Experimental uncertainties are added in
quadrature. The 5FS result is taken from Ref. [15] and scale
uncertainties have been symmetrized by taking the maximum
of the absolute value of the errors.

which is rendered infrared safe by the bottom mass, while
in the 5FS the naive definition of b-jets leads to diver-
gences [71–75]. For the Z+�1(2) b-jet rate we observe
a clear tension with the NLO+PS result in the 4FS,
whose central cross section is 40(20)% below the mea-
surement, well outside the uncertainties. By contrast,
the MiNNLOPS prediction is in full agreement with the
data within uncertainties.
In addition, we include in Table II the NLO+PS pre-

diction in the 5FS, as quoted in the CMS analysis [15]
and obtained with MadGraph5 aMC@NLO [76].3

NLO+PS results in 4FS and 5FS are not compatible with
each other, but our MiNNLOPS prediction agrees with
the 5FS result, thanks to the inclusion of NNLO QCD
corrections in the 4FS. While both predictions agree simi-
larly well with the Z+�2 b-jets data, MiNNLOPS shows
a slightly better description in the Z+�1 b-jet fiducial
region.
Next, we examine a set of di↵erential distributions

in Fig. 2 and compare NLO+PS (blue, dashed) and
MiNNLOPS (red, solid) predictions to the CMS mea-
surement (black data points) [15]. The first three fig-
ures show observables in the inclusive 1-b-jet phase space:
the transverse momentum (pb-jet1T ) and pseudo-rapidity
(⌘b-jet1) of the leading b-jet as well as the distance be-
tween the Z boson and the leading b-jet in the ⌘-�-
plane (�R

Z,b-jet1). The other three figures show distribu-
tions in the inclusive 2-b-jet phase space: the transverse
momentum of the leading (pb-jet1T ) and subleading b-jet

(pb-jet2T ), and the invariant mass of the two b-jets (mbb).
As observed for the fiducial rates, NLO+PS predic-

tions fail in describing the normalization of the measured
cross sections. Additionally, the shapes of some of the
distributions are not reproduced particularly well. The
MiNNLOPS predictions, on the other hand, are in agree-
ment with data, especially for Z+�1-b-jet observables
the central prediction is almost spot on the data points,
which is remarkable considering the relatively high pre-
cision of theory predictions and measurement. In the
inclusive 2-b-jet phase space the experimental errors are
larger due to the lower statistics. Here, MiNNLOPS pre-
dicts a normalization slightly higher than the data points,
but still fully covered by the uncertainties, while the dif-
ferential shapes are reproduced particularly well.

An exception to the previous statements about
MiNNLOPS is the di↵erence observed at high �R

Z,b-jet1

with the CMS data, which originates from large val-
ues of the rapidity separation between the Z boson and
the leading b-jet (�y

Z,b-jet1), where similar di↵erences
appear. Although less pronounced than in the 4FS,
such trend is also present the 5FS predictions at large
�y

Z,b-jet1 and �R
Z,b-jet1 , see Figs. 6 and 7 of Ref. [15].

3
We note that several NLO+PS predictions are quoted in Ref. [15].

The one quoted in Table II is the only one using the same PDF

set as in our setup.
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multi-parton interactions (MPI) and QED radiation o↵.
The MiNLO0 prediction, which is formally NLO ac-

curate and includes additional O(↵2
s) corrections, is 43%

smaller than the other NLO+PS result and does not pro-
vide a reasonable prediction. Although this may seem
surprising, this behaviour can be explained by the sub-
stantial cancellation of logarithmic corrections in mb be-
tween the real (double-real and real-virtual) and the
double-virtual amplitudes. Those logarithmic terms orig-
inate from the massive bottom quark in the 4FS, which
regulates the real phase-space integration as well as the
loop integration. The ensuing logarithmic contributions
are bound to cancel between real and double-virtual am-
plitudes, which can be understood by considering the
5FS, where these logarithms would appear as 1/✏ poles
that cancel by the KLN theorem [69, 70].

For MiNLO0, the relative O(↵2
s) contribution is in-

complete as only the real amplitudes are included and
the corresponding logarithmic terms induce a numeri-
cally significant negative e↵ect. We have checked that it
is su�cient to include the logarithmic corrections in the
double-virtual amplitudes (obtained using the massifica-
tion procedure in AppendixA) to restore the appropri-
ate cancellation and obtain a positive O(↵2

s) correction.
Due to this unphysical e↵ect we refrain from including
MiNLO0 results in the remainder of this letter.

Considering the MiNNLOPS predictions in Table I,
NNLO corrections increase the NLO cross section by
60%, which renders them crucial for an accurate predic-
tion in the 4FS. Since the NNLO corrections are much
larger than the NLO scale uncertainties, we consider
HT /2 as a second scale choice. In this case, the NLO and
the NNLO cross sections are larger, with NNLO correc-
tions of about 41%. It is reassuring that the dependence
on the scale choice reduces at NNLO compared to NLO.

In Table II we consider the fiducial cross section mea-
surement of the most recent CMS analysis for Z-boson
production in association with bottom-flavoured jets (b-
jets) [15], which includes the complete Run-2 data set of
the LHC. The fiducial cuts are defined in AppendixC. To
warrant a realistic comparison to data we include e↵ects
from hadronization, multi-parton interactions (MPI) and
QED radiation from now on. In our 4FS calculation, we
can directly apply the experimental definition of b-jets,

�fiducial [pb] Z+� 1 b-jet Z+� 2 b-jets

NLO+PS (5FS) 7.03± 0.47 0.77± 0.07
NLO+PS (4FS) 4.08± 0.66 0.44± 0.08
MiNNLOPS (4FS) 6.59± 0.86 0.77± 0.10
CMS 6.52± 0.43 0.65± 0.08

TABLE II. Comparison of theory predictions with the fiducial
cross-section measurements by CMS [15] for (at least) one and
two tagged b-jets. Experimental uncertainties are added in
quadrature. The 5FS result is taken from Ref. [15] and scale
uncertainties have been symmetrized by taking the maximum
of the absolute value of the errors.

which is rendered infrared safe by the bottom mass, while
in the 5FS the naive definition of b-jets leads to diver-
gences [71–75]. For the Z+�1(2) b-jet rate we observe
a clear tension with the NLO+PS result in the 4FS,
whose central cross section is 40(20)% below the mea-
surement, well outside the uncertainties. By contrast,
the MiNNLOPS prediction is in full agreement with the
data within uncertainties.
In addition, we include in Table II the NLO+PS pre-

diction in the 5FS, as quoted in the CMS analysis [15]
and obtained with MadGraph5 aMC@NLO [76].3

NLO+PS results in 4FS and 5FS are not compatible with
each other, but our MiNNLOPS prediction agrees with
the 5FS result, thanks to the inclusion of NNLO QCD
corrections in the 4FS. While both predictions agree simi-
larly well with the Z+�2 b-jets data, MiNNLOPS shows
a slightly better description in the Z+�1 b-jet fiducial
region.
Next, we examine a set of di↵erential distributions

in Fig. 2 and compare NLO+PS (blue, dashed) and
MiNNLOPS (red, solid) predictions to the CMS mea-
surement (black data points) [15]. The first three fig-
ures show observables in the inclusive 1-b-jet phase space:
the transverse momentum (pb-jet1T ) and pseudo-rapidity
(⌘b-jet1) of the leading b-jet as well as the distance be-
tween the Z boson and the leading b-jet in the ⌘-�-
plane (�R

Z,b-jet1). The other three figures show distribu-
tions in the inclusive 2-b-jet phase space: the transverse
momentum of the leading (pb-jet1T ) and subleading b-jet

(pb-jet2T ), and the invariant mass of the two b-jets (mbb).
As observed for the fiducial rates, NLO+PS predic-

tions fail in describing the normalization of the measured
cross sections. Additionally, the shapes of some of the
distributions are not reproduced particularly well. The
MiNNLOPS predictions, on the other hand, are in agree-
ment with data, especially for Z+�1-b-jet observables
the central prediction is almost spot on the data points,
which is remarkable considering the relatively high pre-
cision of theory predictions and measurement. In the
inclusive 2-b-jet phase space the experimental errors are
larger due to the lower statistics. Here, MiNNLOPS pre-
dicts a normalization slightly higher than the data points,
but still fully covered by the uncertainties, while the dif-
ferential shapes are reproduced particularly well.

An exception to the previous statements about
MiNNLOPS is the di↵erence observed at high �R

Z,b-jet1

with the CMS data, which originates from large val-
ues of the rapidity separation between the Z boson and
the leading b-jet (�y

Z,b-jet1), where similar di↵erences
appear. Although less pronounced than in the 4FS,
such trend is also present the 5FS predictions at large
�y

Z,b-jet1 and �R
Z,b-jet1 , see Figs. 6 and 7 of Ref. [15].

3
We note that several NLO+PS predictions are quoted in Ref. [15].

The one quoted in Table II is the only one using the same PDF

set as in our setup.
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Comparison to LHC measurements
● We compare to a recent measurement of Z+b-jets by CMS

● We compute fiducial cross sections at NLO+PS and NNLO+PS in the 4FS,

and compare to CMS measurement and to NLO+PS in the 5FS

[CMS, 2112.09659]

● Tension with data at NLO+PS in the 4FS, lifted with inclusion of NNLO corrections

● Excellent agreement between NNLO+PS (4FS) and NLO+PS (5FS) predictions

Obtained with MadGraph5, taken from CMS paper
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Comparison to CMS Z+b-jet analysis [CMS 2112.09659]

5FS MG5_aMC
from CMS paper

NNLO 
corrections 
lift tension of 
4FS with data


